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SPHERICAL FUNCTIONS ON A SEMISIMPLE LIE GROUP, I.* 


By HarisH-CHANDRA.? 


1, Introduction. Let G be a connected semisimple Lie group with 
finite center and K a maximal compact subgroup of G. A complex-valued 
function f on G is called a spherical function if f(k,ck,.) =f(x) for ki,k,.€ K 
and € G. Let dk denote the normalized Haar measure of K. A spherical 
function f 0 is said to be elementary (see Godement [4, p. 497]) if it is 
continuous and if 


for z,y in'G. It can be shown that every such function is analytic and, 
in fact, it is possible to give an alternative characterization of elementary 
spherical functions as follows. Let & be the algebra of all differential 
operators on G which are invariant under left translations by elements of 
G and right translations by elements of K. Then a spherical function f of 
class C® is elementary if and only if f(1) 1 and f is an eigenfunction of 
every differential operator in 3. Finally, there exists a simple integral 
formula (see [5(d), Theorem 5]) for any such function. 

It follows from the Plancherel formula for the ‘factor space G/K (see 
[5(m), p. 204]) that an “arbitrary ” spherical function can be “expanded” 
in terms of the elementary ones. However the fundamental measure appearing 
in this formula had, so far, not been satisfactorily related to the group 
structure of G. If we agree to ignore certain technical complications, the 
situation may roughly be described as follows. A certain class of elementary 
spherical functions (of positive-definite type) can be parameterized by a 
space H/W. Here F is a finite-dimensional real Euclidean space, W is a 
finite group of linear transformations in EF and H/W denotes the quotient 
space obtained by identifying points in KF which are congruent under W. Let 
¢, denote the elementary spherical function which corresponds to a point 
A€ Eso that 4.,—¢, (s€ W). For any continuous spherical function f with 
compact support, put 


Fx) 


* Received July 16, 1957. 
* John Simon Guggenheim Fellow. 
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where dz is the Haar measure of G. Then the Plancherel formula asserts? 
the existence of a unique positive measure du on H (which is invariant 
under W) such that 


f 


for all such f. The problem is to determine this measure du. Let dd denote 
the Euclidean measure on FH. In this paper we shall give an asymptotic 
expansion for ¢, on G. The leading terms of this expansion involve a certain 
coefficient ¢(A), which, considered as a function of A, is analytic on EF 
except on certain hyperplanes (see Lemmas 37 and 52). Im any case, the 
reciprocal c* is analytic on H and it will be shown in another paper that* 
dp =| e(d)|-* da (if dx and da are suitably normalized). On the other hand 
the Fourier transform ? of ¢ is a distribution on EF which is given by a simple 
formula in which the group structure of G enters in a very direct manner 
(see Theorem 5). 

The above outline shows that our problem can be divided into three 
more or less distinct parts: (1) the asymptotic formula for ¢), (2) the inves- 
tigation of the function ¢ and (3) the proof of the relation du = | e(A)|-? da. 
Only the first two of these questions will be taken up in this paper. For 


(1) we consider the system of differential equations = x,(D)¢, 
where x,(D) is the eigenvalue corresponding to the operator D. Actually 
the equation o¢, = x,(w)¢,, corresponding to the Casimir operator o, plays 
a predominant role in this discussion. In fact, this single equation, together 
with some general properties of ¢,, permits us to derive the asymptotic 


formula for ¢). 

Now in order to obtain more information about ec, we have to investigate 
¢, as a function of A, in the neighborhood of infinity on G. It turns out 
that one can select a polynomial function 7 on F such that b —7e is every- 
where analytic on EH. Moreover every derivative of b is majorized on 2 
by a suitable polynomial function. We shall see in another paper that 
| b(sA)| =| B(A)| for se W. 

The contents of this paper are as follows. In Section 2 we collect 
some elementary facts which are obtained by considering the finite-dimen- 
sional representations of G. Section 3 is devoted to deriving the consequences 
of two unpublished lemmas of Chevalley. These results, which are of an 


*This is a simplified version of the true picture and therefore is not entirely 


accurate. 
8 This is reminiscent of a result of Weyl [8(a), p. 266] on ordinary differential 


equations. 
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algebraic nature, will be used constantly during this and the next paper of 
this series. In Section 4 we define a homomorphism y of 3 onto the algebra 
J consisting of those polynomial functions on # which are invariant under W. 
Let J be the rank of symmetric Riemannian space G/K. Then it is possible 
to select a connected abelian Lie subgroup Ay of G of dimension / such that 
G=KA,K. Obviously a spherical function f is completely determined by 
its restriction f on Ay. In Sections 5 and 6 we investigate the relationship * 
between Df and fforany DE %. It turns out that one can define a differential 
operator 8’(D) on an open dense subset Ay’ of Ay such that Df = (D)} 
on Ay. Moreover there is an intimate connection between 8’(D) and y(D) 
and this permits us to prove (see the corollary of Theorem 2) that if w is 
the order of the group W, there cannot exist more than w linearly independent 
analytic functions on any open connected subset of Ay’, which are all eigen- 
functions of 8’(D) with the same eigenvalues, for every D€ 3. Therefore 
if we could somehow find w such functions, corresponding to the eigenvalues 
y.(D), on a connected component Ay* of Ay’, ¢, would be expressible on 
A,* as a linear combination of these. In order to do this we compute the 
operator §’(w) and, starting from the equation &’(w)?—y,(w)¢, give a 
method of constructing the required functions ¢ (1SiSw). The 
asymptotic behaviour of the ¢,“ is obvious from their construction and so 
in this way, we get an asymptotic formula for ¢, on A,*. 

In order to make further progress, it is necessary to make a closer study 
of the function ¢) corresponding to A=0. Theorem 3 contains the main 
result on do. It is possible to derive from this certain important consequences 
(see Lemma 45 and Theorems 4 and 5) and actually to obtain explicit 
formulae for ce and its Fourier transform. Section 12 is devoted to a deeper 
study of the function e¢ and the principal result is given in Lemma 52. In 
Section 18, we give some explicit calculations for the case 11. These will 
be required in the next paper of this series. The case when G is complex 
is especially simple and therefore it is discussed separately in Section 14. 
Certain simple lemmas in analysis, which are often needed during this paper, 
are collected together in the Appendix (§15). 

Some of the results of this paper have been announced in a short note 


[5(n)]. 


2. Preliminary lemmas. Let FR and C be the fields of real and complex 
numbers respectively and G a connected semisimple Lie group and g, its Lie 
algebra over R. Define f, and p, as usual (see [5(c), p. 187]) and let K be 


‘The results of Sections 5 and 6 should be compared with Theorem 1 of [5(k) ]. 
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the analytic subgroup of G corresponding to f). Since K contains the center 
of G (see [7]) and since we shall be concerned in this paper primarily with 
functions on G/K, G can be replaced by any connected group locally jso- 
morphic to it. Let Gc be a.simply connected complex-analytic group corre- 
sponding to the complexification g of go. Then we may assume that @ js 
the real analytic subgroup of Gc which corresponds to go. This permits us 
to identify the finite-dimensional representations of G with those of g, and 
thus also with the complex representations of Go and g. If 7 is such a 
representation on a vector space V, one can always introduce the structure 
of a Hilbert space in V in such a way that r(X) becomes skew-Hermitian 
for X€u=—f£f,+ (—1)4p.. We shall always tacitly assume that such a 
structure has been defined. Also observe that K is now compact. 

Let hy, be a maximal abelian subspace of po and h) a Cartan subalgebra 
of containing Then ho where Complexity 
Eo, Por Bos By» by to p, b, Bp, by respectively in g and introduce compatible 
orders (see [4(1),§2]) in the spaces of real-valued linear functions on 
Bp, + (—1) 4h, and By, Let P denote the set of all positive roots of g 
(with respect to h) under this order. Consider the set = of all linear func- 
tions 440 on hy which are restrictions of some « in P. Then every element 
in = is positive under the above order. 


LemMa 1. Let x be an irreducible finite-dimensional representation of 
qg such that the zero representation of € occurs in the reduction® of with 
respect tof. Then if r is the highest weight of x, 1s identically zero on 


Let ¥o+0 be a vector in the representation space V belonging to the 
weight A. For any root a, define X, as usual (see [5(c), p. 188]) and put 


n= » CX, where P, is the set of those roots «€ P whose restriction on }y 
ae P, 
is not zero. Let Ay and N be the analytic subgroups of G corresponding 


to hy, and >= nN go respectively. Then G=KA,N (see Iwasawa [6]). It 
is clear that r(n)¥o—y for n€ N and therefore the vector space Cy is 
invariant under r(A,N). Hence V is spanned by vectors of the form x(k) 


(KEK). Put p—f{ a(k)dk where dk is the normalized Haar measure 
K 


of K. Then it follows that EV CF iy. Now we can, by hypothesis, select 
a unit vector y in V which is invariant under K. Then y= Ly=—chW 
where c€C. But =0 if and therefore A(H) LY 
= Hr(H)y,=0 for HE hy. Since yO, this implies that A(H) 


5 It follows from Lemmas 2 and 3 of [5(c)] that w(f) is fully reducible. 


Ol 
el 
tI 
st 
T 
Ww 
S 
th 
Si 
(( 
W 
al 
wl 
by 
th 
de 
fu 
OV 
( 


SEMISIMPLE LIE GROUPS, I. 245 


It is well known that the exponential mapping is univalent and regular 
on po. Hence Ay is simply connected and, for any z€ G, there exists a unique 
element H(x)€ hy, such that r€ K(expH(x))N (see [6]). Moreover 
zr H(z) is an analytic mapping of G into by, (see [5(c), Lemma 26]). 

Let % denotes the set of all linear functions A of hy with the property 
that there exists a representation x of g satisfying the conditions of Lemma 1, 


whose highest weight coincides on hy with A. 

LemMMA 2. Let A be the highest weight of any irreducible finite-dimen- 
sional representation w of g and let » denote the restriction of A on by. 
Then 2rAE Bo. 

Select a unit vector y in the representation space V belonging to the 
weight A and put ® 


Since x(k) is unitary (k € K) and x(n)y=—y (n€ N), it is clear that | r(x)y | 


= Hence $(z) e?\(H(2k) dk, Also it follows from its definition 
K 


that @ is spherical, that is, (hi, k2€ Let ¢, 
(y€ G) denote the right translate of by y so that =¢(ry) (TE G). 
Select an orthonormal base y, for V and let yi = 


0=jsr 


(0StSr) where a, are analytic functions on G. Then 


Jot 
where 4; jo. Therefore 
| |? | |? 
j 


and 
$(z)= (x) (conj ajm(z) ) (x€ G) 
0Si,j,mSr 
where Cjm are certain constants. Let U’ be the linear space spanned over C 
by the (r-+1)? functions ay (conjajm) (OSi,mSr). Then it is clear 


0SjSr 
that ¢,€ U’. Let U be the subspace of U’ spanned by all ¢, (y€ G@). We 
define a representation + of G on U as follows. If $’€U, r(y)¢’ is the 
function z—> ¢’(zy) on G. It is clear that r(k)6=—de—¢ (KEK). More- 
over 640 since ¢(1) —1 and therefore the trivial representation of K 
° We denote the scalar product of two elements ¢,,¢, in V in the usual way by 
(¢,¢2). Similarly | ¢, | denotes the norm of ¢;. 
7 conjc denotes the conjugate of a complex number c. 
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occurs in the reduction of 7. Also as we shall see below (corollary to Lemma 
3), 7 is irreducible. 

Now we may obviously assume that each y; belongs to a weight 4, 
(OSisSr, Aj=A) of z Then ay(rexpH) (HE More- 
over the weights being real *® linear functions, 


4ji(Lh)conj ajm(th) = aji(x)(conj ajm(x))exp{ AH) + 


where h=expH (x€ G,H€by,). Let » be the highest weight of +. Then 
we conclude from the above formula that » coincides on hy, with A;+ A, 
for some i and m. Since Aj+ Am 2A, —2A, it follows from the com- 
patibility of our orders that 7 2A, where ~ is the restriction of » on 4). 
On the other hand ® 


= 2  aj(x)(conj ajmn(x)) (Wi, 7(k)p)conj (Ym, w(k)y) ak. 


0Si,j,mSr 
Now® ag(expH) (HEby,). Hence g(expH) = 


where 


c= db = 0. 
7K 


Let fo, f1,° °°, fp be a base for U over C such that each f; belongs to a weight 
of the representation and Then d= Dif, C) and there- 


fore 
r(expH) d= (H € hy,). 


This shows that ¢(expH) => difi(1)e". Let p; denote the restriction 
¢ 


of »; on hy. Then if we note that 


f |? dk > 0 


and recall that the exponentials of distinct linear functions on hy are 
linearly independent over C (see [5(b), Lemma 41]), it follows from a 
comparison of the above two formulas for ¢(expH) that 2\ =; for some t. 
But »=; and therefore 7=f;— 2A. However we have seen above that 
2d and so ~—2A. This proves Lemma 2. 


* A linear function on § or hp is said to be real, if it takes only real values on 
Hro + or hp. respectively. 

® As usual 5,, = 1 or 0 according as i=j or not. Sometimes it will be convenient 
to write 5,’ instead of 6,,. 
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Let 8 be the universal enveloping algebra of g. We regard elements 
of B as left-invariant differential operators on G (see [5(g),§4]). From 
now on we shall make use of the notational conventions described in foot- 
note 1 of [5(k)]. Define n= >} CX, as before and let , be the sub- 


algebra of @ generated by (1,b)). We denote the centralizer of f in B 
by Iq. 

Lemma 3. For any b€ there exists a unique element Sy such 
that b—u,»EfB+ Bn. The degree of uy does not exceed that of 6b. More- 
over if v is any linear function on by and 


J. (r€ @), 


then qg = xv(Uq)g for ge Ig. Here x, ts the homomorphism of into C 
such that x,(1) =1 and y,(H) =v(H) (HE by). 


In order to prove the first statement, it is sufficient to show that B is 
the direct sum of S, and B+ Bn. Let X and M be the subalgebras of B 
generated by (1,f) and (1,m) respectively. Consider the linear mapping 
of the tensor product XXH,XM into B which maps xXhXn onto xhn 
(rc€EX,hE Hy,n€ YM). Then our first two assertions follow immediately 
from Lemma 12 of [5(c)] if we recall that g is the direct sum of f, hy and n. 

Now it is obvious from the definition of H(x) that H(an) = H(z) 
(n€ N) and?® H(zh) =H(x) +logh (h€ Ay). Therefore if F(x) = e%4@) 
G@), it follows that F(z;b) for Bn and F(zr;u) —y,(u) F(z) 
Sy). Now put"? F(a:k) =F (ack) Then if Ig, it 
is clear that F(x;q:k) =F Hence 


F(a;q:k)dk = { F (ak; q) dk. 
K JK 
But 6b, + b.+ u, where 6, € and b,€ Bn. Hence 


F (ak; q) =F (xk + xv(Uq) (zk). 


However if b € B, it is obvious that f. F (akk,;b)dk is actually independent 
K 
of Therefore F(ak;b’)dk for any b’€ and hence 


g(25q) — q)dk—yo(uz) fF (2k) ak — (2). 


1°log h denotes the unique element H € hp. such that exp H = h, 
11 Here we follow the mode of writing introduced in [5(k), § 2]. 


= 
< 
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CoroLuaRy. The representation +r defined during the proof of Lemma 2 
is trreducible. 


We denote the corresponding representation of 8 on U also by +. 
Then it is clear that +(b)¢’—bq¢’ for any ¢’€U and DEB. Hence I’ 
consists of functions of the form b¢ (b€ B). Let # denote the projection 


f 7(k)dk. Then EU =E7r(%)d. However since (KEK), it 
K 


follows that Eb¢ q¢ where? f, bk dk€ Ig (bE B). But 
K 


(x) Jip 
K 


and therefore HU—C¢ from Lemma 3. Hence the trivial representation 
of K occurs exactly once in the reduction of U under 7(K). Now let U, 
be any subspace of U which is invariant and irreducible under 7 and such 
that HU, ~ {0}. (It is obvious that such a space exists.) Then ¢€ HU, CU, 
and therefore U—7(8)¢CU,. This proves that U, =U and therefore 


U is irreducible. 


LemMA 4. Suppose u is an element in Oy such that y,(u) =9 for all 
AE Bo. Then u=0. 


Let L=dimh. Then (see [5(b), Theorem 1]) there exist Z linearly 
independent linear functions A,,---,Az, on h with the property that 
m,A,+:--+m,Az is the highest weight of an irreducible finite-dimensional 
representation of g whenever are nonnegative integers. Let A; 
denote the restriction of 2A; on by. Then if 1 dim hy, it is obvious that we 
can choose / linearly independent elements, say among AL 
Then if m,,- - -,m, are nonnegative integers, it follows from Lemma 2 that 
MA, +++ mA € Yo. Our assertion is now an immediate consequence of 
Lemma 32 of [5(b) J. 


Lemma 5. Let a be an irreducible representation of G on a finite- 
dimensional vector space V. Suppose o ts a unit vector in V such that 
a(k)p=—¢ for all ke K. Then 


— eNH (2 € G) 
K 
where d is the highest weight of =x. 


** For any b> b* (b€B) denotes the automorphism of which coincides 
with Ad(z) on g. 
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Let y be a unit vector in V belonging to the weight A. Since G=KA,N, 

it is clear that V is spanned by vectors of the form r(k)y (KEK). Put 

p= a(k)dk. Then Ex(k)y—Ly and therefore EV=CEy. But 
K 


¢=E¢€ EV and so ¢=cHy for some c€ C. It is obvious that F is self- 
adjoint and L?—F. Hence 


=|c |? Ey) (x€ G). 


Now let KE K and r€G. Then zk=—k’(expH(zk))n where k’€ K and 
n€N. Hence 


Therefore 
Ey = f f dk By. 
K K 


Since | |? | Hy |? =| ¢|?—1, this implies that 


=| |?(p, (x) Ey) = J. eNH (ek) 


3. Some results of Chevalley and their consequences. Let JZ be the 
centralizer and M’ the normalizer of §), in K. Then W=.M’/M is a finite 
group (see [5(j), p. 619]) which operates as a group of linear transforma- 
tions on hy in the obvious way. This linear representation of W_ being 
faithful, we can identify W with the corresponding linear group. We shall 
call W the little Weyl group of g, with respect to** by,. 

Put B(X,Y) =sp(adXadVY) (X,Y €gq) where JX denotes the 
adjoint representation of g. Then the quadratic form B(X,X) is positive- 
definite on po. Therefore it defines a Euclidean metric on ), and hence also 
on hy, Define = as in the beginning of Section 2. Then for each @€ %, 
there exists a unique element H,€ hy, such that B(H,H.) =«(H) for 
every H€ hy. Let sq denote the linear transformation in hy, which corre- 
sponds to the reflexion in the hyperplane a0. Then sq is given by 
Sa = H —2{a(H)/a(Ha)}H, (HEbhy). It is known (see Cartan [2]) 
that s,€ W. The following lemma has been proved by Chevalley.'* 


Lemma 6 (Chevalley). Let Hy be any element in hy and W’ the sub- 

Tt is seen without difficulty that M’A, and MA, respectively are the normalizer 
and centralizer of hp) in G. Hence W = M’A,/MA, is independent of our choice of {, 
so long as hp. remains fixed. 

**T am grateful to Professor Chevalley for showing me his unpublished results. 
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group consisting of those elements s€ W which leave H, fixed. Then W’ 
is generated by the reflexions s, corresponding to those a€& for which 
a (Hy) 0. 


CoroLuary. W is generated by sg (a€ 3X). 


This follows by taking H,-=0. (This corollary had been verified by 
Cartan [2] in the case of classical Lie algebras.) 

Let S(p) and S(hy) denote the symmetric algebras over p and }, 
respectively. Then S(p)D S(hy) and we can identify them with the 
algebras of polynomial functions on p and hy respectively by means of the 
non-degenerate bilinear form B(X,Y) (see [5(k), p. 93]). Moreover 
Ad(k)p—p (k€ K) and therefore K operates on p and therefore also on 
S(p). Similarly W operates on S(hy). Let I(p) and I(hy) be the sub- 
algebras consisting of those elements of S(p) and S(by) which are invariant 
under K and W respectively. 


LemMMA 7 (Chevalley**). For any p€I(p) let p denote the restriction 
of the polynomial function p on hy. Then pe and p> ts an iso- 
morphism of I(p) onto I(by). 


Now fix an element H, in h, and define W’ as in Lemma 6. Put 
J =I(by) and let J’ denote the algebra of those elements in S(hy) which 


are invariant under W’. 


Lemma 8. Let r=[W:W’]. Then there exist r homogeneous elements 
in J’ such that J’= > Jv; Moreover + are 


1SiSr 
linearly independent over the quotient field of J. 

Put S=S(bh,) and let C(S), C(J’) and C(J) denote the quotient fields 
of S, J’ and J respectively. Then C(S)/C(J) is normal and its Galois 
group is W (see Chevalley [3(b), p. 781]). By the same argument W’ is 
the Galois group of C(S)/C(J’). Hence [C(J’):C(J)] =[W: W’] =~. 
Let Sq denote the space of homogeneous elements in S of degree d. Then it 
is obvious that J = and J’ = >. J where Jg=SaNJ and =San 


d=0 d=0 
Put J. We claim that J’N(SJ,) =J’J,. For if 
d=1 d=1 


u= > (pe 8S,u€J,), it is obvious that 


1SiS=m 
4 


and therefore u= > J’J, where > and w’ is the order 
é 


Ww’ 
of W’. Hence 


18 [W: W’] stands for the index of W’ in W. 
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Moreover Chevalley has shown [3(b), Theorem (B)] that dim 8/SJ,—w 
(where w is the order of W) and the natural representation of W on S/SJ, 


is equivalent to the regular representation of W. Hence in the reduction 
of this representation with respect to W’, the trivial representation of W’ 
occurs exactly r—[W: W’] times. Let S’ be the set of those elements we S 
whose residue class mod SJ, is left fixed by W’. Then dim 8’/SJ,—r. More- 


over SJ, for any we S’ and s€ W’ and therefore uw=w’ us 
se W’ 


mod SJ,. This shows that S’=J’+ SJ, and hence S8’/SJ,=d’/J’d,. 
Therefore dimJ/’/J’/,—r and so we can select r homogeneous elements 
t;=1,¥2,°°**,v, in J’ such that their residue classes modJ’/, form a 
base for J’/J’J, over C. Let V= S Cv;. We shall prove that J’=JV. 


1SiSr 
It is clear that J’=V-+J,J’ and from this it follows by induction that 
J’=JIV+d,"J" for any integer m2=1. In particular CJIV+d,"J’ 
forany d=0. But then by choosing m > d, it is obvious that Ja C JV and 
therefore J’= SJ’ CJV. This proves that J’—=JV. Moreover since 


d=0 
C(J’)/C(S) ts a finite algebraic extension, it is clear that C(J’) =C(J)J’ 
=((J)V. Therefore since [C(J’):C(J)] =r, v1,: +, v, must be linearly 
independent over C(/). 
The above proof depended only on the fact that W and W’ are finite 
groups generated by reflexions. Hence if we replace (W,W’) by (W,1) 
and (W’,1) respectively, we get the following corollary. 


CoroLtuary. There exist homogeneous elements and 
= 1, Uy’ in S such that 


S= J Ui, S= J’uj. 


15iSw 15jSw’ 
Moreover are linearly independent over C(J) and (uy’,: ++, Ux”) 
over C(J’). 
Let m denote the centralizer of hy, in g and p(H) the determinant of 
the linear transformation on g/m defined by adH (H€bhy). Then pe S 
and it is obvious that p*=p (s€ W). Moreover p(H) J[ 
P, 


Hence if BES and s€ W, it follows that either s8 or —s8 lies in 3. Put 
<H, H’) = B(H,H’) (H,H’€ hy) and identify }) with its dual by means 
of the bilinear form B. We shall say that two nonzero linear functions A, u 
on hy are equivalent, if they are linearly dependent. Then if « and B are 
equivalent elements in =, @=ca where c is a positive real number.’® 


*6 Actually it is known (see Cartan [2]) that c = }, 1 or 2. 
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Let 1—=dimbhy. Then we can select (see [5(1), Lemma 1]) 2 linearly 
independent elements ,a,€ such that every « in & can be written 
in the form where m; are nonnegative integers, 
Let q be the number of distinct equivalence classes in 3. Extend (,,- - -, 2) 
to a maximal set of inequivalent elements in and put 
T= ES. Since (se W), it is obvious that 
where e(s) is a real number. But the mapping s—e(s) is obviously a homo- 
morphism of the finite group W into the multiplicative group of nonzero real 
numbers and therefore «(s) == +1. We shall see presently that «(s,) =—1 
for 

Put 3 LStSl. 


LemMA 9. W is generated by +,8,). Moreover for any 
we can choose s€ W and an index 1 (1St1Sl) such that « is equivalent 


to Sa. 


Let W, be the subgroup of W generated by (5,,° + -,s,;) and 2 a given 
element in Then a—m,a,+----+ where m,,- are non- 
negative integers. Put m(a)—=m,+----+m,. We shall prove by induc- 
tion on m(a) that a =csz; for some s€ W,, some 1 (1 SiS) and a suitable 
positive number c. ‘This is obvious if m(a#)=1. So now suppose that 
m(a) =2 and is not equivalent to any (1S1Sl). Since ¢2,2) is 
positive, <%,a;> is positive for some j. Moreover since a is not equivalent to 
aj, m; > 0 for some But a— 2{<a, aj>/<a;, aj>}a; and can- 
not lie in since m; >0. Hence and m(a) > m(sja). Our assertion 
now follows by applying the induction hypothesis to s;z. Now if « = cs, it is 
clear that s,—ssjs'*€ W,. Since sg (a#€ 3) generate W, this proves that 
W,=—W. 


LeMMA 10. e(s,) =—1 for a€%. 


We first claim that 7** = —- (1SiSl). It is sufficient to prove this 
for i=1. Obviously are all inequivalent and therefore 
$10; = (1 Sj Sq) where a;— a,’ is a permutation of the set (a, %) 
and c; are nonzero real numbers. Now suppose 71. Then if a;=m,%, + 
ma, m,>0 for some On the other hand s,a4;—a;-+ ma 
for some integer m. Hence —s,a; cannot lie in 3. Therefore s,a;€ % and 
c;>0. However s,%,——a, and so this proves that ¢(s,) = J] 


Hence «(s,) =—1. Now let a€ 3. Then, as we have seen during the proof 
of Lemma 9, s, = ss,s! for some s€ W and some i (1SiSl). Therefore 


€(Sg) =e(s;) =—1. 


eve! 
fro} 
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We shall call an element wé€ S skew (or skew-invariant) if w®=e«(s)u 
for s€ W. 


CoroLLARY. Jz is exactly the set of all skew-invariants in 8. 


Let 8’ be the set of all skew elements in S . It is obvious that Jz C 9’. 
Now suppose w€ 8’. Then and therefore the polynomial 
function u vanishes identically on the hyperplane «0 in hy. But this 
implies that % divides wu in S. This being true for every «€ 3%, we conclude 
that u== av for some v€ 8S. But since both w and a are skew, it is clear 
that v€ J and therefore u€ Jz. 

For any ~€ C(S), let sps,,a denote the relative trace of 2 from C(S) 
to C(J). Let Dsg,z be the set of those elements x€ C(S8) which have the 
property that sps,jxy € J for every y in 8. 


LemMA 11. Let x be an element in C(S). Then tDg,y C S tf and 
only if Sr. 


Let y be any element in S. Since W is the Galois group of C(S)/C(J), 
it is clear that spsjy(y/7) = (y/x)* =yo/m where > But 
sew sew 


y) is obviously a skew-invariant and therefore, from the corollary to Lemma 


10, it lies in Jz. This proves that r*€ Dsg,j. Hence if 2 is an element in 
such that C S, it follows that S and therefore Sz. 
The proof of the converse is however more complicated. 

Select uj€éS 1=i=w as in the corollary to Lemma 8 and let ui 
denote the dual base of C(S)/C(J) so that® spg/y(uwus) =8 


(1Si,jw). Then it is easy to verify that Dsjyy—= S Ju‘. Hence in 


order to complete the proof of our lemma, it is sufficient to show that rut € 8 
(lSiSw). Fix an element gin &. In view of Lemma 9, we may assume 
that « is equivalent to sa, for some s€ W. Let fi,- : -, Bx be all the elements 
among *,% which are equivalent to for some t€W. Put 
T= Then it is clear that where c(s)=+1 
(s¢ W). By the argument used in the proof of Lemma 10, we deduce easily 
that c(s,) and therefore c(sg) ——-1 for B= Now 
suppose z€J Then for some y€S and z= (yx) 
=—y%g, This shows that y%:==—y and therefore a divides y in S. But 
then a? divides z (in S). However z€J and therefore (sa)? divides z for 
every s€ W. This shows that z€ Sz2,2. Therefore since z,?€ J, we conclude, 
from the definition of J, that zrg?€SNC(J)=—J. This proves that 
Sa= J tq’. 
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Let S, denote the set of all elements in C(S) of the form a/b (a,b€ 8) 
where } and =z, are relatively prime in S. It is obvious that b* and aq are 


also relatively prime for every s¢ W. Hence if b) = and 
sew 


it follows that a/b ab,/b). Notice that bo lies in J but not in Jz,2, 
Moreover Sa is obviously a prime ideal in 8 and therefore JM Sa=—Jz,? js 
a prime ideal in J. Hence if J, denotes the quotient ring of J with respect 
to lies in J, and this proves that 8; Finally if a/b is in 
C(J), it is obvious that ab,€ J. Therefore 8;N C(J) 

By a result of Chevalley [3(b), Theorem (A)], we can select ,,: - -, 
€J such that J =C[o,,- -,o,]. Then are algebraically inde- 
pendent (over C’). Obviously z,? is also transcendental over C and therefore 
we may assume that (77, w2,- *,;) are algebraically independent so that 
C(J) is algebraic over Moreover since J, it can be 
expressed as a polynomial in o;,2,° * *,@, with coefficient in C. , must 
actually appear in this polynomial because otherwise 7”, w2,° * *,; would 
be algebraically dependent. Therefore z,? cannot divide (in J) any nonzero 
element in C[w2,- Hence the field - is contained 
in the local ring J;. 

Now we regard C(J)/C, and C(S)/C, as fields of algebraic functions 
of one variable (see Chevalley [3(a)]). It is obvious that x,? is a prime 
element of J and therefore J, is a valuation ring in C(J). Let p be the 
corresponding place of C(J)/C,. For any 7 (1SjSk) and x€ 8, let v;(z) 
denote the highest integer m =0 such that Bj” divides z in 8. (If c=0 
we put v;(2) = 0.) Then it is seen without difficulty that v; can be extended 
(uniquely) to a valuation of C(S). Obviously J, is contained in the valuation 
ring of v; and therefore v; defines a place g; of C(S) lying above p. Since 
C(S) is normal over C(J), every place of C(S) lying above p is conjugate 
to g, under W (see (see [3(a), p. 54]). But since sB, (s€ W) is equivalent 
to B; for some j, it follows that q:,q2,° - -,qx are all the distinct places of 
C(S) above p. It is obvious that S, is exactly the set of those elements 
in C(S) which are integral at g; for every 7 (LSjSk). Moreover 
S:=J,S= D> Since =2, it follows that the ramification 


1Si=w 
index of g; with respect to C(J) is 2. Therefore we conclude from Theorem 
Y of [3(a), p. 69] that the differential exponent of gq; is 1. Let Dp be the 
set of all C(S) such that sps,jrS, C J,;. Then obviously = 


Hence it follows from Lemma 4 of [3(a), p. 73] that min v,(w*) 


Let d be a nonzero element in S of the lowest possible degree such that 
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duié S 1tisw. Then the above result shows that x, divides d in S and 
x, and d/z,q are relatively prime in 8. But since 2 was an arbitrary element 
in 3, this implies that d’ = d/z lies in & and it is relatively prime to 7. In 
order to complete our proof, it only remains to show that d’€ C. 

We shall now introduce some notation which will also be useful later. 
For any H € fy, let Sq denote the set of all polynomial functions in S which 
yanis é =J™Sy. Obviously Sy and Jy are prime ideals 
in S and J respectively and Js4=Jy (s€W). Now suppose 7(H) 40. 
Then from Lemma 6, the w elements sH (s€ W) are all distinct. Hence 
there exist w distinct prime ideals Ssy in S lying above Jy. On the other 
hand J==C-+ J, and therefore S= Cu;+SJy. This proves 


1<iSw 1<i=w 
that dim S/SJy = w. But in view of what we have said above, the associative 
algebra S== S/SJ,, has w distinct non-trivial homomorphisms into C. There- 


fore it must be semisimple and of dimension w and ff) Ssy—SJy. Let 
seW 


ui denote the natural homomorphism of S on S and let spa denote the 


trace of @ in the regular representation of S. Then clearly spi= > u(sH) 
sew 


(u€ S). Moreover since § is semisimple, we can conclude that 7=—0 if 
(l1SisSvw). 

Now put Sw and Then 
Let denote the inverse of the matrix It is 
obvious that wt = S g‘/u; and therefore d divides gin S. We claim g(H) 40. 


j 
For otherwise we could choose complex numbers ¢,,° - -,Cw, not all zero, 


such that Sgi(H)cj=0 (1Sisw). Put Then Dd gic; 
j j j 
(uu) = (uw)s Hence ui(sH)u(sH) =0. But, as 


sew sew 


we have seen above, this implies that On the other hand - -, 
= S and so they must be linearly independent over C. Therefore 
= Sci; 0 and we get a contradiction. Hence g(H) +0 whenever 


j 
7(H) AO (H€bh,). This means that every prime factor of g divides 7. 
But we know that + divides d and d divides g. Therefore z, d and g have 
exactly the same prime factors and this implies d’¢€C. The proof of 


Lemma 11 is now complete. 

Define W’ and J’ as before. We recall that r—a@,a.:--a. Let x’ 
denote the product of those elements among 2,° * -,% which vanish at Hp. 
Define sps,yx2 (x€ C(S)) to be the relative trace from C(S) to C(J’). 


Corontary. Select ujandw; (1SisSw,1Sj Sw’) asin the corollary 
lo Lemma 8 and define and w’i in O(S) by the relations spg,j;(u‘ux) = 
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and =8n? ASj,mSw’) respectively. Then 
aut and 7’u’s are in S. Moreover if d and d@’ are any two elements in S such 
that dut and are all in 8, then w divides 
and x’ divides d’ in S. 
We have already seen this for uw‘. The proof for w’/ is entirely similar, 
Choose v,,- as in Lemma 8 and let spyjyx C(J’)) denote 
the relative trace of z from C(J’) to C(J). . 


LemMa 12. Define vie C(J’) by the conditions 
(1S1,jS1r). Then an element x€8 is divisible by in if 
and only of avieS 


Let D be a nonzero element in S of the least possible degree such that 
Dvie S. Then the highest common factor (h.c.f.) of Dv',- - -,Dv™ (in S) 
is 1. Define w’/ as above. Then 


Since S= > Jvmu’,, it follows from 


1SkSw’ 1SmSr 
the corollary to Lemma 11 that € Since the h.c. f. of Doi (1 Sj 
is 1, this implies that D-‘xu’'¢ 8S. Therefore we conclude from the same 
corollary that +/D7’ is in S. Conversely 7’u’*Dvi € S and therefore w divides 
xD again by the same corollary. Hence 2’D/z lies in C and the lemma 
follows. 
Put Jy’ =J’N Sy for HE by. 


Lemma 13. dimJ’/J’Jy=[W:W’], dimS/SJy=w and dim 
=w’ for every H€ by. 


We prove only the first statement since the proofs of the other two are 
parallel. Suppose C). Then since nui, it 
i 


follows from the linear independence of v,,- - -,v, over C(J) (see Lemma 7) 
that c;€ Jy. But obviously this implies that cc =0 1S/7]Sr. Hence the 
residue classes of v,,- form a base for J’/J’Jy and therefore 
dim J’/J’J y= r=[W:W’]. 
Put ot 1Sisw. We have seen above that o‘€ 8. 
Lemma 14. For any H€ by, let ey = ot(H)u. Then 


1SiSw 


(1) pey=p(H)exymodSJy for any peS, 


(2) D €(s)esy==27(H) mod SJ x, 
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(3) esx(tH) =€(s)a(sH) or zero according as s=t or not (s,t€ W). 
We know that 
sew sew 


Therefore > (1S1,j Sw). Now suppose +, Sw 
sew 
are all the distinct elements of W and z(H) +0. Then this result implies 


that 
= €(S,) 0% ) ) = a (i 


Therefore if we regard 
A= {ai (s,H ) and B= disk, jew 


as w X w matrices, it is clear that they are reciprocals of each other and 
therefore BA is also the unit matrix. Hence® 


€(s;) u;(s,H) = Six. 
j 


This proves that es,4(s,H) =8e(s;)r(H) and therefore eqg€ Ssy if sA1. 
Since +(H) 0, we know (see the last part of the proof of Lemma 11) that 


SJu= Seu. Therefore C SJy and hence peg=p(H)eymod SJx 
sew 
for p€ 8. Moreover it follows from the relation obtained above that 


«(s)esu(tH) =x(H) fort€ W. Therefore > € f) Stn 


seW seW tew 
=SJ,. Thus all the statements of the lemma have been proved under the 


assumption that 0. 
Now we come to the general case. Select 2;;*€ J such that uu, = > rj*ux. 


Then eyguj= (H)uuj= ot (A) a fu,= > ot (A) mod SJ yx. 
i i,j i,k 

But we know from Lemma 13 that u,,° - *,U, are linearly independent 

mod SJ;. Therefore it is clear that the first statement of the lemma holds 


if and only 2*(H) =0 (1S j,k Sw) where = —o*u;. But then 
i 


it follows from the above proof that z/*(/Z) =0 whenever r(H) 40. There- 
fore since z;* are polynomial functions on by, we conclude that they are all 
zero. In the same way the second statement of the lemma is seen to be 


equivalent to the relations e(s)o*(sH) (1StSw). Again 
seW 
since these equations hold when +(H) +0, they hold in general. The proof 


of (3) is entirely similar. 
1. If r(H) then esx (s€ W) are linearly independent 


mod SJ 


9 


HARISH-CHANDRA. 
This is an immediate consequence of the third statement of the above 
lemma. 


CoroLuary 2. Let p be an element in S and let HE by. Consider the 
linear transformation L in S/SJy corresponding to multiplication by p. 
Then det(tl —L) = [J (t—p(sH)) where t is an indeterminate and ] 

sew 


is the identity mapping of S/SJy. 
Select gi €J such that pu= (1StSw). Then it is obvious 
that pu;= gj (H)ujmod SJ x. Put 


Then Q(t) is a polynomial in ¢ with coefficients in J. Obviously it is 
sufficient to prove that Q(t) = JJ (t— p’). Let qm and pm denote the coefii- 
sew 
cients of in Q(t) and (t—>p*) respectively. Put Q(t: 1) => q™(H)t". 
sew m=0 


If +(H) £0, esy (s€ W) form a base for SmodSJy by Corollary 1 above 
and therefore it follows from the first statement of Lemma 14 that 


Q(t:H) =det(t] —L) = (t—p(sH)). 
sew 


This shows that = pm(H) for every m, if r(H)~0. But since q, 
and pm are polynomial functions on hy, this implies that gm = pm. 
Now put D=-a/n’, r'=Dvi 1S1Sr and select elements 5,,: 


in W such that W=— (J W’s; (We recall that r—[W: W’].) 


1SisSr 


LemMaA 15. Put fu= > for HE by. Then 


1Si=r 
(1) for pe J’, 
(2) (si) fen mod 
1Si=r 


(3) =8jD(sH) (151,757). 
Finally, fs.4,° fs,n are linearly independent mod tf 7(H) A0. 


The proof is similar to that of Lemma 14. Put t,=s,? (1SkS?). 
Since C(J’) is the subfield of C(S) consisting exactly of those elements 
which are left fixed by W’, we conclude from Galois theory that ¢,,- : °,f 
define all the distinct isomorphisms of C(J’)/C(J) into C(S). Therefore 
spy = for ve C(J’). This shows that 


1Sk=r 
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Multiplying this equation by z, we get 


X €(ty) (a’riv;) 


1SkSr 

But this implies that 
Dd vj = (1) 8;'. 
k 


Now first assume that r(#7) ~0. Then the rr matrices 
A= } and B = jr 
| are reciprocals of each other and therefore BA is also the unit matrix. Hence 


and this proves that fs,7(s;7) =8;D(s,7) Sr. (By continuity this 
relation remains valid even when Since it is clear 
that D(sH) AO for any s€ W. Therefore the linear independence of 
fans’ is obvious. Furthermore 

On the other hand f,,7€ J’ and therefore f;,7(sH) =fs,4(s;H) if s€ W’s;. 
Hence if we put g= > (si) fs,4 it follows that g(sH) =0 


1SiSr 


for all sé W. But this implies that g€ [) Ssy—=SJy and so we get the 
sew 


second statement of the lemma. Now suppose p€ J’. Then p(sH) = p(H) 
for s€ W’ and therefore p—p(H)€ [) Ss. On the other hand we have 


seen above that if s¢ W’. Therefore (p—p(HZ)) fn € 1 Ssx 
sew 
=SJy and this proves that pfy=p(H)fx mod 
In order to extend our results to the general case, we use the same 


method as before. For example, let us prove the first statement. It is 


enough to show that Since 
sew’ 


for ve J’N(SJyz), it follows that J’N(SJy) =JS’Jy. Select yi € J such 
that vjvj;—= Dd yifvy. Then due to Lemma 13, the required relations hold if 


and only if The remaining 
j 


argument is now the same as in the proof of Lemma 14. 


Corotuary. Let p be an element in J’ and let H€ by. Consider the 
linear transformation L’ in J’/.’Jy corresponding to multiplication by p. 


259 
(1StjSr). 
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Then det(tl’—L’) = ][ (t—p(siH)) where t is an indeterminate and |’ 


1SiSr 


is the identity mapping of J’/J’J x. 


This is proved in the same way as Corollary 2 to Lemma 14. 

Define J, as in the proof of Lemma 8 and let dz and d; denote the 
degrees of + and u, (1Si<w) respectively. Then the following result is 
of some interest, although it is not strictly necessary for our purpose. There- 
fore we state it here without proof. 


LemMMA 16. Suppose max d;. Then dy=dz and dj < dr for 


1Si=w 


1SisSw. Moreover uy=crmod SJ, where c is a nonzero complex number. 


4, The homomorphism y. We now return to the notation of Section 


2 and for any qg€ Ig define u,€ , as in Lemma 3. Put p=} ~ & where 
ae Ps 


% denotes the restriction of g on hy. Also let w—> ‘wu denote the automorphism 
of Sy such that ‘H = H—p(H) (H€ by). We identify S(bp) with under 
the isomorphism which preserves every element of hy. Then J=TI(hy) 


becomes a subalgebra of Op. Put y(q) =“Ug (q€ Ig). 


THEOREM 1. y is a homomorphism of I, onto I(hy) and its kernel is 
I,N 1,120 


In order to show that y is a homomorphism, it is enough to verify 
that for Now fB+Bn. Therefore 
€fB+ Bn since gf—fq:. But qitg, = + 
and (q:— € (FB + Bn)u,, CfB+ Bn since [n, hy] Cn. Therefore 
G12 — Ug. Ug, € Bn and this proves that 

Now fix g in I,. Then it follows from Lemma 4 that y(q) =0 if and 
only if y,(u,) =0 for every v€ %. Define + and ¢ as in Lemma 5 and put 
g(r) = (¢,7(x)¢) for x€G. Then if v denotes the restriction on hy of 
the highest weight of x, it follows from Lemma 3 that g(r3;q) =yxv(u,)9(2). 
Since g(1) —1, this shows that y,(u,) =g(1;q). But since g is spherical, 
it is clear that g(1;¢) =0 if qe fB+4 BF. Hence J,N(fB+ BE) is con- 
tained in the kernel of y. On the other hand y(q) =0 implies that g(x: 4) 


= (¢,7(r)r(q)¢) =0. Since this holds for every z in G and since z is 
irreducible, it follows that +(q)¢—0. Therefore by applying Lemma 1 of 
[5(d)] to 9) — Xf, we conclude that g¢€ Bf. Combining this with the above 
result, we deduce that J, Bf is exactly the kernel of y and _ therefore 
1,9 $B. Now consider the anti-automorphism b—> b* of B such 
that for every YEq. It is obvious that Hence 
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(I, BE)* =1, NFB D 1,0 BE. This proves that BE 

In order to prove that y maps J, into J we need some additional facts. 
For any h€ Ay and W, put h®=exp(sH) where H —logh and let dn 


denote the Haar measure on N. 
LemMaA 17. Put 


Fy(h) = f(hn)dn (h€ Ay) 
N 


for any function f C.*(G@) such that f(kak*) =f(z) (t€G,kEK). 
Then F,(h*) =F; (h) for se W and hE Ay. 


Let z—>-2* denote the natural mapping of G on the factor space 
Put D(h) = and (hE Ay, 


ae P, 
a€G@) where H —logh. Denote the invariant measure on G* by dx* and 


consider the set Ay’ of those elements h€ Ay where D(h) 40. Then’*® the 
integral g(h@")dx* is convergent for g€ C.(@) and h€ Ay’. Moreover 


e/ G* 


the measure dn can be so normalized that 


D(h)| h2*) = ep(logh) Ay’). 
9g 
KXN 


Let s be an element in W and select k in K such that khk-t=h for h€ Ay. 
Then for any 2€ G, the coset (ak)* depends only on «* and s and we denote 
it by *s. Since W is a finite group, it follows without difficulty that the 


measure dx* is invariant under these operations of W on G*. Therefore 


g((h*)*") da* = f g (h*") dx* 
G* G* 


for g9€ C.(G@) and h€ Ay’. If we apply this to f and make use of the fact 
that | D(h*)| =| D(h)|, it follows that Fy(h*) =F,(h) for h€ Ay’. How- 
ever it is obvious from its definition that C.* (Ay). Therefore F;(h?*) 
=F,(h) for all h€ Ay. 


Corotuary. For any linear function X on by, put 
Then bs, for s€ W. 
a See footnote 1 of [5(k)] for notation. 


18 The facts stated here are quite well known. In any case their proofs offer no 
difficulty (see [5(f), p. 508]). 
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Obviously ¢), is a spherical function of class C®. Hence if dz is the 
Haar meaure on G, it would be enough to show that for a fixed s, 


f (a) dz 


for every spherical function f in C,.*(G@). Let dh denote the Haar measure 
on Ay. Then it is possible (see [5(c), Lemma 35]) to normalize it in such 
a way that dx = dkdhdn if (KE K,h€ Ayn€ N). Therefore 


f ér(z)f(x)de— exp{(—1)A(H (2) dz 


f exp{(—1)4a(log h) + p(log h) }f (hn) dhdn 


— exp{(—1)A(log h) dh. 


Our assertion now follows immediately from the above lemma. 

Now suppose g€J,. Then y(q), being an element of S(hy), can be 
regarded as a polynomial function on hy. We denote by y(q:H) the value 
of this function at H € hy. Also let us recall that hy has been identified with 
its dual under the bilinear form B. Hence the following result is an imme- 
diate consequence of Lemma 3 and the definition of y(q). 


LemMA 18. ¢$)(23q) =y(q:(—1)4A) da(z) for Ig, G and any 
linear function » on by. 


It is obvious from this lemma and the corollary to Lemma 17 that 
y(q:H) =y(q:sH) for se W and H€ by. Hence y(q) =y(q)* and this 
proves that y(q) € J. 

We still have to show that y maps I, onto J. Le denote the canonical 
mapping (see [5(c), p. 192]) of’! S(qg) onto B and put P—A(S(p)) and 
Ba —=A(Sa(p)) where Sa(p) is the set of all homogeneous elements in S(p) 
of degree d. Since g is the direct sum of f and p, it follows [5(c), Lemma 12} 
that and therefore 6 -- fB, the sum being direct. Moreover 
if X € f it is obvious that both $8 and £¥ are invariant under the mapping” 
b—[X,b] B) of B. Hence and so it is sullt- 
cient to prove the following lemma. , 


LemMA 19. y defines a linear isomorphism of I, $8 onto J. 


Since I, £¥ is the kernel of y and $PMfB= {0}, it is clear that y 
is univalent on 1,9 9. Also it follows from Lemma 11 of [5(c)] that 


1° [a,b] = ab — ba for a, be B. 
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I,AB=AC(p)) (in the notation of Lemma 7). Let wu be a homogeneous 
element in J of degree d. We shall prove by induction on d that there exists 
an element g€ such that y(q) This is obvious if d=0. 
eSd 

So suppose d=1. Let p denote the restriction on by of any polynomial 
function p€ S(g). By Lemma 7%, we can select a homogeneous element 
poe I(p) of degree d such that pp=u. Put qo=A(po). Then qo lies in 
I, %. We shall prove that u—y(qo) is of degree lower than d and hence, 
by induction hypothesis, we can choose qi€ IgM $ of degree <d such that 
u—y(qdo) =y(qi). Then u=y(q) where and this would prove 
the lemma. 

We know that g is the direct sum of f, hy and n. Hence" S(q) 
=S(£)S(6,))S(n). Now by is orthogonal to f-+-n under the bilinear form 
B(X,Y) (X¥,Y€q). Hence if p€ S(g), it is obvious that p— pe FS(g) 
+S(g)n (the products being taken in S(g)). Therefore it is clear that 
Po — UE + Sai(g)n, where S,(g) denotes the space of homogeneous 


elements in S(g) of degree e. But then 


On the other hand if f,€ S.,(g), fz€ Se(g), we know (see [5(a), p. 902]) 
that 


A(faf2) € A(Se(g))- 
Therefore 


ue Bn-+ SA(Se(g)). 
e<d 
Hence it follows from Lemma 3 and the definition of y that y(q.) —w is of 


degree <d. The proof of Theorem 1 is now complete.?° 
The following result, which we note here for later use, has been obtained 


during the above proof. 


LemMaA 20. Let A denote the canonical mapping of S(q) onto B. Then 
if p ts any homogeneous element of degree d in I(p), y(A(p)) —p ts of 
degree <d. (Here p denotes the restriction of p on hy.) 


5. The mapping 3. Put (e%”—e*) (HEby) and 


A(h) =A(logh) (h€ Ay). We call a point A in Ay singular or regular 
according as A(h) 0 or not. Let Ay “denote the set of regular points in Ay. 
We regard g as a Hilbert space under the positive-definite Hermitian form 


*° Although our definition of y makes use of an order in the space of real linear 
functions on po, it can be shown that y is actually independent of the choice of this 
order (cf. [5(g), Lemma 20]). 
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—B(X,6(X)) (X€qg) where 6 denotes the conjugation of g with respect 
to its compact real form uf, -+ (—1)*po. Let m be the centralizer of h, 
in g and q the orthogonal complement of m in g. Then mNp=ph, 
(because hy is maximal abelian in p) and q—=q,-+qpy where qg=q/Mf and 
dp = 91 p. 


LemMMA 21. Suppose he Ay’. Then by +£ where the 
sum is direct. 


It is known [5(c), Lemma 4] that dimq,;—dimgy. On the other 
hand dimg—dimf-+dimp and p is the orthogonal sum of by and qy. 
Hence dim g = dimf + dim hy + dim qy = dim + dim hy + dimaqy. There- 
fore it is sufficient to prove that Ad(h-*)q¢Q (bp +f) = {0}. Let X be an 
element of such that Ad(h-*)X hy +f and put Y = (adH)?X where 
H is some element in hy, Then YE and Ad(h*)YEF. Therefore 
Ad(h)¥ =6(Ad(h)Y) =Ad(h")Y where 6 is defined as usual (see 
[5(c), p. 187]). But since h€ Ay’, m is the centralizer of h? in g and 
therefore Y€m. This means that (adH)*¥ =(adH)Y=—0. However 
ad H is a self-adjoint operator on g and so we conclude that [H, | =0. 
This being true for every H € h,,, it follows that Yem. But mN q= {0}, 
and therefore Y —0. This proves the lemma. 

Let O; be the image of*! S(q;) in B under the canonical mapping. 


1. The mapping? (q€ Qpv€ Op, TE 
defines a linear isomorphism of the tensor product OX HyXRX onto B if 
h € A,’. 


This is an immediate consequence of the above result and Lemma 1? 
of [5(c) ]. 

Put mp—mM fF and let WM; be the subalgebra of B generated by (1, mr). 
Since £=1mty-+ ay, it follows from Lemma 12 of [5(c)] that ¥ =O, 
Let 0,’ denote the set of those elements in Or whose homogeneous com- 
ponent”! of degree zero is zero. Since [my, q¢] C qe, it follows without 
difficulty that 


Hence in particular C O'My + Q;Mym;. Moreover B= (Qy)* "Hpk. 
from the above corollary and therefore (Ad(h-*)£)B = (fO;)""HpX. Since 
[m, by] = {0}, this implies that 


21 Define \ and S,4(q) as during the proof of Lemma 19. Then % is the direct 
sum of A(Sa(qg)) (@=0) and an element 6€% is homogeneous of degree d if 


b €A(Sa(q))- 
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C + BE 
and therefore 
Combining this with Corollary 1 above, we get the following result. 
CoroLLaRy 2. % is the direct sum of Sy and f*°B+ BE if he Ay’. 


But this obviously implies the lemma below. 


LEMMA 22. Let h be an element in Ay’. Then for any b€B there 
exists @ unique element 8,’(b) € Sp such that 


b —8,’(b) € + BE. 


22 
. 


The significance of 8,’(b) is given by the following lemma.’ 
LemMMA 23. Let ¢ be a spherical function on G of class C®. Then™ 


for b€ B and he Ay’. 


Since ¢ is spherical, it is obvious that (h;b’) =0 for b’€ f*°S + Be. 
Therefore our assertion follows from the definition of 8,’(b). 

Now we regard A,’ as an open submanifold (see [5(g), p. 110]) of 
the Lie group Ay. Then if 6€ 8, we intend to show that there exists a 
differential operator 8’(b) on A,’ whose local expression (see [5(g), p. 112]) 
at any point h€ Ay’ coincides with 8,’(b). 

Define + as in Lemma 11 and let hy,’ be the set of those points H € by, 
where r(H)A0. It is obvious that Jy,’ is mapped onto Ay’ under the 
exponential mapping. Let 8 be the ring of analytic functions on A,’ 
generated ** (over C’) by the functions gg (B€ P,) defined by 


ge(exp H) = (e?8(#) —1)- (H € By,’)- 


Note that Hgg——28(H)(gg-+ 9") for H€ by and therefore # is stable 
under the action of any differential operator in $y. Let 8g denote the 


space of all elements in % of degree = d. 


Lemma 24. Let b bean element in By. Then we can choose u€ Sy N Ba 
and a finite set of elements and gER (1SisSsr) such that 


*? On account of our identification of Hp with S(hp), elements of Sp can appear in 
two different roles, either as differential operators on @ (or Ap) or as polynomial 
functions on hp. They should always be interpreted as differential operators unless 
some qualification to the contrary is made. 

*8 Note that the constant function 1 is not included among the generators of §. 
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1SiSr 
for all he Ay’. 
We shall use induction on d. Since g=£+5,)+6(m) and the sum js 
direct, it follows from [5(c), Lemma 12] that? 


Ba= A(Sp(4(1)) (Hp) ) 


ptqtrsd 
where d is the canonical mapping of S(g) onto B and S; refers to the space 
of homogeneous elements of degree i. Hence we can select uw€ Sy M Ba and 


bg € Ba. such that 


b—u— BE. 
BeP, 


Now let p,Zg¢£). Then if hE A,’ and H —logh, 
Ad(h-*)Zg = 4(Ad(h-") X¥g + 6(Ad(h) ) 
= — 4 (e(#) — e-B(H) ) 4 Z 
Hence Yg= (1-+- 2gg(h))Zgmodf"". Therefore since 6(Xg) =— Y,+ 
we get the following result which will be useful later on. 
LemMA 25. For any P, let where Yg€ p and ft. 
Then 6(Xg) =— 2gg(h)Zpmod for he Ay’. 


This means that 


b=u—2 DS gph) bg] mod (BE 
Be Ps 


for all h¢€ Ay’. But [Zg, bg] € Ba. and so the assertion of Lemma 24 follows 


immediately by induction hypothesis. 
Now it is obvious from the definition of 8,’(b) that =u+ gi(h)ui 


1SiSr 
for h€ Ay’, in the notation of Lemma 24. Therefore since g; are analytic 
functions on A,’, 8’(b) =u giv; is an analytic differential operator on 
p> p 


1SiSr 


A,’ whose local expression at h is 8,’(b). 


6. The relation between y and S. Let » be a linear function on }). 
Then e“ is a holomorphic function on the complex Euclidean space Jy. 
We agree to denote the function h—e#(es”™ on Ay also by e4. Now put“ 
5(b) = e°8’(b) oe (DE B) where p is defined as in Section 4. The following 
lemma establishes a connection between 8(q) and y(q) for q€ Ig. 

24 Whenever it is necessary to avoid confusion we denote the operator product of 


two differential operators D, D’ by D© D’. Since a function f of class C® can also be 
regarded as a differential operator, one has to distinguish between Df and D ° f. 


266 
se 
th 
th 
ge 
to 
Al 
Bu 
it 
th: 
an 
TI 

tha 
Bu 


SEMISIMPLE LIE GROUPS, I. 267 


LemMA 26. Let q be an element in I, of degree d. Then we can 
select a finite number of elements HpN Bar and gE R (1SiSr) such 
that 

on Ay’. 

We have seen in Section 4 that J, =1,9 $+1,N BE. Moreover it is 
easy to see that B is the direct sum of $$ and Sf and 


Ba = (BaN + (Ban BE). 


Therefore if q,, g2 are the components of q in J,N ¥ and I, N BE respectively, 
they are both of degree Sd. Also 8(q2) =0, y(qg2) =0 and every homo- 
geneous component of q; lies in IgM $8. Hence it would clearly be sufficient 
to consider the case when ge I,N §. 

Let b—>6* denote the anti-automorphism of 8 given by X¥*=—JYX 
(XY€g). Then if p is a homogeneous polynomial in S(g) of degree r and 
\ the canonical mapping of S(g) into &, it is clear that A(p)* = (—1)"A(p). 
But X¥* —0(X) for X€ p. Hence if we extend 6 to an automorphism of %, 
it follows that 6(p) = p* for pe %. Let y’(q) denote the element in $y such 
that gq—y’(q) € Bn + fB (see Lemma 3). Then g*— (y’(q))*€ nB+ VE 
and therefore 


q—v'(q) —O(y'(q)*) € O(n) B + BE. 
Therefore we can select bg € Ba such that 
q—vy'(q) — € BE. 
Be Ps 
But then from Lemma 25, 


=7 (1) mod (Bt + #8) 


for h€ Ay’ where be’ = 2[Zg, bg] €Ba+.. Therefore by Lemma 24 we can 
select a finite number of elements v;€ Ba. and g€ R such 
that 


g=7'(g) + gi(h)v/ mod (Bt + PB) (h€ Ay’). 


But this means that —y'(q) + and therefore 
i 
8(q) + Jir% 


where 7? y, = e°v;/0e-*, Since it is obvious that 7; € Sp, our assertion is proved. 
Now select homogeneous elements u,; = 1, +, Uw in Sp in accordance 


1StSr 
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with the corollary of Lemma 8, so that $= > Ju; where J=I(bhy). We 


1SiSw 
know from Theorem 1 that y(J,) =J. 


THEOREM 2. Let u be an element in $y and select yE I, (A\SiSw) 
such thatu= > y(qi)ui. Then we can choose a finite number of elements 


1Si=w 


and such that 


u= w°d(gi) + 
w 1 


1Si 


Sj=r 


15j= 
on Ay’. 

We shall use induction on the degree d of u. Obviously w can he 
assumed to be homogeneous. Put J) =, 9. If we replace each q; by its 
component in Jy (with respect to the direct sum 8 = + 8f), neither y(q) 
nor 8(q:) is affected. Hence we can suppose that g;€ Ip. Let d; denote the 
degree of u;. Then it follows from our assumptions (see the corollary of 


Lemma 8) that y(q;) is homogeneous of degree d— d; if d= d; and y(qi) =0 

if dj>d. Now fix 2 and first suppose d=d;. Then by Lemma 20, q; is of 

degree d—d; and y(qi)ui=Ui°8(gi) (8(qi) —y(qi)) on Ay’. Since 

ft is stable under the operations of ©), it follows from Lemma 26 that 

ui (8(gi) —y(qi)) >= gjv; where g;€R and Bar. On the 
Sj=r 


other hand if d< dj, y(qi) =0 and therefore ¢,=0 by Lemma 19. Hence 
y(gi)Ui = Ui, °8(gi) =O in this case. This shows that we can select a finite 
set of elements g;€ and vj€ SN Bex. (178) such that 


+ 


1SiS=w 


SisSs 


on A,’. The statement of the theorem now follows immediately by applying 
the induction hypothesis to vj. 
The following consequence of this theorem will be important for our 


applications. 


CoroLtuary. Let U be a nonempty open connected subset of Ay’ and x 
a homomorphism of I, into C. Let Ey denote the space of all analytic func- 
tions ¢ on U which satisfy the system of differential equations 8(q)¢=x(q)¢ 
(qe I,). Then the dimension of Ey over C cannot exceed w. 


Choose a point hy in U. If dim Ly > w, we can obviously find a function 
¢~0 in Fy, such that ¢(ho;ui) (1StiSw). But then it follows from 
the above theorem that ¢(h);u) =0 for every w€ Sy. However since U is 
connected and ¢ is analytic, this implies that ¢ —0 and so we get a contra- 
diction. Hence dim Fy = w. 
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7. The operator 9’(@). The Casimir operator w of g is an element 
lying in the center of 8 which is defined as follows. Let .,,: --,Xn be a 
base for g and put gi;—B(Xi,X;) 1S1,jSn. Then the matrix 
js nonsingular and if denotes its inverse, o—= gtiX,X;. (It 


1Si,jsn 
is easy to check that w» does not depend on the choice of the Seas used in its 
definition.) We intend to compute 8’(w). 
For any linear function p on by, let H, denote the unique element in by 
such that B(H,H,) =p(H) for all HE hy. Also put y’(q) —e?y(q) oe? 
for q € Ig. 


LEMMA 27. +2 where denotes the 
aeéP, 


restriction of a on fy. 


For each root «, select XY, as before and normalize it in such a way 
that B(Xq,X_-a) =1 for any «€ P. Then [X,,X-.] —Ha where H, is the 
element in § such that B(H,H,) =«a(H) for every HE}. Choose bases 
+,H, and for and respectively such that® 
B(H;,H;) =8; (1Si,jSm). Then A,,---,Hm together with Xo, 
(a€ P), form a base for g und therefore it is clear that 


aeP 


aeP 


aeP 


P, 
since X,, X_. and H, lie in f if a vanishes identically on hy. This 
shows that w=H,?+---+ 2Hpmod(fB+ Bn) and hence y’(o) 
H,+--+-+H?+2H,. Now for any root a, which is not identically zero 
on hy, let Xe (Ya€ and put g.(expH) = 
We have seen in Section 5 that Ya== (1+ 2ga(h))Z_ mod 
for h€ Ay’. Hence 
X = X =2(14+ ga(h) 
= 2(1+ ga(h))[Za, mod + Bf). 
If we apply the automorphism @ to this congruence, we get 
6(X,X_«) =—2(1+ ga(h))[Za, mod + Bf). 
Replacing a and h by —a and h-? respectively, we find that 


6(X_.Xa) =—2(1+ ga(h) )[Z-a, Ya] mod + BE). 


| 
| 
] 
| 
t 
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This shows that 

2{XqX a + aX a)} 

= (1+ ga(h)){ [Za ¥-a] —[Z-«, Ya]} mod + 

But [X.,X_.] =H, and therefore 

[Za, + =4(Ha—O(Ha)) = Ha. 
This proves that 

${X + } = (1+ ga(h) ) He mod + BF) 
for h€ Ay’. On the other hand it is easy to verify that 6(w) =o. Therefore 
W(0)} 
ae Ps, 
+ + X_~Xo)} mod BE. 


But in view of the above result, this implies that 


o== (Hy? +--+ (1+ 2Ga(h))Hamod + BEF) 
aé Py 


since 9g —9-4=1+2g.. Hence 
w=y(o) +2 ga(h)Hgzmod + BEF) 
aé P, 


for h€ A,’ and this proves the lemma. 


Corotnary 1. Let H,,- --,Hi be any base for hy and let 

denote the inverse of the matrix 9;—B(Hi,H;) (1Si,jS1). Then 
=A* DS giiH,o 

It is easy to check that the right side is actually independent of the 
choice of the base H,,---,H;. Hence it is sufficient to consider the base 
used in the proof of the above lemma. But then one finds by direct calcu- 
lation that 

4? > gH, o AH; = (H,?+---+H?)+ {((e*4+ e*)/(e*— e*)} Hg 
15i,jS ae P, 
=y7'(o) +23 
ae P, 

and this proves our assertion. 


Let @ denote the restriction on hy of the Casimir polynomial of g (see 
[5(k), p. 98]). 
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COROLLARY 2. y(w) =D—<p,p>. 


We keep to the notation of the proof of Lemma 27. Since y’(w) 
=(H,?+---+H?) +2Hp it is clear that 
y(w) = (Hi? +: + 2(Hp — <p, p>) 


= Hi?) —<pyp>. 


On the other hand o=fH,?+- - -+ H;? and so our assertion is obvious. 


8. Some consequences of Lemma 27. Select a,,-- -,a,€ 3% as in Sec- 
tion 3 and let LZ denote the set of all linear functions on hy of the form 
m,% + where m,,: are nonnegative integers. Given two 
linear functions A,’ on hy, we write (or >>A) if and 
VY—A€L. It is clear that for any two linear functions 4,A2 on hy, there 
exist only a finite number of A such thatA, << A<<Az. Define S=S (hy) 
as in Section 3 and let Q@=Q(by) denote the quotient field of S. Then Q 
is the field of rational functions on hy. Introduce the scalar product <p, q> 
for p,g€S as in [5(k), p. 90] and put m(A)—m,+---+m, for 
Now for each L, we define an element 
T,€ by induction on m(A) as follows. and” 

{<A, A— 2p> —2A}T, = 2 DS 2a, a> — 
k=1 
where & denotes the restriction of « on hy and k& runs over all positive 
integers such that A—2ka€ L. Let L’ denote the set of all elements 10 
in ZL. Consider the hyperplane o)’ (A€ L’) consisting of those points H € hy 
where 2A(H) = <A,A—2p>. It is clear that any compact subset of by 
meets o’ for only a finite number of » in L’. Let by” denote the com- 


plement of (J o)’ in by. Then hy” is an open, connected, dense subset 
AeEL’ 
of hy. It is obvious that the rational function ‘T, (A€ LZ) takes a well- 


defined value at any point H€h,”. We denote this value by ‘T,(H). 


Lemma 28. Let U be a compact subset of hy’. Then there eaists a 
real number c=1 such that |‘T)(H)|Sc"™™ for X€ L and HEU. 


Select positive numbers c, and cz such that 


<A, —a(H)| +1), | <A, A— 2p> —2A(H)| = com(A)? 


5 As will become apparent during the proof of Lemma 29, the motivation for this 
definition comes from Lemma 27. 
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for every ACL, a€ P, and HEU. Obviously this is possible. Now jf 
N <<a (VEL), it is clear that m(X’) << m(A) and therefore 

| <A, —a(H)! | <A, A—2%p> — 2A(A)|* S (HéU) 
where ¢c; = 2c¢,/c,. Hence it follows that 


Let r be the number of roots in P, and put c—=max{rc;,1}. We shall prove 
by induction on m(A) that |‘T\(H7)| Sc" for HEU andace lL. If 
this is true. So now suppose A0. Since A—2k&E L, it is obvious that 
k=43m(A). Hence it follows by induction hypothesis that 
> | ‘Ty-2xa (1) | S (A) 
and therefore 
| T)(H) | < 
For any number M = 0, let hy (3/) denote the set of those points H € h, 
where the real part of «;(H) is greater than M for every 1 (1SiSl). 
CoROLLARY 1. We can choose M =0 such that the series 
> | er | 
AeL 
converges uniformly for HE hy(M) and H’€ U. 
Obviously it is sufficient to choose MW so large that c< e™. 
CoroLtuary 2. Let U’ be an open subset of hy” whose closure (in by”) 
is compact. Then if M is sufficiently large, the function ¢’(H’:H) (H’€U’, 
H€by(M)) defined by the series 


AeL 
ts holomorphic on U’ & hy(M). 


This is an immediate consequence of Corollary 1. 

We keep to the notation of Corollary 2 above and denote by Ay(J/) thie 
set of those points h€ Ay for which logh€ hy(M). Also put &’(H’:h) 
=¢'(H’:logh) (H’€ U’,hE€ Ay(M)). Then ®’ is an analytic function on 
U’ X Ay(M). The following lemma provides the justification for the above 
construction. 


LEMMA 29. Let q be an element in I,. Then 


(H’:h38'(q)) =y/(q: H’)® (H’ th) (H’€ U,h€ Ay(M)) 


where y'(q:H’) denotes the value’ of the polynomial function®® y/(q) at H’. 


26 We recall that 7’(q) = e-py(q) ° ep. 


wher 


The 

(h€ 

But 

Hen 

such 

for 

q 

wher 

$1 ( 

for 

it fo 

that 

for v 

AVE 


SEMISIMPLE LIE GROUPS, I. 273 


For otherwise suppose our assertion is false. Then from Lemma 26, 
=y'(q) + givi where and Hy. For any ve S(hy), let 
1Si=r 


i(v) denote the corresponding differential operator on hy (see [5(k), §2]). 
Then if is a holomorphic function on hy(M/) and =y(logh) 
(h€ Ap(IM)), it is obvious that ¥(h;v) —y(logh;@(v)) for Sy. There- 
fore in particular 
V(h; gwvi) = 

1Si=r 


1SiSr 


But ga(expH) = for P, and H€h,(M). 
1Sk< 
Hence it is obvious that we can select an element v,€ » for each AE L’, 


such that 
r AEL’ 


for any holomorphic function y on hy(J/). Hence in particular 
(H’:h;8’'(q)) —y'(q: (A’:h) =¢,(H’:logh) (h€ Ay(M)) 


where 


for H’€ U’ and HE hy(M). Now put =e Then 
it follows from our hypothesis that ¢.40. On the other hand it is obvious 
that 
AEL 
(H’€ U’,H€ by(M)) 


for ve Gy. (Here v(H’—H)) denotes the value of the polynomial function 
vand H’—H).) Hence 


4+ (H’ — Hy) 


AeL peL’ 


= > (H’) 
where 


= H’ — Hy) — 


Obviously c, is a rational function on hy and since ¢,.+40, we can choose 
\y€ L such that c,,40. We shall now show that this is actually impossible. 


3 
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Let z be an irreducible representation of g on a finite-dimensional space 
V,. We assume that there exists a unit vector € in V, such that r(£)é= {0}, 
As usual, we denote the corresponding representation of G, also by =z and put 
E(x) = (é,7(x)é) Then is a holomorphic function on G,. Let 
A,’> A.’ A,’ be all the weights of and AA, >A, >°°°>A, 
all the linear functions on h, obtained by taking the restrictions of these 
weights on hy. Then we know from [5(h), Lemma 2] that A;<<A 
(2Si1=r). Let V; be the subspace consisting of those elements »€ V, for 
which 7(H)y = Ai(H)n (H€ by) and let #; denote the orthogonal projection 
of V, on V;. Then since x(//) is self-adjoint for H in }y,, it follows that 
V,,: - -,V, are mutually orthogonal and therefore 

E(expH)= D | |? (H€ by). 


On the other hand put b= { a(k)jdk and let » be a unit vector in J, 
K 


belonging to the highest weight A,’. Then we have seen during the proof 
of Lemma 5 that €=cHy where c is a nonzero complex number. This 
shows that (é,») = (£é,7) = But 7€ Vi and therefore 
(é,n) = (é, Hin) = Hence and so 

E(expH) = (H € by) 


where a,’=| #,é|? >0 and a’ =| (2SiSr). 

Let =, denote the restriction of = on G. Then %, is a spherical function 
and therefore 2.(h;b) =2)(h;8’(b)) (BE Ay’) by Lemma 23. More- 
over if BE J,, it follows from Lemmas 3 and 5 that bE,—~y'(b:Ha)=.. 
Therefore 

(h;38'(b)) —y’(b: Ha) (h) =0 (bE Ty, h € Ay’). 


Now put =,(H) = (exp) and 2,’(H) ==Z(expH) (H€ by). 


Then =, can be written in the form 


2i(H)=1+4+ mer (H€ by) 


eL 
where a, are real numbers which are zero for all A in L’ except a finite 
number. Then by applying the above relation for 6=w and making use 
of Lemma 27, we find that 


ae P, 
(A) (H € hy (M)). 


Hence if a —1, 
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ayy’ (w: Ha — Hy) + 2 = e-2ka(H) > A—d)> 
ac P, KEE 


=7(w:Hs) (H € §y(M)). 


But y’(o: 1) =<H,H> + 2p(H) (H€ by) from Corollary 2 to Lemma 27 


(. 
27 


Therefore if H(J/) stands for the set of all points H€ h)(2M) where? 
Rea(H) >4$)a;(H)| (1S1,jS1), it follows by applying the corollary 
of Lemma 57 of the Appendix (§15) to Vf (J) that we can equate the 
coefficients of e- on both sides of the above equation and obtain 
a<A—A,A—A 2p> + 2 > = A—A+ 
k21 


=ay)<A, A + 2p> (AE L). 


Here the sum is to be taken over those positive integers k for which 
L. This proves that 


{<A, A— — 2A(Ha) 


By comparing this with the recurrence relation for ‘Ty, it is obvious that 
a,='T,(Ha) provided o,’ for any L’ such that A—pe On the 
other hand it is clear from Lemma 4 that z can be selected in such a way that 
(1) Ha€o,’ for or Ay (wE L’) and (2) the rational function 
¢,, (which is then obviously defined at Ha) does not take the value zero 


at Ha. However the relation 


—y'(q: Ha) Eo(h) =0 (h€ Ay’) 
implies that 


+33 aye (Hx, — Hy) 


AECL 
for H € hy, = by, Again by applying the corollary of Lemma 
dt to V=hy,M E(M), we can equate the coefficient of e- in the above 
expression, to zero. But it is obvious that this coefficient is c,(Ha) for A=Apo 
or (AECL). Hence =0 and so we get a contradiction. 
This completes the proof of Lemma 29. 
Let + denote the mapping of by into itself given by 


=—(—1)¥(H + Hp) (II € by). 


*7 For any complex number c, Rec and Ime denote the real parts of ¢ and 


—(—1)#e respectively. 
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Then 7-*(H) = (—1)8H—4Hp. For any polynomial p€ S(hy), let p7 denote 
the function whose value at H € hy is p(r*(H)). Then the mapping p— pt 
can be extended to an automorphism of Q(,). It is clear that a rational 
function p€ QY(hy) is defined at a point H if and only if p7 is defined at 
7(H) and if this is so, p(H) —p(r(H)). Put (AE L’) and 
‘Dp =7(Hy”). Then o consists of those points H€ hy, where <A,)) 
= 2(—1)4\(H). This shows that hy, C ‘hy. Put (AE ZL), 
U =7(U’) and 


o(Hy:H) = ed! (+ (H,) :H) 1\(H,) 


for H,€ U and H€hy(M) (in the notation of Corollary 2 to Lemma 28), 
Moreover let 


@(H:h) = (7-1 zh) (HE U,hE Ay(M)). 
Then Lemma 29 can be restated as follows. 
Lemma 30. For any q in Ig, 
®(H:h;8(q)) =y(q¢: (—1)3H) :h) 
if HEU and h€ Ay(M). 


Now put H) =exp{ (—1)3«Ho, —X(H) (Ho) for Hy € ‘hy, 
Hey andvAceL. Then if we S(by), it follows from the uniform convergence 
(see Corollary 1 to Lemma 28) of the series } | & (Ho: H)| on any compact 

AEL 


subset 2 of U X bhy(M), that the series &(H.;0(u):H) also con- 
AEL 


verges uniformly on © to ¢(H,;0(u):H) (see Lemma 58 of the Appendix). 
Define H(11) as above to be the set of all points H€hy,(2M) such that 
Rea(H) >4/|a,(H)| (1Si,jS1). Then if M is sufficiently large we 
have the following lemma. 


LemMaA 31. Let U, be a compact subset of U. Then for any linear 
function p on hy and we S(hy), the series 


> | 0(u) : 1) ee | 
AeL 


converges untformly for H,€ U, and HE E(M). 


In view of Lemma 58 of the Appendix, it is sufficient to show that 
the series | &(H):H)e““| converges uniformly for H,€ U and H€ 


Since the closure of U is compact, we can find a real number y such that 


| exp{ (—1)4<Ho, HD + »(H)}! Sexp{v Re(a,(H) +: -+a,(H))} 
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for all Hy€ U and H€ E(M). Let @(H) = min Rea(H). Then if H € E(M), 
1SiSl 


Re(a(H) +: --+a(H)) and ReA(H) =m(A)B(H) (AECL). 
Hence | &(Ho:H)e*| =| exp{(2vl—m(A))2M}. Therefore if 
m(A) = 4vl, 

| = | exp(— m(a)M) 


and our assertion follows from Lemma 28. 

Now fix an element H,¢€ U. We now use the notation of Section 3 
and define W’ and J’ corresponding to the element Hy. Let Vx, denote 
the subspace consisting of those elements v€ 8 which satisfy the condition 
that p(H,;0(v)) =0 for every polynomial function p€ SJy,’.. Also let J,’ 
be the subspace spanned by homogeneous elements in J’ of positive degree. 


LemMMA 32. S=Vy,+ SJ,’ and dim Vy, = w’. 


Put V=Vy, and let pp? (pé€S) denote the automorphism of S 
defined by p°(H)=p(H+H,) (H€Eby). Since Hy is left fixed by W’, 
it is clear that (J’)7=J’. Moreover p vanishes at H, if and only if p? 
vanishes at zero. Hence (Jx,/)?=J,’. Also it is obvious that (0(/)p)?% 
=0(H)p? (HE by, pe S) and therefore (uES). This 
shows that V is exactly the set of those elements v¢€ 8 which satisfy the 
condition <v,p>=0 for all pe SJ,’. For any pe, let p, denote the 
polynomial function on hy given by py(H) —conjp(H) Then 
<p. Px> is a positive-definite Hermitian form on S (see [5(k), p, 110]) 
and since J,’ is invariant under the mapping p> p,, V is the orthogonal 
complement of SJ,’ in S under this form. Hence VM SJ,’ = {0}. More- 
over if Sq denotes the space of homogeneous elements in S of degree d, 
it is clear that V7 Sq is the orthogonal complement of San SJ,’ in Sa. 
Therefore since dim Sy is finite, it follows that Sa=VNSa+San SJ,’ and 
S=V+SJ,’. But then dim V=dim S/SJ,’ =w’ from Lemma 13. 


Suppose ve Vy, and Ig. Then 
=y(q: (—1)?Ho) ®( Ho; 0(v) th) 
forh€ Ay(M). 


Let p denote the polynomial function H—y(q:(—1)3H) on by and 
let (0(v) op) denote the local expression (see [5(k), p. 90]) at HE by 
of the differential operator ** 0(v) op on hy. We know from Lemma 30 that 


®&(H:h;8(q)) =p(H)®(H:h) (HE U,hE Ay(M)) 


and therefore it is obvious that 
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®(H;0(v) :h38(q)) (0(v) 


Hence it would be sufficient to prove that (0(v) °p)y,=p(Ho)A(v). So let 
us suppose that D= (0(v) °p)n,— p({Ho)d(v) #0. Then we can choose 
pi€ S such that p,(H,;D)~0. Put Then p,(H,;D) 
= p.(H,;0(v)). On the other hand p€J and therefore p—p(Hp) € Jy 
and p2€ SJy,’. But since v€ Vy,, this implies that po(Ho;0(v)) =0. Hence 
we get a contradiction and so the corollary is proved. 

Put r=[W:W’] and select s,—1,s,,---,s, in W such that W 
= |J s,W’. Then the points Hj=s,H, (1SiSr) are all distinct. We 

1Si=r 

assume that H;€ ‘hy 1 and (—1)!(H;—4H,;), regarded as a linear 
function on hy, does not lie in Z for any pair of indices 14j (1S1,j Sr). 
Put Vi=Vy, 1St1=r and for any ve Vi, let y,“ denote the function 
h—®(H;;0(v):h) on Ay(V) for sufficiently large. 

LEMMA 33. Select nonzero elements v,€ Vi; (1SisSr). Then the 
functions Wy, 1StSr are linearly independent over C. 

It is clear that for fixed H’€ ‘hy, AC L and veE 8, 

é,(H’ ;0(v) : H)exp{—(—1)*<H’, 

is obviously a polynomial function of 7. We denote by p, this polynomial 


corresponding to H’ =H; and v=vp;. Then if HE 
$( Has. :H) = px (H) exp{ (— 1) H> —A(H)}. 


Now suppose are complex numbers such that 


cig (Hi; :H) =0 (H€ E(M)). 


Then 
(A)exp{ (—1)*<Hi, —A(H)} =0 


1SiSr NEL 
and it follows from Lemma 31, the corollary to Lemma 57 (§15) and our 
assumption that (—1)3(Hi—H;) ¢ L for iAj, that —0 for every 
and every A€ L. On the other hand it is obvious that po (H) = v;((—1)*H) 
(H€,). Therefore since it follows that p“~0 and so 
This proves the lemma. 
It follows from the corollary to Lemma 32 that 


8(q) = y(q: (—1)*Ho) yo (ve 


Moreover dim Vi; =w’ by Lemma 29. Hence if 1S jw” is a base for 
V;, we conclude from Lemma 33, that the w functions Wij = 
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i<jsw’) are linearly independent and 8(q)Wij—y(q: (—1)4Ao) Wi 
(q€I,). Therefore in view of Lemmas 18 and 23, we get the following 


result from the corollary of Theorem 2. 


LemMA 34. Under the above assumptions there exist unique complex 


numbers ci such that 


exp{ (—1) Ho, H — p(H (hk) }dk 
= 


1StSr 


for all hE Ay(AL). 


In particular let us consider the case when 7) 0. Then W’=W and 
V=V, is the set of all ve such that <v, p> =0 for pe SJ,. More- 
over since hy, C ‘hy, all the required conditions for Hy, hold in this case. 


Therefore we obtain the following corollary. 


CoroLLARY. There exists an element V and a number such 
that 


K 


for all h€ Ay(M). 


9. An important inequality. Define 6 as in Section 5 and put || X |? 
=—B(X,9(X)) (X€q). As before, we regard g as a Hilbert space under 
the norm || X ||. Let hy,* be the set of those points H € hy, where a(H) > 0 
for every a€ 3. We put Ay*—exph,,*. Our main object in this section 


is to prove the following result which will play an important role later. 


THEOREM 3. There exists an integer d=0 and a positive number a 
such that 


f e dle = a(1 + || log h || 
K 


for all h€ Ay*. 

For the proof we need some auxiliary results. Let *h), denote the set 
of all H€ hy, such that <H, H’> = 0 for every H’ in h,,*. Also let Cl(Ay*) 
denote the closure of Ap* in Ay. 

Lemma 35. Define % as in Lemma 2. An element H’€ by, lies in *hy, 
if and only if X(H’) for every Ro. Moreover by,* C and 
logh —H (hk) € *h,, for h€ Cl(Ay*) and ke K. 
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Select as in Section 3 and choose such that? 
a(H;) =8; Then it is obvious that consists of all 
elements of the form t,;H,-+- - -+ where - -,¢; ere positive numbers, 
Therefore H’ lies in *hy, if and only if <H’,H;S 20 for every t. For any 
B€ P define Hg as during the proof of Lemma 27 and, for a fixed 7, consider 
the linear function »; on § given by »i(H) = B(H,H) (HEH). It is clear 
that »i(Hg) = B(Hi) 20 for BE P. Since B(Hg) are positive rational 
numbers, we can choose a positive integer m such that 2mp;(Hg)/8 (He) 
is an integer for every BE P and every 1 (1SiSl). Let r»; denote the 
restriction of 2mp; on hy. Then it follows from Theorem 1 of [5(b) ] and 
Lemma 2 that A€ Now suppose H’€ hy, Then A;(H’) = 2m<H’,H;) 
and <Ai, %j> = 2ma,;(H;) = 2ms;;. Therefore if A is any linear function on h,, 
A=D cri where But if AEB and so 


4 


=<A,a>=20. Hence <H’,H) 20 (1SiSl) if and only if A(H’) 20 
for every A€ Ho. This proves the first statement of the lemma. 

Now let x be an irreducible representation of g on a finite-dimensional 
space V and let @ be a unit vector in V belonging to the highest weight A 
of z. Then (see [5(h), Lemma 2]) every other weight of 7 is of the 
form where P and +,m, are 


positive integers. Hence if H€ hy,*, it follows that A(H) = A’(H) for 
every weight A’ of z. But since r(//) is a self-adjoint operator of trace zero, 
this implies that A(H) =0. Similarly if h€ C1l(Ay*), eA@oe” is the largest 
eigenvalue of the self-adjoint operator +(h). Therefore 


for K. However it is obvious that and so 
A(logh—H(hk)) 20. This shows in particular that A(H) 20 and 
A(logh —H(hk)) for F. Therefore by the criterion established 
above, H and logh—H (hk) lie in *hy,. Thus the lemma is proved. 


Corottary 1. Let H and H’ be two elements in y,*. Then <H’,H) 
> <H’,sH> for sA1 in W. 

Fix an element s+41 in W and select k€ K such that Ad(k)H =sH. 
Then x(sH) =x(k)x(H)x(k*) in the above notation. Therefore since 
A(H) is the greatest eigenvalue of x(H), it follows that A(sH) SA(H). 
But in view of Lemma 35, this implies that H—sH€*hy,. Now 
are linearly independent and by Lemma 6 H ~sH since H € hy,*. Therefore 
\:(H —sH) 40 for some i. Moreover we have seen that if A is any linear 
function on A= where = <A, a%>/2m. Therefore <H’, H —sH) 
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=(2m)? > «(H’)A(H—sH). But from Lemma 35, A,(H —sH) are non- 
1SiSl 
negative and a(H’) >0 (1SiS/) since H’€h,,*. Therefore <H’, H--—sH) 


>0. 
From [5(j), Lemma 37] we can choose s)€ W such that sohy,* = — Dy,*. 
Put H* =—s,H for any HE by. It is obvious that the mapping «—> — soa 
(2€ 3) is a permutation on & and therefore p(H*) =p(H). 
CoroLuaRy 2. (logh)*+ H(hk) € *hy, for hE Cl(Ay*) and ke K. 


Fix h and and let hk =k’ expH(hk)n K,n€N). Then H (hk) 
=—H(h*k’) (see [5(c), Lemma 36]). Now select k)€ K such that 
Ad(k))H’ = for every H’ in Then if h* —exp(logh)*, it is obvious 
that h* =k and therefore (h*k)k’) = H(h*k’) =—H (hk). But 
from Lemma 35, this implies that 

log h* + H(hk) = log h* — H (h*kok’) € *Hy,. 
CoroLuary 3. p(logh) =| p(H(hk))| for h€ Cl(Ay*) and ke K. 


It follows from the definition of p that sap <p and therefore <p, a> > 0 
for any 3. Hence Hp€ hy,*. Moreover p(logh*) —p(logh) as we have 
seen above. Hence our assertion follows from the fact that logh—H (hk) 
and logh* + H(hk) are both in 


Now put y(h) — dhe (h€ Ay). 
K 


36. y(h) Sw(hhi) for h€ Ap and h,€ Cl(Ay*). 


Fix h and h, and for any k€ K, let k’ denote the unique element in K 
such that hike k’AyN. Then k-—>/k’ is a homeomorphism of K, H(hh,k) 
=H(hk’) + H(h,k) and dk’ = eH) dk (see [5(c), pp. 240-241]). Hence 


K JK K 


= f exp{— p(H (hhik)) —p(H (hik) ) }dk S f (Mak) 
K 7K 


from Corollary 3 to Lemma 35. This implies that y(h) Sw(hh,). 

Now we come to the proof of Theorem 3. Select H,€ Hy,* such that 
%(H))=1 (1SiSl) and put F(t)—y(exptH,) (t€ FR). Then in the 
notation of Section 8, F(t) —$(0;0(v):tH,) for t > M, where v and M 
are defined as in the corollary to Lemma 34. Let d be the degree of v. 
Then it follows from Lemma 31 that 

F(t) = py(t)e MM), 
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where p, are polynomials of degree <d and the series > | p)(t)e-#\40)| 


converges uniformly for ¢> MM (if M is chosen sufficiently large). Hence 
we can find a finite number of distinct elements Ay = 0,A,,° € LZ such that 


| F(t) — py, | <1 
0Si=r 


for ¢>M. But since 4(H,) =m(A) (in the notation of Lemma 28), it is 


obvious that 
Lim py,(t)e to) — 0, 


1SiSr 
Therefore F(t) =2-+ po(t) for all sufficiently large positive values of ¢. 
Since the degree of po is Sd, this means that we can select a positive 
constant a such that F(t) for all 
Let Cl(Hy,*) denote the closure of y,* in hy, and put B(H) = max a;(H) 
1Si=l 


for H€ Then it is obvious that Cl(by,*). Hence it 

follows from Lemma 36 that y(expH) =F(B(#)) S=a(1+ B(A))? for 

On the other hand || H ||? —=sp(adH)?= > a,(H)?= B(H)’. 
15iS1 


Therefore 
y(expH) Sa(1-+ |H 


and this proves the theorem. 


Remark. Wet dz denote the degree of the polynomial function 7x of 
Section 3 and define V as in the corollary to Lemma 34. Then it follows 
from Lemma 16 that no nonzero element in V can have a degree greater 
than dy. This shows that dS dr. 


10. The function c. For any A€ L’ define o, (as in Section 8) to be 
the hyperplane consisting of those points H € hy where <A, A> = 2(—1)4A(77) 
and let 7,(s, t) (s,t € W) denote the set of all H € hy for which (— 1)4(sH — tH) 
=H). Then if © is the collection of all hyperplanes of the form so, or 
m(s.t) (s.t€ W;A€ L’), it is obvious that any compact subset of hy meets 
only a finite number of hyperplanes in ©. Let *hy be the complement (in by) 
of the union of all hyperplanes in G. Then *hy is an open, connected and 
dense subset: of hy. Moreover it follows from its definition that *bhy is 
invariant under W. Define + as in Lemma 11 and let *h,’ be the set of 
those H € *h, where r(H) +0. Since the zeros of 7 consist of a finite number 
of hyperplanes, *h,’ is also connected. We shall now use the notation of 
Section 8. 


Lemma 37. There erists a holomerphic function e€ on *by’ with the 
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following property. For any compact subset U of *hy, we can select a 
number M=0 such that 


en(log) f exp{ (—1)3<H», H (hk) —p(H (hk)) }dk 
K 


= 
sew 


for UN *hy’ and h€ Ay(M). (Here ® has the same meaning as tn 
Lemma 30.) 


Put 
Y(Ho:h) — exp{(—1)#<Ho, H (hk)> — (hk) ) }dk 
K 


for H)€ hy and hE Ay. It is obvious that for fixed hE Ay and we Oy, 
is a holomorphic function of Ho. Moreover if Hy € *hy’, the w 
elements sH, (s€ W) are all distinct. Therefore it follows from Lemma 34 
that there exist unique complex numbers e,(H,) such that 


W(Ho:h) = ®(sHo:h) 
sew 


for h€ Ay(M) provided M is sufficiently large. In view of Corollary 1 of 
Lemma 28, it is sufficient to show that e, (s€ W), regarded as functions 
are holomorphic on and e,(H =e,(sHo) (Ho€ *by’). 

Let U, be a nonempty open set in *hy which is invariant under W. We 
assume that the closure of U, in *hy is compact. Select M so large that for 
any HE Uo, @(H:h) is defined for h€ Ay(M) and choose -, Ue € Sy 
as in the corollary to Lemma 8. Also put U»)’ =U, *by’. 


LemMA 38. Let 81,8: be all the elements of W. Then 
det{ Uj) AO for any and ho€ Ay(M). 


For otherwise we can select complex numbers a, (s€ W), not all zero, 


such that a,®@(sHo:ho; uj) =0 ASjSw). Put f(h) = a(sHo:h) 
sew sew 
for h€ Ay(M). Then f is an analytic function on Ay(Jf) and it follows 


from Lemma 30 that 8(q)f=y(q:(—1)4Ho)f for qg€I,. Therefore since 
f(hosuj) =0 (1S we conclude from Theorem 2 that f(ho;u) =0 
| for every w€ Sy. But since f is analytic and Ay(M) is connected, this 
implies that f=0. However this contradicts Lemma 33 since W’ = {1} in 
the present case. 

Now in order to complete the proof of Lemma 37, fix h)€ Ay(J). 
Then by Lemma 38 there exist holomorphic functions aj, on U,’ (s€ W, 
1SisSw) such that =1 or 0 according as s=s’ 
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or not (s,s°€W,HEU,’). Therefore 


1Si=w 
(s€ W,H€U,’) and this proves that ce, is holomorphic on U,’. On the 
other hand we know from the corollary to Lemma 17 that y(sH : ho) =y¥(H:h,) 
for se W and H€ by. This implies that ¢,(H)=—e(sH) (se W,HEU,) 
where c—c,. Hence Lemma 37 is now proved completely. 


11. A formula for c. We shall now derive an explicit formula for ¢ 
which will be valid on a suitable subdomain of *hy’. For any root a€ P. 


define X, and X_, as in Section 7 and put n*= CX¥aw= Dd 
aeP aeP 


Let N,*, VN. and A, denote the complex-analytic subgroups of G, corre- 
sponding to n*, n- and § respectively and put G,’=WN,-A,N,*. Since g is 
the direct sum of n-, § and n’*, it follows easily that G,’ is open in G,. We 
regard G,’ as an open submanifold of G,. Then (see [5(i), Lemma 1]) the 
mapping (,4,N2)—> nan, (m€ Ne,a€ is a one-one _holo- 
morphic mapping of NV. * A. & N,* onto G,’ which is regular everywhere. 
For any z€G;,’, let a(z) denote the unique element in A, such that 
z€ N,-a(z)N,*. Then z—a(z) is a holomorphic mapping of G,’ onto A,. 


LemMa 39. Let n,’,a,,n, (7 =21) he three sequences in N,-, A, and XN; 
respectively such that a, and n,’a;n, converge in G,. Then n,’ and ny are 


also convergent. 


Obviously it would be enough to prove that n,’ is convergent. Since .1, 
is closed in G,, a, converges to an element a)€ A,. Let z be an irreducible 
representation of g (and therefore also of G.) on a finite-dimensional vector 
space V and é a unit vector belonging to the highest weight A of 7. For 


any root « define H, as in Section 7. Then by choosing z suitably, we can 
assume (see [5(b), Theorem 1]) that A(H,) >0 for every a€ P. Let x 
denote the character of A, such that r(a)é==y(a)é for a€ A,. Then if 


n,'d,n, converges to z in G;, it is clear that 


a(n, = x x (do) E. 


Since nr is a nilpotent Lie algebra, we can select Y,€ n- such that exp Y, = Nr» 
Then it would be sufficient to prove that Y, converges in n-. Thus it remains 


to prove the following result. 
Lemma 40. Suppose Y varies in in such a way that Y)é 
converges in V. Then Y itself converges in n-. 


Let Bi < be all the roots in P. Then Y= #(Y)X-s, 


{ 
p 

( 

I 

a 

i 

a 

f 

X 

( 
i 
0 
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} (t(Y) €C) and it would be sufficient to prove that ¢;(¥) converges in C 
for every 1. Hence suppose that this is false and let 7 be the least index 
such that t;(¥) does not converge. Let V; be the subspace of V consisting 
of all vectors belonging to the weight A — 8; and let FL; denote the orthogonal 


projection of V on V;. Then 


Ejyr(expY)é= 
m=0 


But if Y’= it is obvious that for 
1Si<j 


m>1. Moreover while Hence 
)E= )é Eyr(exp Y’)é. 


Qn the other hand, in view of our hypothesis and the definition of 7, both 
r(expY)é and w(expY’)é converge in V. Therefore the same holds for 
t(Y)r(X_¢,)é But since A(Hg,) > 0 (see [5(h), Lemma 1)}). 
Hence t;(Y) also converges in C. As this contradicts the definition of j, our 


assertion follows. 


CoroLLARY 1. Let z be an element in G,.. Then z€ tf and only 
if 40. 

Put f(z) = (&7(z)€) and let G,” be the set of all 2€ G. where f(z) #0. 
Since f is a holomorphic function on G, and f(1) —1, its set of zeros is 
a complex subvariety of G, of one complex dimension less. Therefore G,” 
is an open connected subset of G.. Moreover if z€ G,’, it is obvious that 
f(z) = x(a(z)) 40. Therefore GC G,.”. Hence it would be sufficient 
to show that G,’ is closed in Let z, (r= 1) be a sequence in G,’ which 
converges to z€ G.”. Suppose € Ne, ar € Ac, mr € Then 
= f(z) > f(z) 40 and therefore x(n,’)é = > f(z) (Z)E. 
But then by the above lemma, n,’ converges to an element n’ in N.. How- 
ever this implies that a,n,—n,-1z,— n’4z. On the other hand A,.N,* is 
closed in G, and hence n’-1z€ A,N,*. This proves that z€ G,’ and therefore 
is closed in G.”. 

Corotuary 2. Put K’=KNG,’. Then K’ ws an open dense subset 
of K whose complement (in K) is of measure zero with respect to the Haar 


measure of K. 


Let g be the restriction on K of the function f defined above. Then g 
is an analytic function which is not identically zero since g(1) =1. More- 
over K’ is the set of all points k€ K where g(k) 40. From this our 
statement follows immediately. 
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Since G, is simply connected, we can extend 6 to an automorphism of ¢, 


Put n= > CX, and n—O(n) = and let N,, N, denote the 


ae P, 
complex analytic subgroups of G, corresponding to n, it respectively. Also 
let =, and 3 denote the centralizers of hy in G, and g respectively. Since 
n*t+h, Cn-+43, it follows easily that = G-’. 


LemMA 41. Suppose Y€ int and exp(adY) maps n into itself. They 
Y =0. 


Otherwise suppose that YAO. Let Bi < Bo. <- 8B, be all the roots 
in P,. Then Y= > ¢X_g, where c,¢ C. Let k be the least integer such 


that 0. Then it is obvious that exp(ad Y)Xg,— =— mod. 
Therefore since the sum + n*-+ 1 is direct, it follows that exp(ad 
does not lie in n*+n-. But this contradicts our hypothesis that exp(ad Y) 
maps n into itself. Hence the lemma. 


Corotuary. WN, (=,NV.) = {1} and {1}. 


Suppose y€ Then y=expY for some Y€ ft and Ad(y) 
leaves n invariant. Hence Y and so y—1. Now suppose =, N, 
Then for some X€n. Put Y=—6(X). Since =,, Ad(z) leaves 
ti invariant and therefore exp(ad Y) leaves n invariant. Hence Y =0. 
This proves that 1. 

Define N as in Section 2 and let M be the centralizer of Ay in K. Put 
S—MA,N. Obviously S is a subgroup of G. 


Lemma 42. =NS where N=O6(N). 


Suppose x€ Then N,,E€ n€ Ne). Let 
7 denote the conjugation of g with respect to go. We extend it to a real 
automorphism of G,. Then x=7n(x) Since maps 
and n into themselves, it follows from the corollary to Lemma 41 that 
and n(n) =n. Choose and such that exp 
exp Y =—j/7. Since the exponential mapping is univalent on both n and ii, we 
conclude that XY and Y are left fixed by 7. Hence YE nN go, Y € nN gy and 
therefore n€ N, 7€N and €€GNE,.. This shows that 
=N(GN2.)N. But since MAy is the centralizer'*® of Ay in G@, it follow: 
that GO MAy and therefore GN(N.E.N-) = NS. 


Corotuary. Put Then K,D K’. 


We have seen above that D G,’ and therefore K, = K N 
DKNG/=K’. 
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LemMA 43. Let 7€ N and Cl(Ay*). Then both H(i) and H(i) 
—H(hih-*) he in *hy,. 

Let z be an irreducible representation of g on a finite-dimensional space 
and let @ be a unit vector belonging to the highest weight A of «. Then 
| | = Moreover since h € Cl(Ay*), is the greatest eigen- 
value of the self-adjoint operator r(h) (see the proof of Lemma 35). Hence 


(hah) | (hih-*) | S eACoe™ | (ih-*) | =| | — 


This proves that 20. Now choose Y€ it such 
that i-=exp Y. Then x(exp Y)¢—¢ is obviously a sum of vectors belonging 
to weights lower than A. Hence @ and x(’i)d—®@ are mutually ortho- 
gonal and therefore | |? = |¢|?+ | This shows that 
A(H(%)) 20 and the required statements now follow from Lemma 35. 


p(H(i)) 20 for nEN. 


Since Hp € hy,*, this is an immediate consequence of the above lemma. 
For any i€ N, let k(”v) denote the unique element in K such that 
i€k(i)AyN. We denote by C(K) the space of continuous functions on K 


and by dm the normalized Haar measure on M. 


Lemma 44. The Haar measure di on N can be so normalized that 


ff f (mk (i) ) A) dmdn 
MXN 


for any f€ C(K). This normalization is characterized by the condition that 


f dit 1, 


N 
Put S,—A,N and let ds, denote the left-invariant measure on So. 
Similarly let ds denote the left-invariant measure on S=MS,). We may 
assume that ds = dmds, (s =ms.,m€ M,s S,). Let dx denote the Haar 
measure on G and D(s) (s€ 8) the absolute value of the determinant of the 
restriction of Ad(s) on 3-+n. Since @G=KS,), a simple calculation (see 


[5(c), Lemma 35]) shows that 


F (ksy) D (so) dkeds, (Fe C.(G)), 
/“G 


provided dz is suitably normalized. Now NS=—K,S, and therefore we 
conclude from Corollary 2 to Lemma 40 and the corollary to Lemma 42 
that the complement of NS in G is of measure zero. On the other hand the 
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mapping (f,s)—>’s of N XS into G@ is univalent from the corollary to 
Lemma 41. Put go and Go. Then +3 and 
from this it follows easily that the above mapping is everywhere regular, 
Moreover a straightforward calculation shows that dr = D(s)dids (x= iis). 
Therefore 
(itso) D (0) dkdsy f° F D(s) diids. 
KXSp 
Now where s(i)€ So. Therefore it follows from the left- 
invariance of ds that 
nxs 
But D(s(v)) = Hence 


KXSo 


because D(m) 1. Now select a function’? g€C,.(S,) such that 


f 9 (8) D (89) ds =1 
and define F by F(ks.) =f(k)g(s.) (K€ K,8.€ So) where f is a given 
function in C(K). Then 


D (so) dkdso— j(k)dk 
K 
while 


But for a fixed m€ M, the measure di is invariant under the transformation 
i’ =m tim and k(n’) =mtk(ni)m, H(i’) Therefore 


J, f(k)dk = f f (mk dmdi. 
K 


In particular if we take f 1, we get the relation f e-20(H(™)) di, = 1. 


Corotyary 1. Let v be a linear function on by and put v,.=v-+p, 
v.=v—p. Then 


f exp{v(H (hk) ) —p(H(hk)) }dk 
K 
¢?-(log nh) ) —v,(H (v))}di 


N 
for h€ Ay. 


Vv 
and 
ular, 


As), 
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Let y(h) denote the left side. Then it follows from the above lemma 
that 
ff exp{v_(H (hmk (i) ) —2p(H ) }dmda. 
But m commutes with h and therefore H(hmk(n))—H(hk(v)). Also 


and therefore hiexp(—H(n))€hk(n)N. But this 
implies that H(hk(vi)) =H (hn) —H (nr) =logh+ H(hih*) —H(n). 


Therefore 


y(h) =e” too) exp{v_(H (hih*)) —v,(H(n)) }dn. 
COROLLARY 2. 


K 


N 
for h€ Ay. 


This follows by putting v0 in Corollary 1. 
The following lemma is of decisive significance for our purpose. 


Lemma 45. Let ¢« be a positive number and d the integer of Theorem 3. 


Then 


PHM {1 + di <a. 
N 


Select an element H,€hy,* and put h;—exptH, (t€R). Then it 
follows from Theorem 3 and Corollary 2 above that 


Jf _exp(—e(H (t=0) 
N 


for a suitable positive number c. Put A=4 > @ and let o denote the 
eer 


irreducible finite-dimensional representation of g on a space V with the 
highest weight 28 A. Choose a unit vector ¢, in V belonging to the weight A. 
Then 


| (hiih-*) |? = exp 2p(H ) 


forhe Ay and N. Let $o,¢1,° be an orthonormal base for V such 
that $; belongs to the weight A; (Aj—=A). Then it is obvious that 
t(ii)bo—o is orthogonal to ¢o and therefore 


2 


| o(hih) do |? =1+ exp{2,(log h) — 2A(log h)} | ($i, (7%) ho) 
1SiSp 


**Tt is known (see Weyl [8(c)]) that such a representation exists. 


+ 


4 
= 
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Let B1,° + *,Bq be all the distinct roots in P, and select YX € tip =6(1,) 
such that Then o(A")go/r! and if i140, 


(di, 7(%)¢o) unless there exist nonnegative integers m,,- -,m,, not 
all zero, such that A; on by. Hence if 
a= min £;(H,), it follows that 


| o(hetihy*) bo |?S1+ | (di, go) |? 
1=i=p 
S1+ | do |? = 1 + exp{2p(H (nr) ) —2at} 


This proves that 
exp{2p(H (hithy*) )} S1 + exp{2p(H (x) ) — 2at} 


and therefore 


f e~ -p(H(n)) {1 (1 + t)¢ 0). 


Now for any integer r=0, let N, denote the set of all points 7€ N where 
p(H(n)) =2". It is obvious from its definition that a is positive. Therefore 
if t= 2"/a and #€ N,, it is clear that e-°¢te?04@) = 1 and therefore 


2-4 dn = c(1 +. a7127)4, 


Nr 


f e p(H(n)) di < ¢,2"¢ (r= 0) 
Nr 


where c, = 24c(1 + a71)4. Let N,,,-—N, denote the complement of N, in 
Then if «> 0, 


f + di S 2-70) eH) dit = 
Nra-Nr New 


where c, = 2%c,. Therefore 
e MAM) + di Seg Koo. 
N-No r=0 
Hence in order to complete the proof, it would be sufficient to verify that No 


is compact. But this is an immediate consequence of Lemma 40. 


Corottary. Let « be a positive number. Then 


N 


0). 
Hence 
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This is obvious because e~*t(1 + remains bounded for 0. 
For any H€h, we denote by ReH and ImH the elements H,, H, 
respectively in such that H —H,-+ (—1)4H2. 


THEOREM 4. Define the function ce as in Lemma 37 and normalize the 


f Haar measure di on N by the condition 


f — 1, 
e N 


| Then if H’ is an element in *by’ such that —ImH’€ by,*, we have the 
| relation 


e(H’) — {_ exp{—(—1)KH’, H(t)» —p(H(a)) 


Put v(H) = (—1)<H’, H> for H€ by. Then it follows from Lemma 
3? and Corollary 1 of Lemma 44 that 


> e(sH’) (sH’:h) exp{v_(H (hiih)) —v,(H(n)) }da 


seW x 
for h€ Ay(M). Select a point Hy)€by,* and put h;—exptH, (t20). 
Then it follows from Corollary 1 of Lemma 35 that the real part of 
(—1)3¢sH’ — H’, H,> is negative if sA1 (s€ W). Therefore it is obvious 
from Lemma 31 that Lim e'@4o0@(sH’:h;) =1 or 0 according as s—1 


t>+0 


or not. Hence 
c(H’) = Lim f exp{v_(H (hyihy*) ) —v,.(H ) 
t>+0 N 
On the other hand we can evidently choose a positive number «<1 
such that — Im H’—eHp€ by,t. Put /=v—ep. Then (1—e)p, 
+(1+e)p and Rev’(H) =0 for HE *hy,. On the other hand 


— v,(H = — H(a)) — (1 —6)p(H 
— (1+ )p(H(A)). 


Therefore it follows from Lemma 43 that 
Re{v_(H ) S—A + 


| for f{=0. Hence we conclude from the corollary of Lemma 45 that 


= Lim exp{v_(H (hinhy*) ) —v.(H ) }dn. 


N tote 


Now for a fixed N, select X€ it such that Then 
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=exp(Ad(h;)X) and if Y= (ag€C), it is obvious that 
Be 
Ad (ht) X = Since B(H,) >0 for every BE P,, it follows 
B 


that as t—>-+o and therefore 


c(H’) 
N 


This proves the theorem. 

We recall that by,’ is the set of those points H€ hy, where a(H) +40 
for every 2€ P,. We have seen in Section 10 that hy,’ C *by,’ and therefore 
c is defined on 


Corotuary. Let Hy be any point in by’. Then 


f exp{— (—1)H., H(a)) —(1 +.)p(H(a))}da (e > 0), 

Put H, = H,— (—1)%Hp where is a positive number. It is obvious 

that H.€ *hy’ and —ImH,€ if is sufficiently small. Moreover 


c(H,) =Lime(H,) since ec is holomorphic at Hy. Hence the corollary 
e>0 
follows immediately from Theorem 4. 

We shall now give another interpretation of the above corollary. Let 
D(hy) be the algebra of all polynomial differential operators [5(k), $2] 
on hy and let @(b;,) denote the space of all functions on hy, of class (* 
such that Da remains bounded on hy, for every DE D(hy,). We topologize 
4(6»,) in the usual way and consider a @-distribution 7 on hy, (see [5(k). 
§2]). Let dH denote the regular Euclidean measure [5(k), p. 91] on Jy, 


and for any a€ @(fy,), put 


a’ (Hy) exp{— H) }a(H) dH (Ho € 
5 


bo 
Then the Fourier transform of 7 is the @-distribution 7 given by 7(a) =7(«) 


(a € 6 ). 
THEOREM 5. Let = denote the Fourier transform of the distribution + 
defined by 
7(a) a(H (ii) )e aii (a€ 6(by,))- 


N 
Then = coincides on by” with the analytic function e. 


We know from Lemma 45 that 


cm e + p(H(n))}" di mo, 
N 


if r is a suitable positive integer. Hence 


SEMISIMPLE LIE GROUPS, I. 293 


H 
and therefore + is a @-distribution. Moreover this inequality implies that 
(a) =Lim J a(H (it) di (e>0). 
e>0 N 
Now fix an element a€ (Hy,’). Then 


= Lim a’ (H(i) )e di, 


€>0 


N 
On the other hand 


a’ (H(i) di 
N 
(1+€)p( anf exp{— (—1)4<H (i), H>}a(H)dH 
N 
and it follows from the corollary of Lemma 45 that 
dir a(H)| dH <0. 
N 


Therefore by Fubini’s Theorem 


= Lim a(H)dH f_exp(— (—1)3<H(n), Hy — (1 + €)p(A(H))} dir. 
N 


e Bpo 


Hence if H, =H — (—1)%eHp, we can conclude from Theorem 4 that 


—=Lim f 


Do 
Now let Q denote the carrier of a. Then © is a compact subset of ,,’ and 
therefore ¢ is holomorphic on some complex neighborhood of Q in hy. Hence 
it is obvious that 
a(H)e(H) dH. 


This proves that 7 coincides with ¢ on by,’ 


12. Further study of the function c. We shall now investigate the 
function e a little more closely on hy’. Let % be the space of all linear 
functions 2° on hy and %g be the subspace (over R) consisting of the real ® 


*® Although # and hp have been identified under the bilinear form B, it is some- 
times convenient to distinguish between the two. 
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functions. For any A€ %, let Ag and 2; denote the real and imaginary parts 
of A so that (—1)4A7 (Ar,Ar€ Fr). Then the following lemma 
establishes an important inequality. 


46. Put 
exp((—1) (ak) ) —p(H (ak) ) Jak 


forrX€ and Then for any b€ B, we can select an integer d= 0 and 


a positive constant a such that *° 
Sa(1 + | 2) 
for all G and XE 


Let B:,: - -,8, be a fundamental system of roots in P. Select linear 
functions A,,- - on such that® = 26;(H¢,)8; (1 Sr) 
where, for any root 8, Hg is defined in the same way as in Section 7. Then, 
by Theorem 1.of [5(b)], there exists an irreducible representation 7; of g 
on a finite-dimensional space V; with the highest weight A; Select a unit 
vector € in V; belonging to A;. Extend A and p to linear functions on J 


by defining them to be zero on hy. ThenA=  dA;A; and p= p;A; where 


1SiSr 


UEC and p€ RK. First we shall prove the following result. 


LemMA 47. Suppose and Then 


=y(—A:27) II | dk 
K 135iSr 
where (—1)4i +p 1Sisr. 
For any k¢€ K, let k&, denote the unique element in K_ such that 
zkek,AyN. Then k—>k, is a topological mapping of K onto itself and 
dk = exp{2p(H(rk))}dk, (see [5(c), p. 241]). Hence 


W(A:2) + p(H (ak) ) }dky. 


Replacing k by k,-: in this integral and making use of the relation H (xk,-) 
=—H(x"k) (see [5(c), Lemma 36]), we get 


exp{—(—1)#A(H (x*k) ) — p(H (ak) ) }dk =y(—A: 2"). 


view of the identification of and hy, || || is well-defined (A € F). 


arts 
nma 
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But | | Hence 


1SiSr 


Now we come to the proof of Lemma 46. Select a base X,,- - -,X, for 


over and for any r€ @ and t= € R", put 


+:--+¢,X,). For any ordered set JJ = (m,,---,m,) of nonnegative 
integers, we write | m,, - -t,™ and denote by 


| X¥(M) the coefficient (in B) of in (| M|!)* (4X1 +--+ 1. 


Also put |¢|—max|¢;| and M+ if 


1SiSn 


MW + -+,m,’). Let be the space of all endomorphisms of V; 


(i<jsr). For any T€ £;, put | |= sup | Tv| (ve Then £; is a 
|v|S1 


Banach space under this norm and 


mj tXn)}) = m(X(M)), 
M 


| the series converging absolutely and uniformly in FH; (see [5(c), §5]) pro- 


vided | ¢| remains bounded. Define 6 as in Section 5 and let b> b* (bE B) 
be the anti-automorphism of 8 over PR which coincides with —@ on g. Then 


| it is clear that 2;(b*) is the adjoint of 7;(b) (in the sense of Hilbert space 


theory). Put 
bu= DS 


M,+My=M 
forany M. Then it is obvious that 


| 


forall k, and (1Sjssr). Put 
Way j = | & (x) &, (bar) (7) G). 


Then | Vy j(x)| S| by}. Hence is a bounded analytic function 


on G and 
| |? | |? (1 + tM Wy, (a *k)}. 
|M|=1 


Obviously this series converges uniformly with respect to x, k and ¢ provided 
r varies within a compact subset of G and |¢| remains bounded. Therefore 


by the binomial theorem, 
exp{— (— — = IL | 
1Sj=r 
= exp{— (— 1)4A(H (x"k)) — p(H(ak))} A) 
M 
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provides |¢| is sufficiently small. Here Yy(2:A) is a function on Gx 
which can be written as a polynomial in and Wy; (1S jSr,| M’| S| 
with constant coefficients. Therefore it is clear that there exists a positive 
number ay and an integer dy = 0 such that 


| Wu(r:A)| Say(1 + G,AE 
Moreover it is obvious that for a fixed 2, the above series converges uniformly 
with respect to k and t provided | ¢| is sufficiently small. Therefore by inte- 


grating over K, we get an expansion of y(—A:a;') =wW(A:2;) in powers 
of ¢,,- -,t,. This shows that if M (m,,: --,mp), 


J. : Aexp (—1)'A(H — p(H (ah) 


and the assertion of the lemma follows from the fact that the elements 
X(M) form a base for B. 
The following result will be needed in another paper. 
Lemma 48. Let Q bea compact set in G. Then we can select a positive 
number c such that y(O:zy) Scy(0:2) for all rE G and yEQ. 
It is clear that 


isj= 


| | | S | S | | |. 
Therefore if we put 
c=sup {| + | |}, 


1Sjsr 
it follows that 


for y€Q. In view of Lemma 47 our assertion is now obvious. 


Now for any positive number «, let 3 denote the open neighborhood of 
%r in consisting of those points A€ for which |ImA;| << «/2 r). 
Then it follows from Lemmas 2 and 35 and Corollary 2 of Lemma 35 that 


Hence 
and 
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|A(H(hk))| She | Ay(H(hk))| 
1SjSr 
de Aj(logh + log h*) =ep(logh) (h € Cl(Ap*)), 
1Sj=r 
since A; =4 SB and p(logh*) —p(logh). Therefore we get the 
1Sj=r BeP 


following result. 
LemMA 49. Suppose X€ He and hE Cl(Ay*). Then 
(Ozh). 


Lemmas 46 and 49, together with Theorem 3, give us an estimate for 
u(A:h;b) which will be of great value in the discussion below. 


Select u1,° - *,Uw€ Sp as in the corollary of Lemma 8 and put 
Wi(A:H) =e My(rX: exp H ui’) (ACY, HE hy, 1 Sisw) 


where Fix an element byt and let W(A:t) (t€ 

denote the one-column matrix 1Sisw. Let us consider dv/dt. 

Choose gi; € I, such that Hou;s= Sj Sw). Then if exp tH, 


1s 


(t€ R), it follows from Theorem 2 and Lemmas 18 and 23 that 


dyj(A: tH) /dt = S Wild: tHo)y(qy: (—1)4A) 


1Si=w 
where 


gi € € Ig and s is a positive integer. Put Then 
a€ Py 


it is obvious that for any g€ Rt, there exists a positive number ¢ such that 
g(he)| (¢21). Let @(A:t) denote the one-column matrix 
and put |ay|?)4 for any m X n matrix 


1Sism 1SjSn 
“== (a;;) with complex coefficients. Then it follows from Lemmas 46 and 49 
and Theorem 3 that 


O(A:t) | exp{etp(Ho) — (Ho) }(1 + || 


for {=1 and A€ &. Here c, is a positive number and d, a nonnegative 
integer. Let =(A) denote the w w matrix given by Biy(A) = y(qj: (—1)4A) 


Put A=}3y 8. Then 2A(Hg,) for lS jsr (see Weyl [8(c)]). 
BeP 
Hence A= 


= 
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(1S1,j;Sw). Then the above equation can be written in matrix notation 


as follows: 
dv (A: t)/dt = 2(A)¥(A:t) + O(A: 1}, 


Now put W(A: ¢) = exp(— 2) and ©,(A: t) = exp(— tE(A)) O(a: 2). 
Then it is clear that 


(A: t) /dt = t) 1). 


We shall now estimate || @)(A:¢) ||. It is obvious from the definition of =()) 


that 


1SiS=w 


in the notation of Section 3, if we put A*=— (—1)4A. Hence we conclude 
from Corollary 2 of Lemma 14 that A*(sH,) (s€ W) are all the eigenvalues 


of (A). Put 7(A) =2w max |A;(sH,)|. Then it follows from Lemma 60 
sew 
of the Appendix that 


exp(— tE(A)) || Set? wt BA) (t > 0). 
0Sk<w 


Therefore since || @)(A:¢) || S || exp(—t=(A)) || || O(A:¢) |], it is obvious that 
there exists a positive number c, and an integer d,=0 such that 


@o(A:#) || Se2(1 + || A ||) exp{r(A)t + etp(Ho) (Ho) } 


for AC Fe and ¢=1. Moreover by choosing e¢ sufficiently small, we can 
obviously arrange that B(H,.) for all Then in 
this case 


| Sco(1 A |] ) (tS 1,A€ 


© 

This shows that the integral f || ®o(A:#) || dt converges uniformly with 
1 

respect to A as A varies in a compact subset of %.. Moreover there exists 


a positive number c; such that 


J 
1 


But since dW,.(A:t)/dt =@,(A:t), this implies that ¥)(A:¢) tends to 4 
limit as {—>-+o. If we denote this limit by ¥o(A:0), we have the relation 
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In view of the uniform convergence of the integral, it is clear that 
is a holomorphic (matrix-) function of A on Moreover since 
| ¥(A:1) || S || exp(—E(A)) |] | 1) ||, it follows without difficulty (by 
making use of Lemmas 46 and 49 and the above estimate for || exp(— =(A))|!) 
that || Wo(A:1) | Se.(1 + |] A for suitable positive numbers c,, There- 
fore || || Sc5(1+ (A€ for an appropriate choice of ds. 
Hence if we apply Lemma 58 of the Appendix to V=%c/2, we get the 


following result. 


LemMA 50. If ¢€ is sufficiently small, there exists an integer d=0 
with the following property. For any u€ S(by), the function 


remains bounded as varies in 


Now define + as in Lemma 11 and let %-’ denote the set of those 
elements where 40. We may assume that is so small that 
|| << |] A||/2 for any AE and AE L’ (see Section 8 for the definition 
of L’). Then it follows without difficulty that @%.C *bhy and therefore 
de C *hy’. Hence if AEC %, we conclude from Lemma 37 that 

Wi(A: = (sr: he Ui) (isisw,t>d) 


sé Ww 
where I is a suitable positive number. Define esy€ S(hp) (s€ W,H € by) 
as in Lemma 14 and put e,=€é,,+._ Moreover define the w XK w matrix H(s) 


as follows: 
Li(s)uj;mod SJ). € C). 


1=j=w 


Then it follows from Lemma 14 that » e(s)H#(s) =a(A*)I where J is 
sew 


the unit matrix. Moreover = SJ,» by the same 
lemma and therefore 

E(s)B(A) = B(A)E(s) E(s). 
Hence 


& «(s)exp(—a* (s) ¥ (az). 


Now put &(u:h) —exp{p*(logh)} Ay) where p* = (—1)4p. 
Then it is obvious that é(w:h;w) =u(p*)é(ui:h) for Sp and therefore 
E(u:h;u) =0 for we SJys. Also 


tion 
| 
). 
ues 
60 
hat 
an 
in 
ith 
sts 
a 


HARISH-CHANDRA. 
Fiz (s) uj = = uj (sA*)e, mod 
1Sj=w 
from Lemma 14. Therefore 
Dd 3 uj) = uj (SaA*) e,(s’A*) E(s’Az h) (s,s’€ W), 
1SjSw 
Hence it follows from the third statement of Lemma 14 that 
0 if 
= 
Let Woj(A:00) (1SjSw) denote the coefficients of the one-column matrix 
Wo(A:0). Then 


to+0 j 
But since B(Ho) =7r(A) +ep(H,), it follows that |A:(sH,)|—8(H,) 
=—ep(H,) for s€ W. Therefore it is obvious that 
Lim | uj) —E(s’At hy; uj) | =0 (s’€ W) 


t>+0 


and hence 


Lim > €(s)E(sa: he) he 5 us) 


+o fj 


=n(A*) Lim )é(sa: ht) 


gel 


= 7(A*) = 


in view of what we have said above. Thus we have obtained the following 
result. 

LemMMA 51. wo(A:00) = ui(sd*)e(sd) for any rAE Fe. 

sew 
Define ot (1S1=w) as in Lemma 14. 
CoroLtuaRY. —=a(A*)e(A) for AE Fe. 
1Si=w 

This follows immediately from the above lemma and the third state- 
ment of Lemma 14. 

We have seen that W (A:0) is a holomorphic function of A on 
Therefore in view of the above corollary and Lemma 50, we have the 


following result. 


LeMMA 52. Suppose e is sufficiently small. Then there exists a holo- 
morphic function b on such that B(A) =r(A)e(A) for AE Fe. Moreover 
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we can select an integer d=0 with the property that for any we S(by), 
(1+ B(A;0(w))| remains bounded as varies in Fe. 


Define the @-distributions + and = on hy, as in Theorem 5. 
The distribution coincides on hy, with b. 


We use the notation of the proof of Theorem 5. It is sufficient to 
show that 
7 (7a) = b(H)a(H)dH 
Do 
for any Put He—=H—(—1)%Hp (H€by,) where is a 
positive number. Then it is obvious that 7(H.) ~0. Hence if « is suffi- 
ciently small, H.€ *h,’ and therefore e(H,) is well-defined for all H € by,. 
Moreover if we use the method of proof of Theorem 5, it follows without 
difficulty that 
€>0 
On the other hand it is obvious that |a(H)|<|a(H,)| for «€ = and 
H€ hy, and therefore | r(H)ec(H,.)| =| b(H,)|. Let be the carrier of a. 
Then since Q is compact and since b is holomorphic on a complex neighbor- 
hood of hy, in by, it is obvious that | b(//,)| remains uniformly bounded 
for all sufficiently small values of « as H varies in Q. Hence we conclude that 


= | Lim {a(H)x(H)e(H,) }dH. 


Bpo €>0 


But it is obvious that Limaw(H)ec(H,) =b(/H) if 40. Therefore 


e>0 


7 (ma) a(H)b(H)dH 


Do 


and this proves the corollary. 


13. The casel—1. We assume in this section that*? dim hy —1. 
Then ** we can select «€ & such that 2a is the only other possible element 
in. Let p and q denote the number of roots in P, which coincide on hy 
with « and 2a respectively. Then p=4(p-+2q)a. Let H be the element in 
such that a(H)=—1. Then <H,H> = 2(p+4q). This 


*2 A special case of this type has been discussed by Bargmann [1]. We follow the 
same method. 


) 

1) 
) 
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implies that H, = (2p + and Hp=3(p+2q)Ha. Hence it follows 
from Lemma 27 that 


2(p + 49)8'(w) = H? + (p+ + {2p(e?* —1)* + 4q(e** —1)}H. 


Put ¢(h) =a(logh) for h€ Ay. Then ¢ can be regarded as the coordinate 
function on the one-dimensional Lie group Ay and so it is clear that 


2(p + 4q)8’(w) = d?/dt? + {pcoth t + 2q coth 2t}d/dt 
= d*?/dt? + {(p+q)cotht + qtanht}d/dt, 
since coth 2é=—4(cotht+tanht). Now put z——(sinht)?. Then the 
above relation becomes 
4(p + 49)8’(w) = 2(z — 1) d?/dz* + 3{(p+ 2¢4+ 2)e—(p+q4+1)}d/dz. 
On the other hand if A is any linear function on hy, we know from Corollary 
2 of Lemma 27 that 
y(w: (— 1)4A) = — <A, A> — <p, p> = F(p + + 
Therefore if we put ¢(h) =yw(A:h) (h€ Ay), it follows from Lemma 18 
that 
2(z— 1)d*d)/dz? 
+ 4{(p + 2q + 2)2—(p+ 9+ I} + HAH)? + (Sp + 9)? =0. 


Now let 
a= b= (p cm (V+ 
where A*== (—1)4\. Then the above equation becomes 
z(z—1)d*d)/dz* + {(a+ 6+ 1)z—c}dq/dz + abd, = 0. 


Now z can be regarded as a coordinate function on Apt. Therefore ¢,= (2) 
where g is analytic function on the interval —o<z<0. Moreover 
W = {1,s} where sH Therefore $,(h) =@)(h-*) (hE Ay) 
and so ¢, can be expanded in powers of ¢? in the neighborhood of the point 
h=1. But this implies that g is actually analytic also at z—=0. Moreover 
g(0) =¢,(1) =1. Therefore since c > 0, it follows by a direct substitution 
of the power series for g around the origin, in the above differential equation, 
that g(z) is the hypergeometric function F(a,b,c,z). But it is known (see 
Bargmann [1, p. 627]) that 


( 
a 
gr 
di 
D 
TO 
(H 
Ak 
to 
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F(a, b, c, 2) =| — a) —a)} “F(a, 1 + a—c,1+a—b, 
+ | — b){T(b) — b)} 14+ b —c, 1+ b —a, 
(z<0) 
provided a—b—2A*(H) is not an integer. (Here © denotes the classical 
Gamma function.) ‘Therefore if » is real, it is clear that 
Lim | ’H) — — e(— | 0 
where 
+9 
(p + 2q + 2a*(H))) (p+ 2 + 2a* (H1))) 


Moreover in the present case a and therefore 


—A(He) = (2p + 89)*A(H). 


Hence 
(—1)8b(A) = (2p + 89) ((p +9 +1)/2)P(1+a*(H)) 
{P((p + 2q + 2A* (1) )/4) ((p + 2 + )/4) 


and by analytic continuation this formula holds for all A€ % if ¢« is suffi- 
ciently small. Moreover if A€ Fr, it is obvious that | b(—A)| =| b(A)|. 
Hence we have obtained the following result. 


LemMa 53. If « ts sufficiently small, b is never zero on %. Moreover 
=| B(A)! for s’€ W and AE Fe. 


We shall see in another paper that a similar result holds when / > 1. 


14. The complex case.** In this section we assume that G is a complex 
group. Then it follows easily (see [5(f), p. 513]) that no root a€ P can 
vanish identically either on hy or on hy. Moreover the restrictions on hy of two 
distinct roots a,8¢€P, are linearly independent unless B—=-—6a. Hence 
P= P, and we can select a subset Q of P such that exactly one of the two 
roots lies in Q for any 2€P. Put d(H) = If — ¢-a(4)) 

ae 


(HE hy). It is obvious that = J] «(7) and therefore d(sH) = «(s)d(H) 
aeQ 
*8 After this paper had been written, two recent notes of F. A. Beresin (Doklady 
Akad. Nauk. SSSR N.S., vol. 107 (1956), pp. 9-12, vol. 110 (1956), pp. 897-900) came 
tomy attention. The results of this section are also contained in these notes. 
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(s€ W). Moreover p(H) 2(H) 2 Hence it follows by 


elementary considerations of divisibility (see Weyl [8(b)]) that 


d(H) = ene (H€ by). 
8 


Now put D(h)=—d(logh) for h€ Ay and let us use the notation of 
Section 7. Then it is obvious®? that OD =—<p,p>D. If we take this fact 
and Lemma 27 into account, a simple calculation gives the following result. 


LemMA 54. 98 (w) =D“ y(w)°D in the present case. 
Fix H’€h, and consider the function 
F(H’:h) =D(h)-* exp {p(logh) + <H’, log hy} 


(hk € Ay*) on Ay*. In view of the above lemma, F is an eigenfunction of the 

operator 5’(w) and the corresponding eigenvalue is y’(w:H’). Moreover 

D(h)-tertoe™ JT] Therefore it follows easily from the 


reasoning of Section 8 that ®’=—F in the notation of Lemma 29. Now put 


and fix A€ }r’—b,,. Then it follows from Lemma 37 that ** 
D(h)$,(h) = > e(sd) exp {sd* (log h) } (h€ Ay(M)) 
sew 


where A* = (—1)4\. However since both sides are analytic functions on Ay, 
this equation must hold for all h€ Ay. On the other hand ¢)(h*) = ¢)(h) 
while D(h*) ~e(s)D(h). Therefore since the points sA (s€ W) are all 
distinct, it follows (see [5(b), Lemma 41]) that e(sX) =«(s)e(A). Hence 
=e(A) e€(s) exp {srA* (log h) } (h€ Ay). 
Now z, being an element in $y, can be considered as a differential operator 
on Ay. In view of the expression for D obtained earlier, it is clear that 
D(1;7) =wr(p) where w is the order of W. Hence if we apply the operator 
a to the above equation and put h —1, we get 
war(p) = we(A)r(A*) 
since ¢,(1) 1. Hence 
D(h)pa(h) 
= (—1)-¥*r(p) é(s) exp {(— 1) #sA(log h) } (h€ Ay) 
seW 


*4su(H) denotes the value of su at H (s¢ € hp). 
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| where qg is the number of roots in QY. However both sides are holomorphic 
functions of A on % and so the above equation must hold for all AE §. 
Thus we have obtained another proof of an earlier result (see [5(e), Theorem 
s|). Also B(A) = (—1)-“*x(p). This shows that b is a constant in this 
case. 

It is interesting to note that from the above results one can deduce the 


following extension of Lemma 54, which we state here without proof.%* 


LemMA 55. =D'y(q) for every q€ Ig. 


15. Appendix. Lemma 56. Let t be a real variable and k,,- - -,ky 


distinct real numbers. Then 


Lim sup| cexp {(—1)4kt} | = { | c; |?}4 
Si=r 


t>+00 1SiSr 
for any complex numbers Cr. 
Put f(t) c,exp {(—1)4k,t}. Then it follows by direct computation 
i 
that 


T 
Lim | f(t) = S| 


T 


On the other hand if a= Limsup | f(t)|, it is obvious that 


T 
Lim | | f(t) 
0 


T>+0 


Therefore a? = > | c; |*. 
i 


CoroLuaRy. Let be nonzero complex numbers and po, * * 


Pr polynomials in t with complex coefficients. Suppose 


Lim sup | po(t) + pi(t)e%? -+ p,(t)et | Sa 


t>+00 
for some real number a. Then po is a constant and | po| Sa. 

Let J; denote the real part of hy. If 4,<0, it is obvious that 
Lim | pi(t)e***|—0. Therefore if we suppose that 1,20 for 1SiSs 
while 1;< 0 for i> s, it follows that 
Lim sup | po(t) = pi(tjet* | Sa. 


t>+0 sis 


*° Cf. Theorem 2 of [5(g) | 
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Hence without loss of generality we may assume that s—r and h,,: - -,} 

are distinct and We shall now first show that 

For otherwise suppose 1—max(l,,- --,l-) >0. We may 

assume that 1], while for t>j. Let n be the 

highest among the degrees of p,,- - -,p; and put c/ = Lim p,(t)/t". Then 
t>+00 


¢,’,- - *,¢; cannot all be zero and it is clear that 


0 = Lim sup t-"e-* | po(t) + pi(t)em + | 
t>+0 


Lim sup | Co’ ebke Dt cf DE |. 


t>+00 
But since kj are distinct pure imaginary numbers, we get 
a contradiction with Lemma 56. This proves that 10. 
Now let m be the maximum of the degrees of po, p1,° + *, pr. We claim 
m==(0. For otherwise since it follows that 


Lim ¢™| po(t) + pi(tyet | 
1SiSr 


to+0 
This implies that 
Lim cekt|=0 


t>+00 1S=iSr 


where c;= Lim p,(t)/t™ (OSi=r). But in view of the definition of 
t++0 


M,Co,* * *,¢c, cannot all be zero and so again we get a contradiction with 
the above lemma. This shows that m=O and hence po,: - -,p, are all 
constants. Therefore again by the above lemma, | p.| <a. 

Let E be a vector space over F of finite dimension. We shall say that 
a subset F of F is full if tH €F whenever HE F and t=1 (t€ R). 

Lemma 5%. Let (1 bea finite set of linear functions* 
and po,-**,pr polynomial functions on EF. Suppose V is a nonempty, 
open and full subset of E and aa real number such that 


| po(H) + +--+ +--+ p, | <a 
for all HEV. Then py is a constant and | po| Sa. 


Let m be the degree of po. Since V is open, we can select H,€ V in 
such a way that k(H,)) 40 (1SiSr) and q(t)=p(tHo) is a polynomial 
of degree m in the real variable ¢. Put gi(t)=pi(tHo) and k/ =ki(H)) 
1=i=r. Then since tH,€ V for t=1, it follows that 


| go(t) + qi (t)et +--+ Sa (¢ = 1). 


8° We permit linear or polynomial functions on E to take complex values. 
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Hence we conclude from the corollary of Lemma 56 that qo is a constant 
and |qo|<=a. ‘This proves that m=O and therefore | po|=!qo|Sa. 


CorotuaRy. Let kj; (121) be a sequence of distinct linear functions 
and p, (11) a sequence of polynomial functions on E and V a nonempty, 
open and full subset of £. Suppose the following two conditions hold. 

(1) For each linear function k on E the series 

| pi(H )exp(k(H) + k(H))| 
1Si< 
converges uniformly for HE V. 
(2) Dd for HEV. 
Then pp=O for every 1. 


For otherwise select an index j such that p;40. For a given e>0, 


= 


choose an integer NV =j such that 


‘| —kj(H))| Se 


for all HE V. This is possible by condition (1). Moreover it is obvious 


from condition (2) that 


| pi(H)exp(ki(H) Se (HEV). 


1ISiZ=N 


On the other hand k;—k;=40 for ij and so we conclude from the above 
lemma that p; is a constant and |p;|Se. But e¢ being arbitrary, this 
implies that pj=0. As this contradicts the choice of j, our assertion is 
proved. 

Let (2,,: - *,2:) denote the Cartesian coordinates of a point z in the 
complex Euclidean space C! of dimension 1. We regard C’ as a vector space 
over C’ in the usual way and put | z| = = z;|. The distance between two 


sets U and V in C? is defined to be inf | 2 (z€U,fEV). 


Lemma 58. Let U be an open set in C' and V a subset of U and let « 
denote the distance between V and the complement of U in C'. Then if é 


is any holomorphic function on U, 


zéeV 
= k,!k,!--- ky! (22/e) | E(z)| 


‘or any integers 
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We may obviously assume that e>0. Let ¢’ be any positive number 
less than e. Then if z€ V and |z—£é! <2, it follows that £€ U. Hence 


2) 


x j 


where p denotes complex integration with respect to ¢; on the circle 
i 


, 


Therefore it is obvious that 
| (Get OzFE(z)| = - ky! sup |E(£)| €’-*(2ar) 
teu 


where k=k,+---+k, This being true for every ¢ <e, our assertion 
now follows immediately. 
The following lemma and its corollary will be needed in another paper. 


LeMMA 59. Suppose ¢ ts positive in Lemma 57 and n=2,€. Then 
if sup 9(z)| for some integer d=0, we can conclude 
z€U 


that sup (1+ |2|)-@| €(z)| <o. 
zeV 


Select a positive number ¢ < min(1/6,¢/3) and let V’ be the set of 
those points z€ V where |z,|<¢’. Obviously it would be enough to verify 
that sup (1+ <0. Now fix a point 2°= (z,°, 


in V’. Then 


€(2°) (2a (—1)4) <2 


where f denotes complex integration over the circle | 2 | 


z,-plane. Now let 2’ = (21, 22°,- where | 2, | ’. Then it is clear 


that 
1+|2|= 2 = } 
Hence it follows that 
(27/e) sup (1+ | n(z) |]. 
z€U 


This proves the lemma. 


Corotuary. Let p be a polynomial function on C' which can be written 
as a product of linear factors. Then the above lemma also holds if » = ps. 


This follows by an easy induction on the degree of p. 


1 l 
21°) (2, — 21°) 
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For any m X m matrix A= (Ajj)isi,sm (with complex coellicients) put 


|All = | Ay 


Lemma 60. Let A be an m matrix and let denote all 
the eigenvalues of A. Put v=max|Red;|. Then 
1SiSm 


OSk<m 


It is well known that we can find a unitary matrix U such that 
A’=UAU~ has zeros everywhere below the diagonal. Since A and A’ 
have the same eigenvalues and || A’ || = || A |, || e* || =|] e+ ||, we may replace 
A by A’ in our problem. Therefore we can assume that A=—.A-+ V where 
A is a diagonal and N a supertriangular ** matrix. Now consider e#\ = e#(4+%) 
(t€ R) and put n(t) =e4et4+**), Then it is clear that 
dn(t) /dt = e-tA(— A) 4 4 N) 


=e tANet(At’) 


This differential equation can be solved by the method of iteration and one 


finds that 


N (ry) N dri: dry 


SrrSt 


fori =0. Here 1 stands for the unit matrix and V(7) =e 74 (7€ PR). 


But since V(r) is also supertriangular, the product is zero 


if k= m. Moreover (—1)4A, where A,, Ay are both diagonal 


and real. Then since e742 is unitary, it follows that 


N |] = |j e-741.Ne71 |i 


ul 


But the diagonal elements of A are exactly the eigenvalues of A. Therefore 


<1, no coeflicient of e741 can exceed e” in absolutee value. Hence 


— 


V(r)|| Se?”|| N || for |r| 1. This shows that 


for and k=1. Therefore 


1Sk<m 


** This means that all the coefficients of N on or below the diagonal are zero. 
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But e4 = e4n(1) and so || || Se” || n(1)||. Moreover || A |? =|] A ||? + || V 
= || N Therefore 
|| Se" | n(1) || 
oSk<m 


= miebm | All* 


since || 1 || = mé, 


COLUMBIA UNIVERSITY. 


REFERENCES. 


[1] V. Bargmann, Ann. of Math., vol. 48 (1947), pp. 568-640. 
[2] E. Cartan, Ann. Ecole Norm. Sup., vol. 44 (1927), pp. 345-467. 
[3] C. Chevalley, a) Introduction to the theory of algebraic functions of one variable, 
American Mathematical Society, 1951. 
b) Amer. Jour. Math., vol. 77 (1955), pp. 778-782. 
[4] R. Godement, Trans. Amer, Math. Soc., vol. 73 (1953), pp. 496-556. 


[5] Harish-Chandra, a) Ann. of Math., vol. 50 (1949), pp. 900-915. 
b) Trans. Amer. Math, Soc., vol. 70 (1951), pp. 28-96. 
c) vol. 75 (1953), pp. 185-243. 
d) yol. 76 (1954), pp. 26-65. 
e) rol. 76 (1954), pp. 234-253. 
. 76 (1954), pp. 485-528, 
. 83 (1956), pp. 98-163. 
. Math., vol. (1955), pp. 743-777. 
i) vol. 78 (1956), pp. 1-41. 
j) : vol. 78 (1956), pp. 564-628, 
k) vol. 79 (1957), pp. 87-120. 
1) vol. 79 (1957), pp. 193-257. 
m) Proc, Nat. Acad. Sci. U.S.A., vol. 40 (1954), pp. 200-204. 
np vol. 43 (1957), pp. 408-409. 
[6] K. Iwasawa, Ann. of Math., vol. 50 (1949), pp. 507-557. 
[7] G. D. Mostow, Bull, Amer. Math. Soc., vol. 55 (1949), pp. 969-980. 
[8] H. Weyl, a) Math. Ann., vol. 68 (1910), pp. 220-269. 
b) Math. Zeit., vol. 24 (1925), pp. 328-395. 
c) The structure and representations of continuous groups, Princeton, 
The Institute for Advanced Study, 1935. 


INTERSECTION MULTIPLICITIES OF MAXIMAL CONNECTED 
BUNCHES.* 


By J. P. Murre. 


Introduction. It is possible to use the connectedness of the total trans- 
form of a simple point for a birational transformation as a starting point 
for the theory of intersection multiplicities. As explained in [VI] page 249, 
it is then possible to attach an integer, not only to a proper component of 
intersection, but also to every maximal connected ** bunch in the intersection 


of two varieties of complementary dimensions on a complete ambient variety 


(subject to some restrictions on this ambient variety). In this paper such 


an integer is defined, provided the ambient variety is projective and every 
point of the bunch under consideration is simple on the ambient varicty. 

The technique used to derive from the connectedness theorem ([II], 
[VIII] and [IX]|) the theory of intersection multiplicities is essentially the 
method of Severi [IV] and van der Waerden [V].+). The elimination of 
all the arbitrary elements entering into this method is based upon a certain 
commutativity argument (see § 2) which is, essentially, also contained in [V] 
(cf. page 639). It is assumed that the multiplicity for proper components 
is already defined (we proceed by induction on the excess of the bunch, 
see § 2). 

The terminology and notations are from [VI]. 

1. Preparations. Let A@ be a variety in projective N-space P, defined 
over a field k. Let ¢;, 70,1, --,N, be (NV +1)? independent transcen- 
dentals over k. Consider the projective transformation of P, the matrix 
ot which is T= (¢;;). Since the ¢;; are independent transcendentals over k, 
we shall say that this projective transformation is generic over k. Let (2) 
be a generic point of A over k(t), consider the locus A? of the point 
(y) over k(t) (this locus exists since k(t, y)/k(t) =k(t,x)/k(t) 


* Received December 15, 1956; revised January 20, 1958. 
** For the meaning of the term “connected ” we refer to [II], No. 1 or we take the 
usual definition in topology for the Zariski topology. 
+ Mr. J. de Boer has kindly informed me that W. L. Chow has also defined and 
studied the intersection multipilictvy for maximal connected bunches by methods similar 
to those of Severi and van der Waerden. 
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is regular). It is easily checked that if —0, 2,- is a system 
of equations for A over k, then F;y(TX) =0, 1—1,2,--- is a system of 
equations for A’ over k(t); hence if a point Q@€ A? then TQ€ A, and con. 
versely. Clearly A” is the transform of A by JT (hence, in particular, 
deg. AT = deg.A=—g). In [V], §2, it is shown that there exists a (singular) 


matrix 7’ such that A? specializes (as a cycle) to > Z; over the specialization 

T— T’ with reference to k, where every L; is an a-dimensional linear space 


generic over k, L; AL; for 1 Aj, and is an (a—1)-dimensional linear 
i 


space generic over k. From this, one obtains by the theory of specializations 
of cycles (cf. [III], page 104, $7), the following lemma: 


Lemma 1. Let A* and B? be varieties in projective N-space (N =a-+b), 
defined over a jield k. Let T be a projective transformation generic over k. 
Then 


i. A?-B is defined and A?-B=)iC; with Ci AC; for [i.e, 
1(AT-B,C,; PN) =1]. 


A generic point of C; over a field of definition for C; ts generic on 
B over k. 


di niAi is a projective cycle, rational over k, and if T is a pro- 
generic over k, then we define A? = n;A;7 


Lemma 2. Let A* and B° be k-prime rational cycles in projective N- 
space (VN =a+b)), with reduced expressions A =>; A; and B=); B; 
the coefficients are 1). Let T be a projective transformation generic over k. 
Then we have AT-B= Ci AC; for t Aj, and SiC; is k(t)-prime 
rational. Furthermore, a generic point of C; over a field of definition for 
C; is generic on B over k. 


Proof. It follows by Lemma li. that A’-B is defined. Consider first 

Assume now that = It follows from Lemma 
lit. that jp = ji. Let U be the inverse transformation of T; clearly U is generic 
over k. From our preceding remarks, it follows that A,-By¥ = di Cink. 
Again by Lemma 1lii., it follows that i) then by Lemma 1i., hy =/ 
Therefore Ci, Cs AC; for i Aj. Clearly is &(t)-rational; 
hence we only need show that the C; are conjugate to each other over /'(t). 
Consider (cf. [V], page 627) the cycle W in PN x PN x PN*#2N, which is 
the locus of (P,Q,S) over k, whefe P and Q are independent generic points 
of A and B over k and where P = SQ (S is interpreted as an (N + 1)-square 
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matrix, hence as a projective transformation in P’). Let Xj, resp. Xi, 


(i=0,---+,N) be corresponding projective coordinates in the first and 


second projective space P’ and let Yi (t,7—=0,-:-,N) be projective 
coordinates in P**?N, The following equations are among the equations 
for W 

N N 
(1) Xi ( & — = 0, N. 
If P= pv) and (q,° gy), then we can assume that py ~0 
and go 0. It follows easily that the sj with 7340 and so. can be taken as 
independent transcendentals over k(P,@Q), the sjo(i40) being then uniquely 
determined by (1). It follows in particular that dim. W=a--b-+ N?+N. 
Let RP; be a generic point of C; over the algebraic closure of k(t); it can be 
assumed that the X,-coordinate of the R; and the TR; are different from zero 
forall i. TR; being in A, it follows that (P,Q) — (TRi, R;) over k, and then 
hy the equations (1), (P,Q,8)—-2(TR;,R;,T) over k (as follows from the 
preceding remarks about the s;). Since #; has the dimension a+ b—WN 
over k(t), it follows for dimension reasons that the specialization is generic. 
Hence R;—> R; over k(t), and conversely. This completes the proof since 
the assertion on the generic points follows from Lemma lii. 

Again, let A* be a variety in projective N-space, defined over k. Let L! 
be a linear variety such that L'*Q A=. We will denote the projecting cone 
through A with ZL‘ as center of projection by T,4,7).. The letter T will be 
reserved for varieties of this type. If k’ is a field of definition for A and ZL, 
then T\4,z) is the locus over k’ of a point T which is on the line 7,7. generic 
over the field k’(7,,7.), where 7, and T, are independent generic points 
of A and Z over k’. In [I], page 154, T4,r) is called the cross-join of A 
and Z. In the following, we assume ZL generic over k and {<N—a. We 
will use the following two properties, the proofs of which are omitted (see 
[I], page 154, Lemma 1): a. Ty4,2) is a variety of dimension a+t+1; 
hb. if S is a simple point on A such that ZL is still generic over &(S), then 
‘is simple on T,4,7) and the tangent space to T\4,r) at S is spanned by the 
tangent space to A at S and L. Furthermore, we note that (as follows from 
the definition of Ty4,z)) if T’ is a point on Ty4,,) and if T¢ A, then there 
isa point 7’,€ A such that the line 7’7’, meets L. 

The following lemma is essentially well-known (cf. [I], page 170, 
Lemmas IV and V). 

Lemma 3. Let A* be a simple subvariety of a variety V" in projective 
V-space, let A and V be defined over a field &. Let LN- be a linear space 


generic over k. Then we have (if T=T 
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and every Ay ts simple on V. 


if B® is any simple subvariety defined over k, then every component 
C of A,B, not contained in ANB, ts proper, and a generic 
point of C over a field of definition for C is generic on B over k, 

if C ws any simple subvariety of V, algebraic over k, then there js 
a point of C not in any Ay (this implies that, if D is a component 
of A.M B, contained in a component C of ANB simple on J, 
then D is strictly contained in C). 


Proof. Let K be the compositum of the smallest field of definition for 
Land k. Let A, be a component of 'M V of dimension a’, we shall show 
1 Assume a’ >a. Let M-*" be a linear space generic over K, let K, 
be the algebraic closure of the smallest field of definition for M containing kf. 
By [VII], Lemma 1, /-V=V,"-¢", where V, is a variety. Furthermore, 
Mc for dimension reasons (hence A=¢). Let R, and R, be 
independent generic points of V, and A over K,, let R be a point on the 
line #2, A, generic over the field AK,(R,,R,). Let X be the locus of FR over 
K, (YX is the cross-join of A and V,, see [I], page 154). Clearly dim. .V <n. 
Since dim. A, > a, it follows that there is a point R’, € A, N M, hence R’, € J, 
and R’,¢ A. Now R’,¢T, R’,¢ A, hence there is a point R’,€ A such that 
the line R’,R’, meets the linear variety ZN-"-*, However, R’,R’, is on X, 
hence YO LAq¢. X is a variety of dimension not greater than n, defined 
over a field K,, and is generic over K,; hence XN Conitra- 
diction. Hence dim.A,=a. By [VI], Chap. VI, Cor. 1 of Th. 1 it follows 
that dim.A,2a. Hence dim.A,—a. It follows that A is a component 
of TOV; i(t-V,A;P%) =1 follows by applying [VI], Chap. VI, Th. 6 
to © and V and to the tangent spaces to T and V at a generic point of 4 
over K; those tangent spaces have the tangent space to A at this point as 
intersection (by b.), and therefore they are transversal. This completes part 
of the proof of i. 

Next, let B® be any simple subvariety of V, defined over k. Let S bea 
generic point over the algebraic closure of K of a component C of A, NB. 
Let S¢ A. There is a point S’€ A such that S€ Tys,7). Let A be a hyper- 
plane, containing Z and not going through S and 8’, let &, be the smallest 
field of definition for H containing &. The coordinates in P% being 


N 
H,X,---.Ny; Lis defined by the equations H = 0, = 0 (i= 1,-- 0), 
j=1 


viz independent transcendentals’ over Introduce the affine space Sy 
—PN—H. Consider in Sy" & Sy the variety A’ X B’, where A’ and B 
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are the affine varieties corresponding to A and B respectively, and the linear 


N 
variety A2\-" defined by the equations vj;(X;—2’;) =0, i=1,-- -,n, 
j=1 


where S’= (1,2'1,' Let S= (1,2, --+,2y). Then since SV’, 
there is a j such that 2’; let 2’; 42,. Let k, be the field obtained by 
adjoining to all the vj; except the v,; (for all 7). Then K=k,(v) =k, (v) 
is contained in k,(x,2’); in fact, we have the following inclusions: 
kCk, Ck, C K Ck.(2,2’). Since S’X S€A’ XB’ and dim.(A’ B’) 
=a-+b, we have b; furthermore, by [VI], Chap. V, 
Prop. 1, dim.« K(x,2’) =a-+b—n. Combining, we obtain 


a+b= dim.,, (2, x’) = dim.,, K + dim.,« K (2, 27’) 2n+ (a+ b—n). 


Therefore dim.,, (2,2) =a-+b; hence dim.;,k,(7) 1.e., S= (zx) is 
generic on B over kz (so a foritori over k). Furthermore, dim.x K (z, 2’) 
=a-+b—n; hence dim. K(x) (which by [VI], Chap. VI, Cor. 1 of Th. 1 
is at least a+ b—n, since S is simple on V) is a+b—n, i.e, C is a 
proper component of A,M Boon V. This completes the proof of ii., and if 
we take for B the variety V itself, then also the remaining part of i. is proved. 

Next let C be any simple subvariety of V, algebraic over &. Let Q be 
a point of C, simple on V and algebraic over k. We will show Q¢ A). 
Let Q€ Ay. Let Q; be a generic point of A, over K, Q,¢ A; hence there is 
a point P€ A such that the line PQ, meets LZ, i.e., PE Tie,1) NV. Since 
L is generic over k(Q), it follows that (if we apply i. to V, AQ, and L) 


i=2 


it follows that Q, is algebraic over K(P); hence L is generic over k(P), i.e. 


V=P+ Q,; with (again by i.). Let (Q1,P)— (Q,P’) 
i=1 
over K. Then we still have that QE€Typ.1) AV (by [III], page 53g). 
Assume first that Q =4 P’. Again let H be a hyperplane, containing L, but not 
going through Q and P’. Write Q = (1, and P’ =(1,y/1,: --,y’y). 
Since we can assume that A is different from V (if A =V then there is no 
A\), we have dim.,,&,(P’) <n (the notations are as above). However, since 
( is algebraic over k C k,, it follows that the n equations (for T\p.,1)) 


N 
=0, i=1,- -,n, cannot be fulfilled by Q since the vj; are 
jal 


independent transcendentals over k,. Next assume Q==P’. The tangent 


is then defined by the equations =0, 
hence x SEA. 
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spaces to V at Q=P’ and Tor) are transversal (their intersection is the 
point Q, for otherwise the tangent space to V at Q which is of dimension n and 
algebraic over k would meet the linear space ZX-"-! which is generic over }), 
From this, it follows by [VI], Chap. VI, Th. 6 that Q@=P”’ is a proper 
component of multiplicity 1 of Typ.r) QV. On the other hand, consider q 


h h 
specialization (P,3Qi) > over K. Consider the variety 7 
i=1 i=2 


and the linear varieties Typ.) and T\p,). It follows easily by [VI], Chap. V, 
Cor. 1 of Th. 3 that the proper component P’ = Q of Typ.r) N V has a multi- 
plicity greater than 1. Contradiction. Hence Q ¢ A). 
The following is the main result of this section. 
Proposition 1.** Let A* be a simple subvariety of a projective variety V". 
Let k be a field of definition for A and V. Then there exists a variety U, 
a variety WCU X V, for U and W an algebraically closed field of definition 
K containing k, and a point Q’ simple on U and algebraic over K, such that 
the following is true: if B’ (a+b =n) is any simple variety on V, defined 
over a field k’D k which is free with respect to K over k, then 
i. for a point Q which is generic on U over K’ (the composition of K 
and k’) we have that V-(Q K V)=Q W(Q), where W(Q) = A* 
is a K(Q)-prime rational cycle with reduced expression A* = >, A*, 
(i.e., with coefficients 1), which ts such that A*- B=}; C; with 
AC; for and ts K’(Q)-prime rational. (This 
remains true if B is a k’-prime rational cycle with reduced expres- 
sion B=}; B;). Furthermore, a generic point of C; over a field 
of definition for C; is generic on B over k’, 
W(X V) where Ay is such that 
a. every component C of A,B, which is not contained in ANB, 
is a proper component of A, B on V, and a generic point of C 
over a field of definition for C 1s generic on B over k. 
b. if D isa simple subvariety of V defined over a field which contains 
k and which is free with respect to K over k, then there 1s 
always a point of D outside all the A). 
Furthermore, this system U, W, K, and Q’ can always be selected in such a 
way that K is free with respect to an arbitrary given extension field of k. 


(Notes: 1. It follows in particular from iib. that every component of A) / B, 


** Cf, also Lemma 2, page 456, of W. L. Chow, “On equivalence classes of cycles in 
an algebraic variety,” Annals of Mathematics, vol. 64 (1956), pp. 450-479. 
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which is contained in a simple component of AM B, «s contained 


strictly in that component. 
If A-B is defined, then all the A,-B are defined. 


In the following, we often denote such a system U, W, K and 
Q’ by [U, W, K, Q’; A, V, &].) 


Proof. Let V” be in PY, let LX-"-" be a linear space generic over k. 
For K, we take the algebraic closure of the smallest field of definition for L 
containing k. For U, we take P‘**\; every point of U can be interpreted 
asan (VN + 1)-square matrix to which belongs a projective transformation of 
PX, and, conversely, to every (N + 1)-square matrix belongs a point of U. 
Let Q’ be the point belonging to the identity matrix. For W we take the 
‘ocus over K of the point (7, P), here T is a generic point on U over K and 
P is a generic point over K(T) of the K(T)-prime rational cycle V-T? 
(see Lemma 2), where T—T,4,7). 

We have to show that U, W, K and Q’ fulfill the requirements. Consider 
W(Q) for Q generic over K on U; the V-cycle W(Q) considered as a PN- 
evele is equal, by construction, to T?-V. By Lemma 2, applied to fT and V, 
the evele W(Q) is K(Q)-prime rational and has the required expression. If 
B is any simple subvariety of V, defined over a field &’ (as described in the 
proposition, and if @ is generic over K’), then W(Q) 1 B is, as a point-set, 
the same as T°? B; hence, by Lemma 1i. and ii., every component of 
W(Q)  B is proper and simple on V. Let C; be such a component, then C;i 
is also a component of T29 B. Now if W(Q) —A* = >, A*,, then by [VI], 
Chap. VI, Th. 9, and since i(T@-V,A*,;P*) =1 by Lemma 1li., we have 


i(W(Q)-B, Ci; V) = S,i(A*,: B,C; V) 
= >, i(A*,: B, Ci; V)i V,A*,; PY) =i(T?- B,C;; PX) =1. 


Therefore the V-cycle A*- B= >; C;, if considered as a cycle in PN, is equal 
tof-B; from this, all the remaining assertions of i. follow by Lemma 2. 
The same reasoning holds if B is a k’-prime rational cycle and equal to 5S; Bi. 

Consider the locus W, of (7,R) over K, where, as before T is generic 
on U over K, and where RF is generic over K(T) on 7. (Note that 
V,-(Q’X PY) =Q’ XT, as follows by considering a system of equations 
for Wy.) Next we show that W is a proper component of multiplicity 1 of 
Win (UV) and that every other component of that intersection has on 
U a projection smaller than U. Clearly WC W,N(UXV). Let Y bea 
component of W, 4 (U X V) with projection U on U. Consider Y nN (T X P%) 
lor T generic over K on U; by assumption, this is not empty. Let TX R’ 
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be a generic point over the algebraic closure of K(T) of a component T x7 
of YN (T by [VI], Chap. VI, Th. 11, TX RP’ is generic on 
over K. We have 

TXZCYN(TXKP™ CWin A(T 

(7 XTT)N(U XV) CTX 
Hence 7 < RP’ is on W and Y = VW for dimension reasons. Since 
PN) 

by Lemma 1i., it follows by [VI], Chap. VI, Th. 7 that 
(the second factor is 1 by [VI], Chap. VI, Th. 11). Therefore, by the asso- 
ciativity of the i-symbol ([ VI], Chap. VI, Th. 5), 

X V),W;U PX) -i(W-(T 0 XK PN) =1 
Hence i[W,-(U X V),W;U X =1. 

Consider next the point Q’. If Y is any component of W,N(U x1), 
different from W, then Y{Q’} either is empty or consists entirely of singular 
points on V. For, by [VI], Chap. VI, Cor. 1 of Th. 1, dim. Y = N? 4+ 2N +2; 
since the projection of Y on U is, as we have seen, smaller then U, it follows 


(again by the same corollary’) that if there is a simple point in Y{Q’}, 
then Y{Q’} must have a component of dimension greater than a. However, 
Y{Q’} for 


X PY) 
XV); 


hence Y{Q’} has only components of dimension =a by Lemma 3i. Since 
every component of W,(Q’) 1 V=TIn V is simple on V by Lemma 3i., it 
follows that the components of W,(Q’) M V are the same as the components 
of W{Q’}. Hence, for dimension reasons, W(Q’) is defined, and if 
V9 W,(Q’) =A + (see Lemma 3i.), then W(Q’) = 7A + 


Clanbtinlte: there arises a difficulty if we want to apply [VI], Chap. VI, Cor. | 
of Th. 1 in the above mentioned situation. For if Y’ is the projection on U of Y, 
then we have to consider the intersection Y N (Q’ x V) on Y’ x V; however, it could 
be that Q’ is singular on Y’. Therefore we apply the corollary to the following 
situation: Let Y be a curve on U, going through Q’ and such that a generic point of 1 
over a field of definition for X is generic on U over K. Let the simple point in Y{Q’} 
be denoted by S. Apply the above mentioned corollary to YQ (XY x V); it follows 
that there is a component Z, containing Q’ x S, which is at least of dimension a +1. 
Since pr; ZC X and pr, Z~ NX (for X contains a generic point of U over K and 
PrvuZ C pry Y #4 UV), it follows that ZC Y{Q’}. 


( 
( 
I 
a 
{ 
( 
i 
a 
t 
a 
I 


INTERSECTION MULTIPLICITIES. 319 


Using the fact that i[W,-(U X V),W;U x P'] =1, the associativity of 
the i-symbol ({[VI], Chap. VI, Th. 5) and some trivialities, we obtain 


»=i[W: (Q’ XV), X X V] =i[W- (0 X XK ASU X 
=i[W.-(Q’ x X XT): (UX TV), 

XA;U XK PY] PX) 1. 


All the remaining assertions follow from Lemma 3ii. and iii. This completes 


the proof. 


2. Definition of the i-symbol and some of its properties. First we 
introduce some concepts and notations which are frequently used in the 
following. If Sn, is a 0-dim. cycle on a variety V, and if @ is a bunch 
on V, then we understand by ” the number of points of >i ;f; which are in 
6” the number of points R; which are in {@}, each counted with the 
integer n;.2 If @ and DM are bunches on V, such that every component C 
of @ is strictly contained in a component D of D, then we shall say that @ 
is strictly contained component-wise in D, and we write @< D or D > &. 

Let A* and B? be subvarieties of a projective variety V". Let @ be a 
maximal connected bunch of AM B, and assume that every point of {@} is 
simple on V. If C is a component of @, i.e., a component of AM B, then 
we define the excess of C as a component of the intersection of A and B on V 
as the integer dim. C —a—b-+n; the maximum of these integers over all 
the components of @ we call the excess of @ as a maximal connected bunch 
of on V. 

From now on, we assume a@+-b—n. We want to define an integer 
(49 B,@;V), called the intersection multiplicity of A and B on V at &. 
sy induction on the excess of @, we assume that such an integer is defined 
and that the symbol is commutative (i.e.,i(A NB, @;V) =i(BnN A, @;V)) 
if the excess of @ is smaller than some integer d. (For excess 6 —0 there 
is such a multiplicity theory in [VI], Chap. VI.) Now let @ be a maximal 
connected bunch of A B, with excess equal to d. 

Let & be a field of definition for A, B and V. Let (with respect to 
the varieties A and V and the field &) the varieties U and W, the field K 
and the point P’ have the properties mentioned in Proposition 1. For con- 
venience of notation, we shall denote this system by a= [U, W, K, P’; A, V,k]. 
Let P be a generic point on U over K; writing, as in Proposition 1, W(P) = A*, 
we have, by our assumptions on the system a, A*: B=; R, with R; AR; for 


. {} denotes the point-set attached to @. (Cf. [VI], page 84). 
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and prime rational over K(P) (here k’=—k, hence K’ 
Let 2); be those maximal connected bunches of A,MB which are in {6}: 
by our assumptions on the system a, these are the only bunches of A,B 
which have points in common with {@}, and we have Dyi< @ for all couples 
A, (see Prop. liia. and iib.). By the induction assumption, i(A, B, D);; V) 
is defined. Let };R’; be a specialization of };R; over the specialization 
P— FP’ with reference to K.* (Note that, by the specialization theorem, 
[III], page 104, A* specializes uniquely to A + 3%) A, over the specializa- 
tion P— P’ with reference to K). Let o be the number of points of §; RP’, 
which are in {@}. Our first purpose is to show that o is independent of 
the particular specialization } Rh’; of SiR; over the specialization P— P’ 
with reference to K. Consider the locus G over K of the point (P,R;). 
Since §; Rh; is K(P)-prime rational, this is independent of 1; G is a sub- 
variety of UX V. Consider the total transform of the point P’ (which, by 
assumption, is simple on U) by G. Since Ri€ A* NB, it follows that the 
maximal connected bunches of G{P’} are contained in the maximal connected 
bunches of AN B and A,N B (by [IIT], page 53g since A*—> A + 
and BB if P—P’ with reference to K); by our previous remarks, those 
bunches are either entirely inside or entirely outside {@}. Apply [II], Th.3 
to those maximal connected bunches of G{P’} which are contained in {6}; 
it follows that o is independent of the particular specialization >; R’; of 
>: 2; over the specialization P— P’ with reference to K. 
Define 
(1) i,(AN B, B;V) =o— Dit (AVN B, Du; 


First of all we shall show that if {@} is reduced to a point C (and 
hence ig(A NB, @;V) =o), then ig( ANB, =i(A-B,C;V). Con- 
sider again the variety G introduced above. By [VI], Chap. VI, Th. 12, 
it follows that o=i[G-(P’XV),P’>XC;U XV]. Clearly G@ is a com- 
ponent of (UX B)MW, and it is the only component with projection U 
on U. For dimension reasons, it is a proper component on U X V; more- 
over, it is a proper component of multiplicity 1 as follows from the compu- 
tation (if A*,) 


=if (PX XV] 
—i[(PX V)-W,PX A*,:U X V]i[(P X A*,)-(U PX X VI 
=i(W-(U X B),G;U XV]i[(P XV)-G,PX XV] 
8a Specializations of (positive) cycles on V have to be understood as follows: take 
a specialization of the cycle in projective space and omit in the summation all com: 
ponents which are singular on V. (Cf. W. L. Chow, loc. cit. in **.) 
* This integer can be negative; see footnote 11] in [V], page 639. 
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| by (except for some trivialities) the associativity of the i-symbol, [VI], Chap. 
; VI, Th. 5. Moreover, there is no component G’ of (U X B) N W which con- 
tains P’X C. For if G’ should be such a component, then the projection of 
(on U is smaller than U; hence, by [VI], Chap. VI, Cor. 1 of Th. 1, every 
omponent D of G’{P’} containing P’ X C is of dimension greater than zero.° 


However, D cE A NM B, for 


XY) 
C[(UXB)n (P’XA)]U LU (UX B)N (P’X 


(ANB) ULU ANB]. 


Hence, since for all A, C¢ A, (Prop. 1liib.), it follows that DC ANB; but 
then C is not a component of AM B since it is contained in the component 


| D. Therefore, we have that 


V),PX0;U XB), (UXB),G;U XV] 
=i[((P’ X V)-W,P’XA;U X X A): (UO XB), P XC;UX VI 


(by [VI], Chap. VI, Th. 5). Since the first factor of the last product is 1 
(see Prop. 1ii), it follows that o—i[(P’XA)-(UXB),PXC;UXV] 
| =i(A-B,C;V) by [VI], Chap. VI, Th. 7%. 

Next we want to show that i,(A M B, @; V) is, in fact, independent of the 
system a= [U, W, K, P’; A, V,&]. Consider a system B=[X, Y, Ki, Q’; B, V, k] 
having the properties of Proposition 1, and let K, be free with respect to 
K(P) over k; let the compositum of K and K, be Kz. We have Y: (Q’ X V) 
(B+ >,7,B,). Let those maximal connected buches of 4M By 
} which are in {@} be denoted by &,,;, and let those maximal connected bunches 
| of A.M By which are in {@} be denoted by Fyyx. (By the assumptions on 
the system B, and since A and A) are defined over a field K which is free 
with respect to K, over k, it follows by Prop. liib. that €,;< @ and for a 
fixed 4, » and h there is an index 7 such that Fryz< Dyi;® similarly, by the 
assumptions on the system a, and since the B, are defined over K,, which is 


° We have to use here the same kind of argument as in footnote 2. 

° The variety A, is defined over the field K which is free with respect to K, over k, 
and the system 8 has the properties of Proposition 1. Therefore, it follows by Prop. 
lila, and iib. that a component G of A, 9 B, which has points in common with {@} 
either is contained strictly in a component of A, 9 B (which then must have points 
in common with { @}, i.e., which must be in a ®),) or is proper. In the latter case, 
this component @ is a point, generic on A, over K; however this is impossible since 
; €{@}, and hence A) should be contained in A. 
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free with respect to K over k, it follows that for a fixed A, w and h there js 
an index j such that Fyy,< €,;. Furthermore, we note that these bunches 
are the only maximal connected bunches of the intersections under considera. 
tion which have points in common with {@}.) By our induction assumption 
on the commutativity of the i-symbol, we have 


i( A, a) Bi, V) = i(B, M A), F run; 


Let Q be a generic point of Y over K,(P). By the properties of the 
system B, we have that the following cycles are defined: A*-B*=—Y;,§, 
A- B* T; and A,:B* = T)i; furthermore, 8; 4 7), AT; 
and Si, 3:7; and }; 7); are prime rational over K,(P,Q), K2(Q) and 
K,(Q) respectively. Similarly, by the properties of the system a, we have 
[except A*- R;, Ri AR; and Ri prime rational over K,(P)] also 
that A*- B, =i Ry with R,; and >; Ry prime rational over K,(P). 

Next consider a specialization (Q,¥i Ti) > (Q’, iT’) over K, (hence, 
by [VI], Chap. II, Th. 4, a fortiori over K, since K, is the compositum of K 
and K, and K is free with respect to (Q) over K,). Let + be the number 
of points of 3} 7"; which are in {@}; then by definition 


(2) ig(BN A,B; V) — Dy A, V). 


We intend to show that i,(AN B,@;V) =ig(BN A, @;V). 

Let be the locus of (P,Q, 8;) over K.; since 8;€ A* QM B* and since 
A* and B* specialize to A + })\ A, and B+ 3, 7,B, if P> P’ and Q> 0 
over K,, it follows (by [III], page 53g) that the maximal connected bunches 
of E{P’,Q’} are contained in the maximal connected bunches of ANB, 
AN By, A,N Band A,NB,. By what is shown above about the bunches 
of those intersections, it follows that the maximal connected bunches of 
E{P’,Q’} are either entirely inside or entirely outside {@}. Apply [II], 
Th. 3 to ECUXXX VJ, to the simple point (P’,Q’) of UXX and to 
those maximal connected bunches of E{P’,Q’} which are in {@}. It follows 


that the number of points of every specialized cycle of 5; Sj, over the speciali- 
zation (P,Q) — (P’,Q’) with reference to K., which are in {@} is always 


the same. Consider, in particular, the specialization 


(P,Q, 8i) > (P, Q’, [B + 
over K, [it is easily seen by [VI], Chap. II, Th. 4 that (P, A*- B) > (P’, Si’) 
not only over K but also over K,]} let n’, o and o, be, respectively, the number 
of points of ¥;8’;, of 3 R’; and of }; R’,, which are in {@} [o has been 
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introduced above]. Clearly n’=o-+ S,7,0,. On the other hand, consider 
the specialization 
(P,Q, Si) > (P,Q, [A + B*) 
> (P'S = STi. + da mot 

over Ko; let n”, + and r) be the number of points of ¥;8”i, of i 7’; and of 
which are in {@}. Clearly As we have just seen, 
n=n’. Hence 
(3) a+ = MATH 
By the definition of the i-symbol, we have (if we make use of the above 
' mentioned relations between the Dj, the €,; and the Fy,,) after a summation : 

T an Tu mr t(Ay By, V) 
and 
(5) Yam Dii(BN Ay, Dru; V) 

(The equations (4) and (5) are essentially nothing else but the definitions 
of By, and i(BN Ay,Dyri;V) respectively.) In view of the 


F commutativity of the i-symbols (induction assumption), the last sums in (4) 
and (5) are equal. From this, one obtains from (4), (5) and (3) that 


Ba; V) =7 + Dam Dit (BN Ay, V). 


From this, again after having used the commutativity of the i-symbol for the 
bunches D); and €,; which have an excess smaller than excess 6, it follows 
from the definitions (1) and (2) that i,(AN B, @;V) =ig(BN A, B;V). 
From the fact that ig is independent of the system «, it follows first that 
| 1,(49 B, @;V) is independent of 2; therefore we can write i(AN B, @;V), 
and next we can conclude from our result  B, 6; V) =ig(BN A, 6;V) 
| the commutativity of the i-symbol. 


THEOREM 1. Let A* and B be subvarieties of a projective variety V" 
(n=a+b). Let @ be a maximal connected bunch of ANB on V, such that 
every point of {@} is simple on V. Theni(AN B, 6; V)=i(BNA, 4; V). 


Another immediate consequence of the definition is the birational invar- 
unce of the i-symbol for birational transformations which are biregular at 
every point of {@}. 


THEOREM 2. Let A* and B> be subvarieties of a projective variety V™ 
(n=a+b). Let @ be a maximal connected bunch of ANB, such that 
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every point of {6} is simple on V. Let T be a birational correspondence 
between V and a projective variety V’, biregular at every point of {@}\. Let 
A’, B’ and 6’ correspond with A, B and @ by T. Then 6’ is a mazimal 
connected bunch of B’ and i(AN B,@;V) =i(A’ NB, @’;V’). 


Proof. By induction on the excess of @. Let the notations be as above, 
We observe that, from the fact that 7 is biregular at every point of {£}, 
it follows that T is biregular at every point R; of A*-B and at every 4, 
(a generic point of A, over K is, namely, generic on V over k, as follows 
from Prop. liia.). From this, one concludes by standard reasoning that 
every integer in (1) is equal to the corresponding integer with primes; 


hence B, 6; V) 0B’, V’). 


3. Some further properties of the i-symbol. 


THEOREM 3. Let B® be a simple subvariety of a projective variety V*. 
Let @ be a bunch of subvarieties of V such that every point of {@} ts simple 
on V. Suppose there ts a variety U and a subvariety W of U X V with th 


following properties: 


i. If Q is a generic point on U over a common field of definition k for 
B, V, U and W, then the cycle W(Q) =A* is defined, is of 
dimension n—b, and 1s such that every component of W(Q) NB 
is a point if this component is simple on V. Let A*-B=}iR; 
(it is not excluded that Ri = R; for 147). 

ii. There is a point Q’, simple on U, such that the cycle W(Q’) 1 
defined and W(Q’) is such that the maximal connected bunches 
of W(Q’) OB are either entirely contained in {@} or do not 
have any point in common with {@}. Let W(Q’) = X,mAv 
(reduced expression), and let @y; be those maximal connected 


bunches of A,M B which are in {@}. 


Suppose >; R’; ts a specialization of >; Ri over the specialization Q— Q’ with 
reference to k, let « be the number of points of 5;R’; which are in {6}. 
Then o = Dit (Ay NB, V). 


Proof. We proceed by induction on the integer max.,, @ dim. C; let this 
integer be denoted by d. The proof for the case d= 0 is included in the 
considerations below. Furthermore, for convenience, we assume that / is 
such that Q’ is rational in k. Write A* =>, a,A*, with A*, k(Q)-prime 
rational; let A*,-B=3,R,;, hénce Ry= Let 
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be a system having the properties of Proposition 1, where K is free with 
respect to k(Q) over k. Write B* = Y(P) for P generic on X over K(Q). By 
assumption on the system we have B*¥ = 4,A*,: B* = a, Di Sui 
with and >; 8S, is K(Q, P)-prime rational. Let Y(P’)=B > 
It follows by the properties of the system 8 (see Prop. liii.) that all the 
4*-B, are defined (since A*-B is defined) ; write A*-Bu= Syiky. Let 
Dy; be those maximal connected bunches of the A, M By, which have points 
in common with {@}. It follows by the properties of the system B (see 
Prop. lii.) that for every D),j, either there is a @,; such that Dyj< Bx or 
%\,; is reduced to a point and hence is a proper component of A,M B, on V. 

Let Hy be the locus of (P,Q,Sy) over K (Hy, is independent of the 
index i since >; S,; is K(P,Q)-prime rational); XV. The 
maximal connected bunches of F{P’,Q’} are contained in maximally con- 


nected unions of the maximal connected bunches of the A,MB and the 


4, B,; therefore—as explained above—the maximal connected bunches of 


L,{P’,Q’} are either entirely inside or entirely outside {@}. Apply [IT], 
Th. 3 to every variety Hy, and to those maximal connected bunches of 
Ey{P’,Q’} which are in {@}; since (P’,Q’) is simple on U XX, it follows 
that the number of points which are in {@} of a specialization of the cycle 
over the specialization (P,Q) — (P’,Q’), with reference to K, is 
always the same, independent of the specialization (};S;—A*-B*). Con- 


sider first the specialization 


(P, Q, di Si) > (P, Q, [B | ) 

over K; let n’, o and o, be, respectively, the number of points of §};9’:, of 
Sik; and of >; R’,; which are in {@}. Next, consider the specialization 
(P,Q, Si) > (P,Q, [Xn mAy] B*) (PO, DiS" = over K 
(with obvious notations) ; let n” and 7, be the number of points of >; 8”; 
and }; T’\; respectively, which are in {@}. We have seen n’ =n”; hence 
Since—as we have seen above—every D),; either is strictly contained com- 
ponentwise in a certain @,; or is a proper component of intersection, we can 
apply, by our induction assumption, the theorem to every variety B,, to the 
bunches D,; (uw fixed), and to the cycle A*- B, and its specialization >; R’ xi 
over the specialization Q@—> Q’ with reference to K. This gives 


(li the integer d, introduced in the begining, is zero, then there are no 
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bunches 2 ,j;, as follows from Prop. liib. applied to the system 8). Next 
we use the definitions of the symbols i(BM A), @y;V). A summation over 
all the bunches 6x; (A fixed) gives 


(3) Dii(B N A, V)+ Da Dit ( By N A), D v). 


By (1), (2), (3) and the commutativity of the i-symbol, the required formula 


follows immediately. 


THEOREM 4 (Projection theorem). Let B® be a subvariety of U" x V", 
where U and V are projective varieties. Let B, be the projection of B on U 
and let dim.B = dim. B,. Let A* (a+b=n) bea subvariety of U. Let 
be a maximal connected bunch of AN B,, and let @. be those maximal con- 
nected bunches of (AXV)MB which project (as point-sets) into {@}. 
Assume that all the points of {@} and all the {@,} are simple on U, 
respectwely UX V. Then 

KV) NB, 6,;U0 K V] =(B:B,] (ANB, B30). 


Proof. As to the dimensions, all the symbols are defined. Furthermore, 
we note that the projections on U of the maximal connected bunches of 
(A X V) OB are either entirely contained in {@} or do not have any point 
in common with {6}. 

We proceed by induction on the maximum of the excess of @ and the 
excess of the @,. If this is zero, then the theorem is true ([VI], Chap. VII, 
Th. 8). 

Let k be an algebraically closed field of definition for U, V, A and B. 
Let a= [X,Y,K,Q’;A,U,k] be a system having the properties mentioned 
in Prop. 1, ¥(Q’) =A+S\mAy; let Dx be those maximal connected 
bunches of A, B, which are in {@}. We have by Prop. liib., Dix &. 
For Q generic on X over K, we have that Y(Q) =A*, with A*: B, = dif 
is K(Q)-prime rational. Let be a specialization of R; over the 
specialization Q— Q’, with reference to K; let o be the number of points 
of §; R’; which are in {@}. Then we have by the definition of the i-symbol. 
(1) i(AN B, =o— Bs, Du VU). 

Next, consider the variety XY and the subvariety Y X V of YXUXV. 
We will show that they have, with respect to the variety B, the variety 
U XV and every one of the bunches @,, the properties mentioned in Th. 
3. Write Z=Y XV and let again Q be generic on X over K. Then 
Z(Q) =Y(Q)XV by [VI], Chap. VI, Th. 7%. Z(Q) is of the required 
dimension n-+-m—b. Since with (by Prop. 1i.) fi 
generic on B, over K, it follows (since [B:B,] 40) that [Y(Q)x V] NB 
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consists of generic points on B. Hence we can write Z(Q)- B= id; Ty, 
j=1,/°°,[B:B.], proTy—R: Again by [VI], Chap. VI, Th. 7%, we 
have Z(Q’) XV). Let Dain be those 
maximal connected bunches of (A, X V) NB which project into {D)i} (as 
point sets) ; then (in view of the fact that D\i< @ and by applying Prop. 
liib, to the projection on U of every component of the bunches @.,) it 
follows that there is to every Dyi, a certain 6. such that Dyin< By. More- 
over, the bunches 2%), contain all the components of (A, X V) NB which 
have points in common with the {@.,} for some y since the D,, contain all 
the components of A, B, which have points in common with {6}. 

Let di; 7’; be a specialization of over the specialization 
(0,3: Ri) > (Q’, with reference to K. Then we have pry 
hence 7’;;€ {6 } for some y if and only if R’;¢ {@}. Therefore, the number 
of points of >i; 7’i; which are in {@,} for some y is equal to [B:B,]e. 
An application of Th. 3 to the subvariety B of U X V, to every one of the 
bunches @,, to the varieties XY and Y XV on Y XUV and to the 
specialization (Q, Si; > (Q’; Di; over K gives 
(2) o[fB:B,] = X V) NB, 6,;U X 

+ Sam Dinil (A,X V) OB, U XK VI. 


Since, as we have seen above, D\i< @ and every Dyin< 6, for some y, we 
can apply, by our induction hypothesis, the theorem to B, to A, X V, and to 
the bunches D); and Dia. Hence 

(3) [B:B,]i(A,N Bi, Du3U) = Dail (Ar X V) NB, Dra; U X Vd 
Summation over all A, 7 and substitution into (2) gives 

[B: By] -[o— Sam Dii(An Bi, = X V) NB, X VI. 
From this, one obtains, by using (1), the required formula. 


TuEorEM 5 (Associativity formula). Let A%, B® and C¢ be subvarieties 
of a projective variety V" (a+b--+-c=2n); let & be a maximal connected 
bunch of AN BAC such that every point of {4} is simple on V. Suppose 
that all the components Do of AN B which have points in common with {9} 
are proper and, similarly, let all the components E, of BOC which have 
points in common with {9} be proper. Let Do;, respectively €,;, be those 
maximal connected bunches of Da respectively AM E,, which have points 
in common with {%}. Then 


dci(A: B, Do; V) Sj;i(DoN C, V) 


ext 
ver 
ula 
Ym 
On- 
jr 
U, 
re, 
of 
nt 
he 
I, 
B. 
ed 
h 
ts 
ty 
h. 
on 
bj 
B 


J. P. MURRE. 


Proof. First of all we observe that the maximal connected bunches of 
Do C and AN £, are either entirely inside or entirely outside {4}. We 
proceed by induction on the excess of 9 (i.e., the maximum of the integers 
dim. G for all components G of 9). If the excess § =O then the theorem 
is a special case of [VI], Chap. VI, Th. 5. 

Let & be a field of definition for A, B, C, and V. Let 


a= [U, W,K,,P’;A,V,k] and y=[X, Y, Q’;C,V,k] 


be systems having the properties mentioned in Proposition 1; moreover, we 
assume that K, and K, are free with respect to each other over k. Let K 
be the algebraic closure of the compositum of K, and Ky. 

We have, by assumption, 


W(P’) =A + and Y(Q’) wud? >> 


p=1 


for convenience of notation, we will write W(P’) =) Ay, where it is 
understood (during the proof of this theorem) that without further references, 
the summation starts with A=0, where 7,1 and 4j,—=A. Similarly, we 
write Y(Q’) = Syu7,C, with m—1 and Cp—C. Let Dyo and F,, be those 
components of respectively BM C,, which have points in common 
with {4}; again we denote Do by Doo and EF, by Ey;. Since Do and FH, are 


proper components of A 1 B, respectively BMC, it follows by the properties 
of the systems « and y (see Prop. lii.) that all Dyo and E,7 are proper 
components of intersection of A, B, respectively BOC, on V. Further- 
more, it follows also by the properties of the systems « and y that (see 
Prop. lii.) the maximal connected bunches of 4, N BN C, of AN BN C, and 
of the A,\N BNC, are either strictly contained in {9}, or do not have 
any point in common with {9}. Let Dyoy;, respectively Eyr);, be those 
maximal connected bunches of DyoM Cy, respectively A, MN Eyr, which have 
points in common with {%}. (Similarly to the above, we choose notations 
such that D = Do; and = 

Let P and Q be independent generic points on U and X over K. Write 
W(P) =A* and Y(Q) =C*; by assumption on the systems a and y (and 
since K, and K, are free with respect to each other over k), we have that 
A*-B-C*=)>,S; is a K(P,Q)-rational cycle. Let H be the locus of 
(P,Q,Si) over K; HCUXX XV. Since A*-B-C* it follows from 
the fact that A*— and C* 7,C, over the specialization (P,Q) 
— (P’,Q’) with reference to K, by [III], page 53g, that the maximal con- 
nected bunches of H{P’,Q’} are contained in the maximal connected bunches 
of AAN BNC, (A=0 and » 0 included). By our observations, it follows 


i 
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that those bunches are either entirely inside or entirely outside {4}. Apply 
[11], Th. 3 to the variety H on U XX X V, to the simple point (P’,Q’) 
on U XX and to those maximal connected bunches of H{P’,Q’} which are 
in {9}; it then follows that the number of points of every specialized cycle 


of S;Si, over the specialization (P,Q) — (P’,Q’) with reference to K, 
which are in {9} is always the same. Consider the specialization (P,Q, di Si) 
(P,Q’,> > (PC, over K; let n’ be the number of points of 
¥;, 5’; which are in {9}. Let n” be the corresponding number for the cycle 
where (P,Q, SiS’) > (P’,Q,° > over K. As we 
have seen, 


(1) 


Next we note that all the A*-,7 are defined, as follows from the assump- 
tion on the system « and from the fact that K, (over which the E,, are 
defined) and K, are free with respect to each other over k. (Furthermore, 
we keep in mind that the components of the BM C,, except the Ly,7, are 
entirely outside {9}.) Apply Th. 3 to every variety H,7, to U and W on 
U XV and to those maximal connected bunches of A,M E,; which are in 
{G}. We obtain after a summation 


(2) = (Cy B, V)* Eur, V). 
Similarly, one has 


(3) — m B, Dyo; V) t(Dyo M Cy D V) 


Suppose we take a pair A, » but not the pair A=0 and »=0 (at the same 
time). As we have already observed above, those maximal connected bunches 
of A, BN C, which have points in common with {9} are strictly contained 
componentwise in {9}. Therefore, by our induction hypothesis, we can apply 
the theorem to every such bunch. After a summation (over all the maximal 
connected bunches of A,M BOC, which are in {9}, A and p» fixed), we 
obtain 


(4) Doi (A, Dyo 3 V) Ddji(Dyo Cy, D rouj3 V) 

= Cy, Bur 3 V) Eur, Eurrn; V). 
(4) holds for all pairs (A,u), except for the pair (0,0). However then, 
from (1), (2), (3) and (4), and since 4,1 and 2 —1, it follows that 
(4) is also true for and »=—0. Since —A, Oo =C, Doo=Do, 


=E,, D = Do; and Enron = Ern, this is the required result. 
From the above theorems, and from the theorem corresponding to [VI], 
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Chap. VI, Th. 7 which can be proved by the above developed methods, many 
of the usual properties of the i-symbol can be derived, for instance, the 
analogous result to [VI], Chap. VI, Th. 9 (see the proof of that theorem 
in [VI}). 
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EXTENSION OF REPRESENTATIONS OF LIE GROUPS, II.* 


By G. D. Mostow.' 


1. Introduction. This paper is a sequel to “ Extension of Representa- 
tions of Lie Groups and Lie Algebras, I” by G. Hochschild and G. D. Mostow 
(hereafter referred to as ERI). In ERI, some simple but basic constructions 
of representation spaces are introduced, and thereby one can analyze almost 


completely the problem of extending a (finite dimensional) representation 


' of a normal analytic subgroup G of an anaytic group ZL to a representations 
Q A 5 


of L in the case that there is an analytic subgroup Q with L—QG and 
(0G compact. Indeed, from the extension theorem in this special situation, 
one deduces quickly all the standard results on faithful representations of 


| Lie groups (see ERI). 


This paper is devoted to the more general extension problem of extending 


} a representation from a normal closed connected subgroup G to an analytic 


croup L with L > G. The analogue of this problem for Lie algebras presents 


| no difficulties at all, once one has resolved the special case of extending from 
/ an ideal G to a semi-direct sum Q-+ G, because one can reconstruct a Lie 


algebra Z from an ideal G by successive formation of semi-direct sums. By 
contrast, the extension methods of ERI do not suffice to settle the more general 
extension problem—essentially for topological reasons. (See Sec. 2, Remark 
2.8). In addition to the methods of ERI, we require one additional extension 
method in order to be able to overcome the topological complications that 
arise. The method presented here relies heavily on the theory of algebraic 
groups and, in particular, on the author’s previous results on fully reducible 
subgroups of algebraic groups. The main theorem of this paper (see Sec. 3) 
provides a complete solution to the extension problem for closed normal 
connected subgroups of analytic groups. 

It is a pleasure to acknowledge my debt to Dr. Gerhard Hochschild 
with whom I have had many stimulating conversations on topics treated here. 


2. Preliminaries. Let G be a Lie group. We denote by G, the con- 
nected component of the identity element. We denote by G° the Lie algebra 


* Received June 17, 1957. 
1 Performed under Contract AF18(600)1474 with the Office of Scientific Research 
and Development of the U. S. Air Force. 
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of G and identitfy G* with the tangent space to G at the identity element, 
If p is a homomorphism of G, we denote by p* the differential of p at the 
identity element so that p* is the induced homomorphism of G*. We denote 
by Aut G and AutG: the group of automorphisms of G and G’° respectively, 
The map z—>2° of AutG into AutG’ is one-to-one, and it is a homeomor. 
phism when Aut G is given the compact open topology and Aut G is given 
its topology relative to the full linear group or, equivalently, its Lie group 
topology [4]. If G@ is an analytic real linear group, that is, an analytic 
subgroup of the full linear group GL(V) of some real linear space V, then we 
shall have to distinguish between its analytic group topology and its topology 
relative to the full linear group GL(V). Accordingly, if F C G, we denote by 
F the topological ciosure of / in the analytic group topology of G and by F 
the closure in the full linear group. It is known that F° CF if FC G, so 
that (CN G)®=CN G for any subset C of the full linear group. If @ is 
a Lie subgroup of the full linear group GL(V), we can indentify the Lie 
algebra G° with a subset of the linear space #(V) of all endomorphisms on 
V, by the usual rule for identifying the tangent space to a submanifold of 
a linear space # with a subspace of £. When G° is thus identified with a 
subspace of /(V), the adjoint operation Ada, for x€ G, coincides with the 
restriction of the conjugation (ye H(V)) to because 
(C(z))’ =C(z). 

We use the term “representation” to mean “finite dimensional repre- 
sentation.” By an algebraic group we mean here a group G@ of invertible 
endomorphisms of a finite dimensional real or complex linear space V, such 
that G is the intersection of the full linear group with an algebraic manifold 
in the linear space H(V) of all endomorphisms of V. An algebraic Lie 
algebra is the Lie algebra of an algebraic group. By a rational representation 
of a subgroup GC GL(V) we mean a (finite dimensional) representation 
of G which is the restriction to G of a representation p of an algebraic group 
L such that LD G and p is a rational map. If GC GL(V), we denote by 
G* the topologically connected component of the identity of the smallest 
algebraic group containing G. In general, G* is not an algebraic group. 
If p is a rational representation of an algebraic group L, then p(L) need 
not be algebraic. However p'(Z°) is an algebraic Lie algebra ([2], p. 140). 
It follows immediately that p(G*) =p(G@)* for any rational representation 
of G. 

If ¢ is an endomorphism of any finite dimensional linear space V over 


a perfect field, there is a unique semi-simple (i.e. fully reducible) element s 


and a unique nilpotent element n such that t=s-+n and sn=—ns. If t 1s 
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invertible, then s is also invertible and {su where wu is the untpotent 
(i.e, w—1 is nilpotent) element 1+ The representation t= su with 
s semi-simple, w unipotent, and su— us is unique; it is called the Jordan 
product decomposition (see [2], p. 71, Th. 7). The endomorphism s is called 
the semi-simple part of t and is denoted by ¢’. An algebraic group which 
contains ¢ contains ?’ also ([2], p. 184). A rational representation sends 
semi-simple endomorphisms into semi-simple endomorphisms, unipotent endo- 
morphisms into unipotent endomorphisms ([8]), and therefore p(t’) = p(¢)’. 

A set U of endomorphisms of a linear space V is called a unipotent 
jamily if there is a series of subspaces Vop=V,C-+--C Via=V, each 
invariant under U, such that the V;/V;, part of U consists of the identity 
element, i=1,:--,n. A representation p of a group G is called unipotent 
if p(@) is a unipotent family. A group of unipotent endomorphisms of a 


linear space is a unipotent family ([5], Sec. 2). 


Remark 2.1. If M and N are algebraic Lie algebras with [M,N] CN, 
then + N is algebraic ([8], Sec. 4.4, p. 209). From this it follows that 
if Jf and N are analytic linear groups with N invariant under conjugations 


from VW and N = N%*, then (MN)* = M*N. 


Remark 2.2. A Lie algebra of nilpotent endomorphisms is algebraic 
({2], pp. 181-183). An algebraic group of unipotent elements is algebraically- 
connected (or “algebraically-irreducible” ; i.e., the associated ideal is prime) 
({2], p. 183) and is, in fact, topologically connected since each element in it 
is the exponential of an element from the Lie algebra. In particular, an 


analytic group of unipotent elements is algebraic and a fortiori closed. 


Remark 2.3. Let G be an algebraic Lie group, let M be any maximal 
fullv reducible subgroup of G and let U be the maximum normal algebraically- 
connected subgroup of unipotent elements in G. Then G=M-U (semi- 
direct) ([8], Th. 7.1). If @ is algebraically-connected, then any fully 
reducible subgroup of G is conjugate to a subgroup of M by an inner auto- 
morphism from (UM G’), ([8], Th. 7.1, Th. 4.1), where G’ denotes the 
commutator subgroup of G. By Remark 2.2, U*—U,=—U and therefore 
(,= M,-U (semi-direct). It follows from the foregoing that any fully 
reducible pees of G, is conjugate to a subgroup of J/, by an inner auto- 
morphism from (UN G@’),. 

If Pisa eh reducible subgroup of G, and U is a normal analytic 
group of unipotent elements with G, = PU, then ? is maximal fully reducible 
in G,. For let Q be a fully reducible subgroup of @ containing P. Then 
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Q=P(QNU). But QNU is normal in Q and therefore fully reducible. 
Simultaneously, it is a unipotent family. Hence it consists of the identity 
alone and PQ. A similar argument shows that U is the maximum analytic | 
normal subgroup of unipotent elements. 

A rational representation carries fully reducible groups into full 


reducible groups ([8]). 


Remark 2.4. If 8 is an analytic semi-simple linear group, then S* —§. 
For let S* denote the Lie algebra of S. The commutator subalgebra [.S°, 5°] 
is an algebraic Lie algebra ([2], p. 177). Hence 8° =[S',S°] is algebraic 
and therefore S is the connected component of the identity of the algebraic 
group hull of S. Consequently S*—8. In particular, S is closed in the 
full linear group. The center of S is finite, as can be seen in a variety 


of ways. 


vemark 2.5. Let ZL be an analytic group and let P denote the inter- 
section of the kernels of all finite dimensional representations of Z. Then 
L/P has faithful representation, by a result of Goto (see [3] or [5]). 


Remark 2.6. Let L be an analytic group. As is well-known, L is 
topologically the direct product of a maximal compact subgroup and a 
euclidean space; moreover, any compact subgroup is conjugate to a sub- 
group of any maximal one. If @ is a closed normal analytic subgroup, and 
L/G is compact, then L = QG for any maximal compact subgroup Q. This 
is a result of Maleev ([7], Th. 10, p. 180), but since we require it only in 
the special case that L/G is solvable, we present the following brief proof 
for the reader’s convenience. The group L/G, being a compact. solvable 
analytic group, is abelian, as is seen from considering its adjoint representa- 
tion. Therefore QG is normal, and L/QG = (L/G@)/(QG/G) is again a 
toroid. But L/QG = (L/Q)(QG/Q) is the image of the euclidean spacel/() 
by a continuous and open mapping with the inverse image of each point 
homeomorphic to the connected set QG/Q. Therefore L/QG is a simply 
connected toroid. Hence it is a pdint and LQG. A part of our argument 
establishes that L/F is simply connected if F is a closed analytic subgroup 
containing a maximal compact subgroup of L. 

Remark 2.%. Let p be a representation of an analytic group ( on 4 
real or complex linear space V. Let V) CV, C-++-CV,=V be a sequence 
of linear subspaces of V invariant under p(G) such that the V;/Vi. par 


of p is irreducible, i=1,- - -,n.- Let p’ denote the representation induced 


by p on the direct sum V,/V,+-°-:+Vp/Vn+. Then p’ is semi-simpi 


“ible, 
ntity 
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(i.e. fully reducible) and it is independent of the original choice of the 
subspaces {Vi} up to an isomorphism ([5] or [6]) ; p’ is called the associated 
wmi-simple representation of p. We consistently denote the commutator 
subgroup of L by L’ or by [L,L]. By the radical of an analytic group L, 
we consistently mean the analytic subgroup T whose Lie algebra T° is the 
radical of the Lie algebra G°. 

Let p be a representation of an analytic group @ on a real or complex 
linear space V, and let G be a subgroup of an analytic group L. Let o be a 
representation of Z on a real or complex linear space W. o is called an 
ertension of p if there is a monomorphism @ of V into W = such that 
6-p(g) =o(g)-@ for all ge G. 

The main extension results in ERI can be stated as follows: Let G@ be 
a closed normal analytic subgroup of an analytic group L. Let Q be an 
analytic subgroup of L such that QNG is compact. Assume that there ts 
a representation of Q which is faithful on QQ G. Let p be a representation 
of G. A necessary and sufficient condition that p can be extended to a 
representation of the analytic group QG is the following Condition a), 


Condition a). p’(yxya1) =1 for all y in QG@ and z in the radical 
of G. 

Moreover, the extended representation o can be chosen in such a way 
that the kernel of o’ contains the kernel of p’ (ERI Theorem 3.2). If Q 
satisfies the additional Condition b), 

Condition b). (i) p’(qgq-'g) =1 for all g€ Q and g€ G; and (ii) the 
of Ad q is unipotent for all Q, 
then « can be so chosen that the kernel of o’ contains Q as well as the kernel 
of p. (ERI, Section 6) 

Condition a) is clearly implied by 

Condition a’). p’ is trivial on NOG, where N is the radical of the 
commutator subgroup of L. Conversely, if p can be extended to a repre- 
sentation o of L, then p’ is trivial on NMG. For o is unipotent on JN, as is 
well known, so that o’ is trivial on the normal subgroup N (ERI, Sec. 2), 
and consequently p’ is trivial on NN G. 

If Q@ CN, and p satisfies Condition a’), then Q satisfies Condition b). 
We can now assert the following remark. 


Remark 2.8. Let L, G, N, Q, be as in Remark 2.7%. Assume that p’ 
is trivial on NOG. Then p can be extended to a representation o of QG 
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such that the kernel of o’ contains the kernel of p’ and also the subgroup ( 
N. 

We note that if Q CN, then o’ is trivial on Q(NNG) = NN 06. 
This raises the possibility of extending p from G to L in two stages: from 
G to NG, by recursively selecting Q@ C N; and then from NG to L. The 
obstruction to this procedure occurs in two places. In the first place VG 
need not be closed; the passage from NG to L suggests that an additional 
condition must be imposed on p. In the second place, even assuming that 
NG is closed, it may be possible to select a non trivial Q@ C N so that ONG 
is compact. The essential contribution of this paper is to show how to 
extend p from G to GN. 


3. A determination of 9’. 


Lemma 3.1. Let G be an analytic group. Forxe G, let Adx denote the 
differential at the identity element of the inner automorphism g-—> xgx°. 
Then every element in (AdG)* is the differential at the identity of an 
automorphism of G which keeps fixed each central element of G. 


Proof. Clearly, no generality is lost in assuming G to be simply con- 
nected. By Ado’s theorem, there exists a faithful representation of the Lie 
algebra of G. Let p denote the corresponding representation of G and let 
K denote its kernel. 

Let F denote the tangent space to p(G@) at the identity element. We 
identify it (see Sec. 2) with a Lie subalgebra of the Lie algebra F of all 
endomorphisms of the underlying linear space V. The conjugations C(z), 
xyx, of E clearly keep invariant when x€ p(G@), and consequently 
F is invariant under the conjugations from the algebraic group hull of 
p(G@). Define B(x) as the restriction of C(x) to F° on the group A of all 
automorphisms of V with C(#)F° =F. Clearly, A is an algebraic group, 
B is a rational representation and p(@) C A. Therefore p(G@)* C A and 
B(p(G)*) = (B(p(G@)))*. It is easily verified that B(a) coincides with 
the differential at the identity element of the restriction of C(a) to p(G) 
and that C(2)p(G@) =p(G@) whenever =F’. Thus B(p(G@)) = Ad 
and B(p(@)*) = (Adp(@))*. But p(@)* is contained in the centralizer 
of the center of p(G). Thus each automorphism in (Ad p(G@))* is induced 


by an automorphism of p(G@) keeping fixed each central element. Lifting 
these automorphisms of p(@) to a set of automorphisms, A, of the simply 
connected group G, we find that each element of (Ad G)* is the differential 
at the identity element of an automorphism keeping invariant the discrete 
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et 2K for each z in the center of G. Since the set A is a connected family 
of transformations of G and contains the identity, it leaves each element of 


:K fixed. Proof of Lemma 3.1 is now complete. 


LeMMA 38.2. Let G be an analytic linear group and N a normal subgroup 
closed in the analytic group topology of G. Then N ts normal in G*. 


Proof. The group N, is connected and closed in G and is therefore 
analytic. Let G* and N° denote the Lie algebras of G and N respectively ; 
we identify their elements with endomorphisms of the underlying linear 
space V in the usual way. For any automorphism z of V, let C(x) denote 
conjugation by z, and let A be the set of all automorphisms x of V such that 
((r)N'’=N’. Clearly A is an algebraic group. It is also clear that 
rN = N, if and only if C(z)N° Accordingly, GC A. From this, 
GCA. Hence N, is normal in G*. By the same reasoning, G is normal 
in @*. Let denote the part of C(x) for G*. Then is a 
rational representation of G* and thus B(G*) =£8(G)* = (AdG/N,)*. 
Let a(2) denote the automorphism of G/N, that is induced by C(x) for 

Then «(G*): = B(G*) = (Ad G/N,)*. Applying Lemma 3.1, each 
element in a(G@)° is the differential of an automorphism of G/N, keeping 
each central element fixed. Since z—>z’ is a monomorphism of Aut G/N, 
into Aut(G/N,)°, each automorphism in a(G*) keeps each central element 
of G/N, fixed. Since N/N, is a discrete normal subgroup in G/N,, it is 
central. Hence a(G*)(N/N,) =N/N, and C(G*)-N=WN. That is, N is 
normal in G*. 

Note. It is curious that Lemma 3.2 can be proved trivially when N is 


is connected and requires so complicated a proof for N not connected. 


LemMA 3.3. Let L be an analytic linear group, let G be a normal 
analytic subgroup closed in L, let T be the radical of G, let H be an analytic 
subgroup whose Lie algebra is a Cartan subalgebra of the Lie algebra of T, 
let N be the radical of the commutator subgroup L’, and let D be a maximal 
compact subgroup of (H* (TN)#),. Then 

D is a maximal compact subgroup in DTN. 
(TN)4 = DTN. 

3. = DGN. 

4. HNO D is dense in D. 

5. DG contains a maximal compact subgroup of (GN)*", and NN DG 


is connected. 
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Proof. It is known (see [9] Lemma 2, p. 7) that T=—HT’ and, by 
definition, C N. Hence TN=HN and (TN)4C (TN)* = (HN)*. 
Now the Lie algebra of N consists of nilpotent endomorphisms, as is wel] 
known. Hence V*—WN by Remark 2.2 and (HN)* = H*N by Remark 2.1, 
Now H*—=M-U where M is a maximal fully reducible subgroup of H* 
containing D and U is the maximum analytic normal subgroup of unipotent 
elements. Hence (TN)4C (M-U)N=M(UN), where the elements of 
UN are unipotent by Lie’s theorem on simultaneous triangularizing. There- 
fore M is a maximal fully reducible subgroup in (TN)4, by Remark 2.3. 
Let C be a connected compact subgroup of (TN) with CD D. By Remark 
2.3, there is an element r€((TN)*”NN),=—((TN)’NN), such that 
M. Then, for every D, M implies dx =2"m 
=m(mtatm). Hence and Therefore 
DC C(MN (TN)*), C (TN)#),, and, by its maximality, 
D=-2Cr"*. Hence D=C, and D is a maximal compact subgroup in (TN)!, 
because a maximal compact subgroup of (TN) is connected. 

Proof of 2. Let J denote the simply connected covering group of (7TN)+, 
let x denote the covering homomorphism, and let K=72*(D). Then J/K 
= (TN)“/D, and the latter is simply connected since an analytic group is 
topologically the direct product of any maximal compact group and a euclidean 
space. Consequently, K is connected. Hence 2*(DTN), being a connected 
normal analytic subgroup of a simply connected Lie group, is closed. It 
follows immediately that DTN is closed in Z and equals (TN )4. 

Proof of 3. Let SR be a Levi decomposition for (GN), S being semi- 
simple and R the radical. SMR is a discrete normal subgroup of the 
analytic group S and is therefore central in 8S. Inasmuch as the center of a 
semi-simple analytic linear group is finite, SM FR is finite. Let A denote the 
epimorphism s-r— sr of the semi-direct product S-R onto SR. The kernel 
of A consists of all elements x-2? with e€ SO FR and is thus finite. Conse- 
quently, an analytic subgroup A which contains S is closed in SR if and only 
if the connected component (AMF), is closed in R. 

The semi-simple analytic group S is contained in DGN since 


S=[S,S8] C [(GN)4, (GN)4] C [(GN)*, (GN)*] C [GN, GN] C GN. 


Moreover, (DGN NM R),=DTN and is closed in L by part 2 above. Hence 
(DTN )* = DTN, and (DGN)! = DGN. 


y, 
Proof of 4. Recall that N Vis the radical of the commutator group / 
and therefore DH N/N is an abelian analytic group. Therefore it is a direct 
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product C-W, where C is its maximum compact subgroup and W is a vector 
group which clearly can be taken to be a subgroup of HN/N. It is known 
(Remark 2.6) that the preimage of C contains a compact subgroup mapping 
onto C. Since D is a maximal compact subgroup of DHN, we deduce that D 
projects onto C. Let V denote the preimage of W. Then DHN = DV with 
V closed and simply conencted, and D(™ V CN. Since DN V is a compact 
oroup of unipotent elements, it contains the identity alone. Hence the 
epimorphism of the semi-direct product D-V onto DV is a monomorphism, 
and, consequently, it is an isomorphism (in the topological sense as well, of 


course). Therefore 
DV =(DHN) = = (AN DV)E = ((AN D)V)E=(AN D)EV. 
It follows at once that D= (HNN D)?*. 


Proof of 5. Let ® and Q denote the Lie algebras of DG and its radical 
DT respectively. The P/Q part of the image Ad(DT) under the adjoint 
representation is trivial. Since Ad JD is fully reducible, there is a com- 
plementary subspace to 2 in ® which is left fixed under Ad D. Let denote 
the subalgebra generated by this subspace, and let Z denote the corresponding 
analytic subgroup of DG. Clearly the elements of Z are fixed under inner 
automorphisms from D, and DG=ZDT. Let 3 be a semi-simple algebra 


occurring in a Levi-decomposition of 9 and let S denote the corresponding 
analytic group. Since P/Q = 3/(9 M 2) is semi-simple, 9 = 3 + (9 NP) 


and DG== SDT. Now select a maximal compact subgroup C of 8S. 


We prove that CD is a maximal compact subgroup of DGN. Let R 
denote the radical of DGN, and » denote the epimorphism of the semi-direct 
product S:# onto SR. Then, as in the proof of 3, the kernel of d is finite, 
so that a subgroup in SP? is compact if and only if its inverse image in S:R 
is compact. Consequently, to prove that CD is a maximal compact subgroup 
of SR, it suffices to prove that C- D is a maximal compact subgroup of S-R. 
Let J be a compact subgroup of S-R containing C-D. The image of J 
under the epimorphism s:r—s of S-R onto S is a compact subgroup of 9 
containing C. Therefore it coincides with C and J=C-(JMR). But 
JOR is a compact subgroup of R—=DTN. By part 1, JA R=D, and 
therefore J=C-D. This proves that C-D is maximal compact in S- R, 
and therefore CD is a maximal compact subgroup in DGN. Since DG D CD, 
the first assertion in 5. is proved. 

In order to prove that NM DG is connected, we observe that there is a 
homeomorphism of V/(N © DG) onto DGN/DG. Let K denote CD. Then 
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DGN/DG = (DGN/K)/(DG/K). Since K is maximal compact in DGN, 
the space DGN/K is homeomorphic to euclidean space. The natural map of 
DGN/K onto (DGN/K)/(DG/K) is a continuous and open map with the in- 
verse image of each point connected. Therefore the image (DGN/K)/(DG/K) 


is simply connected. Therefore 
N/(N 0 DG) = DGN/DG = (DGN/K)/(DG/K) 


is simply connected. It follows that NN DG is connected. Proof of Lemma 


3.3 is now complete. 


Lemma 3.4. Let p be a representation of a group G by automorphisms 
of a linear space V over a field of characteristic zero. Let M and U be a 
maximal fully reducible subgroup and the maximum normal subgroup of 
unipotent elements, respectively, in F, the smallest algebraic group in GL(V) 
containing p(G). Let o(g) denote the image of p(g) under the map uz: 
mu—>m of MU onto M. Then o is a representation of G equivalent to j’. 

Proof. That o is a representation of G follows from the fact that 
mu—>m is a homomorphism of the algebraic group hull F (see Remark 2.3 
above). The set o(G@), being in F’, keeps invariant any linear subspace of 
V that is invariant under p(G). It suffices, therefore, to verify that if Y 
and Y are linear subspaces invariant under p(G@) with XY D Y, and if p,,, 
the V'/Y part of p, is irreducible, then p,,/, coincides with the Y/Y part of o. 
In that case pr/,(U) = (1); for the subspace of elements in X/Y that are 
fixed under U must be invariant under G and, therefore, must coincide with 
X/Y. Consequently = pry (9) Ux/y = (p(g)U) x/y =0(g) xy, where 
u=p(g)"0(g)€U. The proof is now complete. 


Lemma 3.5. Let G@ be an analytic group and T its radical. Let H be 


an analytic subgroup whose Lie algebra is a Cartan subalgebra of the Lie 


algebra of T, and let D be a compact subgroup of G which les in the 
centralizer of H. Let p be a representation of G. Then the associated semi- 
simple representation p’ is equivalent to a representation o having the same 
representation space that p has and such that 1) o(g) =p(qg)’ for all g¢€ H; 
and 2) o(d) =p(d) for de D. 


Proof. The group p(D) is compact and therefore fully reducible. 
Furthermore, p(D) lies in the centralizer of p(H) and, therefore, in the 
centralizer of p(H)*. Let A be a maximal fully reducible subgroup of p(H)*. 
It is well known, and it is easily-seen, that p(D)-A is fully reducible. Let 


M be a maximal fully reducible subgroup of p(@)* containing p(D)-4. 
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and let U be the maximum normal subgroup of unipotent element in p(G)*. 
Then p(G)*== MU (semi-direct) (Remarks 2.2 and 2.3). 

We assert first that A is central in p(H)*. For let @ and @ denote 
the Lie algebras of p(H) and p(H)* respectively. We identify these in the 
usual way with Lie subalgebras of the algebra H all endomorphisms of the 
underlying linear space. Let C(x) denote the conjugation y>ayz" of EL 
whenever x is an invertible element in FZ. Since the Lie algebra of H is 
nilpotent, the same is true of @ and therefore of @. Let B(x) denote the 
restriction of C(x) to @ for x€ p(H)*. Clearly B coincides with the adjoint 
representation of p(H)*, and therefore it is unipotent. Hence B(A) is a 
unipotent family. On the other hand, @ is a rational representation, and 
therefore B(A) is a fully reducible family. It follows immediately that 
g(A) consists only of the identity element. Thus Ad A is trivial on 6, 
and consequently A commutes with the elements of p(H)*. Since A C p(H)*, 
A is a commutative fully reducible group. From this it follows that all its 
elements are fully reducible. Moreover, if a€ A and we€ p(H)* NU, then 
(au)’==a since the Jordan product decomposition is unique. 

We now define » to be the epimorphism mu— m of p(G)* onto A/, and 
we set Then for he H, o(h) =p(p(h)) —p(h)’, and for de D, 
(1) =p(p(d)) =p(d). Also, o is equivalent to p’, by Lemma 3.4. Proof 
of Lemma 3.5 is now complete. 

Note. The proof of Lemma 3.5 establishes the fact that the totality 
of semi-simple elements in a nilpotent algebraic group B is central in B and 
therefore coincides with the maximal fully reducible subgroup of B. 


4, The first partial extension. This section and the one following 
are devoted to a proof of the following extension theorem. 


THEOREM 4.1. Let L be an analytic group, G a closed normal analytic 


subgroup, and let p be a finite dimensional representation of G. Let p’ 
denote the semi-simple representation of G associated with p, and let N 
denote the radical of the commutator subgroup L’. In order that the repre- 
sentation p can be extended to a finite dimensional representation of L (see 
Section 2, Remark 2.7, for definition), the following three conditions are 


necessary and sufficient: 


1) p’ is trivial on GN N. 
2) The representation o of the analytic group GN defined by o(gu) 
=p'(g) (the existence of o being asured by Condition 1) ts continuous in 


the topology of GN relative to L. 
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3) Let P denote the intersection of the kernels of all finite dimensional 
representations of L. Then p is trivial on PNG. 


The necessity of these conditions is fairly clear (see Remark 2.7). We 
prove sufficiency in two stages. In this section, we show how to extend , 
from G to a certain analytic subgroup F' of GN that contains a maximal 
compact subgroup of GN. In the following section, we apply the results 
of ERI, to extend the rest of the way to Z. The first extension relies heavily 


on the representation p’ as described in Lemma 3.5 above. 


Lemma 4.1. In addition to the assumptions of Theorem 4.1, assume 
that L is a linear analytic group. Then there exists a closed connected sub- 
group F of L such that 1) F contains a maximal compact subgroup of GN, 
FN=GN and GC FC G*; 2) p can be extended to a representation 6 of 
F having the same representation space as p; 3) The associated semi-simple 


representaiton 1s trivial on NO F. 


Proof. We take care to distinguish between the analytic group topology 
of L and its topology relative to the full linear group. Accordingly, the GY 
of Lemma 4.1 is hereafter renoted by (GN), following the notation oi 
Section 2. 

Let 7 denote the radical of G. Let H be an analytic subgroup of 6 
whose Lie aigebra is a Cartan subalgebra of the Lie algebra of T. Let D be 
a maximal compact subgroup in (H*Q (TN)#),. By the note following 
Lemma 3.5, D is central in H* and, therefore, is in the centralizer of H. 
Now select the associated semi-simple representation p’ as in Lemma 3.) 
with DAG as the “D” of that lemma. By hypothesis 2 of Theorem 4.1, 
the representation o is continuous on GN in the topology relative to L. It 
follows quite directly that o is the restriction to GN of a representation + 
of (GN). If d€ DONG we have =o(d) =p(d), by Lemma 3.5. 
On the semi-direct product D-G we define a map ¢ by the formula ¢(d-9) 
=1(d)p(g). The kernel of the epimorphism d-g—dg of D-G onto D6 
consists of all elements d:d* with d€ DG. Thus ¢ maps this kernel into 
the identity. 

We show next that ¢ is a homomorphism. To do so, we define five 
homomorphisms a, £, B. y, 6. Let € and § denote the Lie algebras of all 
endomorphisms on the linear spaces on which G and p(G@) operate respectively. 
Let C(x) denote conjugation by z if z is an invertible endomorphism. We 


identify the Lie algebras of all-linear Lie groups with Lie subalgebras 0! 
the full linear algebra in the usual way. We shall consistently denote the 
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Lie algebra of a Lie group by affixing a dot superscript to the symbol for 
the group. We denote by 6 the map which assigns to an automorphism ¢ of 
any analytic group S, its differential ¢* at the identity element. The map 8 
is an isomorphism of Aut S, the automorphism group of S, into AutS’, 
the automorphism group of its Lie algebra S*. Strictly speaking, 8 depends 
on S but we shall employ the same letter 8 for all analytic groups. 

The kernel K of p is normal in G. By Lemma 3.2, K is normal in G*. 
For g€ G*, let a(g) denote the operation of g on G/K that is induced by 
the conjugation C(g). Clearly 8-a(g) coincides with the G°/K* part of 
((qg). Therefore &-@ is a rational representation. 

The map B (resp. 8) is the isomorphism between Aut G/K and Aut p(G@) 
(resp. AutG°/K° and Autp(@)°) that is induced by p. The map y is 
defined for all y€ p(G@)* by making y(y) the operation of y on p(G@) that 
is induced by C(y). Just as in the case of 8-a, 5-y is a rational repre- 
sentation of p(G@)* in Aut (p(@))*. In addition, B is rational. 

We shall prove that B-a(d) —y-7r(d) for all de D. 


5 
G* > D—> Aut G/K — Aut G'/K° 


p(G)*——> Aut p(G) —> Aut p(G)-. 


For d€ D, we have d=hn, he H, n€ N, r(d) =r(h)r(n) =7(h) 
=p(h)’, by Lemma 3.5. Therefore 8: y-7(d) =8-y(p(h)’) = (8: y(p(h))Y, 
since a rational representation carries the semi-simple part of an endo- 
morphism into the semi-simple part of its image (see Section 2). We observe 
that dh’. For let A be a maximal fully reducible subgroup in H*, and 
let U denote the maximal normal anlaytic subgroup of unipotent elements. 
Then H* and (HN)*=H*N=A(UN) with A(UN) isomorphic 
to the semi-direct product A-(UN) (Remarks 2.1 and 2.3). Since A 
contains all the semi-simple elements of H* (see note following Lemma 3.5), 
it follows that d€ A and also h’€ A. We have d=hn=h’(h’"*hn), where 
h’*hn€ UN. From the unique representation of elements in A- (UN), we 
infer that d=h’. 

Next observe that p is a homomorphism of G, so that by definition of B, 
yp=B-aon G. Also, 8-B=£f-8. Therefore 


(8° y(p(h)))’ = (3: y:p(h))’ = (8° B-a(h))’ = ((B°8)-a(h))’ 


(B- (8-%)(h))’ =B( (8 a(h))’) = B((8- (h’)) 
— B-8-a(h’) =B-8-a(d) =8-B-a(d). 
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Therefore §-y-r(d) =8-B-a(d) for HNN D. Since 8 is a mono. 
morphism, we get y'r(d) =B-a(d) for de HNN D. Since HNO D j 
dense in D, we get y-r=£-«a throughout D. 

Let d,-g, and d.- g, be elements of the semi-direct product D-G. Then 


91) =7(di)p (dz) p (ge) 
= (de) (de) )p (ge) 
=1(d,d:) (dz) (p (91) ) )p(g2) t(d,d2)(B- (p(g:)) ) p(92). 


Now by definition of B, 8-«(d2)(p(9:)) =p(d2"*gid2). Thus 


91) gi) =7(didz) p(d2"gidz) p(g2) 
= = 91) ge)). 


Thus ¢ preserves products and is indeed a homomorphism of the analytic 
group D-G. We have seen that the kernel of ¢ contains the kernel of the 
epimorphism D-G—DG. Therefore ¢ induces a representation 6 of D6, 
and, obviously, @ is an extension of p. 

Next we prove that #(NMDG)=1. By part 5 of Lemma 3.3, 
N 1 DG is connected. Therefore NM DG, being a solvable normal analytic 
subgroup, is in the radical of DG. Hence NC DT. But T=HT"’. Thus 
NO DGC DHT’. LetneNODG. Then n=dhu with D, he H, and 
u€ T’. We have 1=+r(n) =7(d)r(h)r(u) =7(d)p’(h) =7(d)p(h)’. There- 
fore 

$(n) =$(d)p(h)p(u) =7(d)p(h)p(u) 
—+(d)p(h)’)*p(h) p(w) = ) p(w). 


Now by hypothesis 1 of Theorem 4.1, p’(w) =1, so that p(w) is unipotent. 
Furthermore, (p(h)’)-1p(h) is unipotent by definition of p(h)’. In addition 
(p(h)’*)p(h) and p(h) are contained in the algebraic group hull J of the 
solvable analytic group p(T’). Since J is solvable and algebraically connected. 
it follows from Lie’s theorem on simultaneous triangularizing of solvable 
linear Lie algebras that the product of unipotent endomorphisms in J is un 
potent. Therefore 6(n) = (p(h)’*p(h) )p(u) is unipotent for all ne NO D6. 
It follows that @ is unipotent on N M DG (Section 2 of ERI). Since NN Do 
is normal in DG, @’ is trivial on NM DG (see Section 2 of ERI). 

In order to complete the proof of Lemma 4.1, we need only mention 
that F should be selected as DG. 


5. Completion of proof.” We proceed under the assumptions 0 
Theorem 4.1. Our first step is to replace L by L/P and to replace p by 
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the induced representation of GP/P whose existence is assured by hypothesis 
3 After this substitution is made, hypothesis 3 is satisfied trivially. Indeed, 
the group Z is then separated by its finite dimensional representations and, 


therefore, has a faithful finite dimensional representation (Remark 2.5). 
Consequently, we lose no generality when we assume, in addition to the hypo- 
theses of Theorem 4.1, that Z is an analytic linear group. We can then 
apply Lemma 4.1, and assume that the representation p has been extended 
to an analytic subgroup F of L, such that GC FC G*, FN =(GN)F#, and 
F contains a maximal compact subgroup of (GN )4. We denote the extended 
representation by p also. 

We assert that there is a normal series F) =F C F, C:--C F,=(GN)4 
with F; a closed normal analytic subgroup in F;,,, and F;,,/F; isomorphic to 
a 1-dimensional vector group (t—1,---:,r—1). For the commutator 
subgroup of G* coincides with the commutator subgroup of @ (see [2], p. 173, 
Th. 13, for the Lie algebra formulation). Therefore A = (G* 1M (GN)#),/F 
isabelian. Since F contains a maximal compact subgroup of (G@*N (GN)4),, 
the quotient space A is simply connected (see Remark 2.6). A composition 
series of analytic subgroups for A induces a normal series of analytic sub- 
groups =F CF (GN)4), with each F;,,/F; a one 
dimensional vector group. We next observe that (G*M (GN)#), is a closed 
normal connected subgroup of (GN )#” and the factor group is 


PN/(G* FN), =N/(NN (G*N FN),), 


which is solvable. Inasmuch as (G*M FN), contains a maximal compact 
subgroup of FN, the quotient space is simply connected (Remark 2.6). A 
composition series of analytic subgroups for FN/(G* M FN), induces a normal 
series of analytic subgroups FP; = (G* N (GN)*), C C F, = (GN), 
and clearly F;,,/F; is a one dimensional vector group (t=s,s-+1,---,r—1). 

Next, we select in each F;,, a one parameter subgroup P; satisfying 
a) P; is not entirely in and b) P; C Fir NN if (Pi . 
Condition a) implies that Since PiFi/Fi = Fin/F; is 
simply connected, P; M F; consists of the identity alone. Therefore the epi- 
morphism of the semi-direct product P;-F; onto P;F; is an isomorphism. 
We assert that NO For 
V/(N F;) = NF;,/F;=FN/F,, and the latter is simply connected since 
F; conatins a maximal compact subgroup of FN. Hence N= (Fi 
Vn P;=(1) or P;, and NN Fi. = (NO Pi)(NO Fix) by Condition b), 
*+,r—1. It follows immediately that 


(NNP.)(NOF). 
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Our next step is to apply Remark 2.8 of Sec. 2, in turn, to the semi. 
direct products Po- Fo, and thus to extend the repre- 
sentation p from to The construction of 
the extension provides a representation of (GN) unipotent on N (Remark 
2.8). 


LemMA 5.1. Under the hypotheses of Lemma 4.1, there is a normal 
series of closed analytic subgroups and 
a closed analytic subgroup Qi C Li such that Li = and either L, 
contains only the identity element or Q; 1s compact (t=0,- - -,j—1). 


Proof. Let R denote the radical of Z and let S be a maximal semi-simple 
analytic subgroup of ZL. Then 8 # is a discrete normal subgroup of S and 


is therefore central. Since the center of a semi-simple analytic linear group 


is finite, SO R is finite. Therefore the epimorphism s-r— sr of the semi- 


direct product S-F is a finite covering map. It follows easily from this 


that an analytic subgroup J of ZL which contains FR is closed in L if and 


only if the connected component (J 8), is closed. Now (L,RMS8), isa 


normal analytic subgroup of S and is therefore semi-simple. But a semi- 


simple analytic linear group is closed in the full linear group. Hence 
(Z,.R C8), is closed and LF is closed in the analytic group L. 

The factor group L,R/L, is a solvable analytic group and therefore has 
a normal series of closed analytic subgroups whose successive quotients are 


one-dimensional analytic groups. This normal series provides a normal series 
of analytic subgroups with a one- 
dimensional analytic group In case is simply 
connected, we select Q; to be any one parameter group in Jj,, that is not 
entirely in L;. Then = Qili, L; is discrete in the analytic group 4, 
and Q:/(QiN Li) = is simply connected. It follows that Lj is 
connected as well as discrete, and therefore it consists only of the identity. 


Therefore the epimorphism 2: y— zy of the semi-direct product onto 


each such Z;,, is an isomorphism and Q; is closed in Lj,,. In the other case 
that Lj,,/L; is not simply connected, it is compact. Selecting Q; to be a 
maximal compact subgroup of we obtain = (Remark 2.8). 
Consider finally the factor group L/L,.R=SR/L,R=S/(S 1 Loh). 
The Lie algebra of (SM L,R), is an ideal of the Lie algebra S° of S. Since 
S° is a semi-simple Lie algebra, it contains an ideal Q° complementary 10 
the Lie algebra of (L,.RAS),. Let Q be the analytic subgroup with Lie 
algcbra Q°. Then Q is a semi-simple analytic group and is therefore closed. 
Furthermore, (QQ LR S),= (Q1(LoRN8),)1 has only zero in its Lie 
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| aleebra so that QN L.R=QNL,RMS is a discrete normal subgroup of Q. 
Hence it is central in Q and finite. Take Q;=Q and L;—L. The proof of 


Lemma 5.1 is now complete. 
We now conclude the proof of Theorem 4.1. The representation has 
already been extended to GN=Ly,. Since N C GN, the hypothesis on p 


‘made in Remark 2.8 is trivially satisfied. Since either Q; is compact or 


0,0 L; contains only the identity, the hypothesis on Q is satisfied. Thus 
» can be extended in j steps from Ly to L; via Ly, The proof 
of Theorem 4.1 is now complete. 
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SATAKE’S COMPACTIFICATION OF V,z.* 


By Watter L. Batty, JR. 


In a recent paper [13], Satake has obtained a compactification of the 
quotient space V, = H,/M,, where H, is the generalized upper half-plane of 
degree n, i.e., the space of symmetric matrices Z—=2X-+1Y, where Y js 


positive definite, and M/, the generalized modular group. This compactifica- 
tion V,* is the union V, U V,_;U~- - -U Vy supplied with a certain topology 
and analytic structure, concerning which Satake states that it should not be 
hard to prove that, with this analytic structure, V,* is a general analytic 
space [13]. It is the purpose of this paper to prove that this is indeed 
the case and that, moreover, V,* is isomorphic, as a general analytic space, 
to a normal projective variety. One of the consequences of our result will 
be that if f is a meromorphic function in H, invariant under M, and if n=? 
then f is the quotient of automorphic forms. 

In what follows, we refer to the notation of [13]. It is trivial that V,* 
is a general enaiynne space, and classical that V,* is such. If xr€ V,*, we 
say that V,_,* has a local basis in V,* at x if there exists a finite number 
of analytic functions (for the given analytic structure) f,,---,f, on a 
neighborhood U of in V,* such that V(f,,° +, f¢) AU= where 
is the variety of zeros of -,fq3 *>fq is called a 
local basis for V,_,* at 2. We shall first show that if V,_,* has a local basis 
at each x€ V,*, and if V,.* is a general analytic space, then V,* is a 
general analytic space. 

In what follows, if F is a family or collection of functions defined on 
some set D, we let V(F) denote the set of common zeros in D of the 
elements of F. If the elements of F are analytic functions, V(f’) is an 
analytic variety. 

To begin with, it is well known that if M,, is the subgroup of J, 
leaving fixed r€ H,, then l.c.m. iat! (ord M,,) is a finite positive integer, 
which we denote by qn. Secondly, H, is pseudo-conformally equivalent to a 
bounded domain D, in C™™*/2, and since the automorphic forms of weight 
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' mon H, with respect to M, can be identified with the automorphic forms 
Fon D, of a certain weight, we can apply the results of [15], exposé I, on 
automorphic forms on a bounded domain to obtain immediately 


Lemma I. There exists a positive integer m, such that the following 
holds: Let t1,- ° *,%-€ Hy correspond to r distinct points of Hn/Mn under 
the canonical mapping ¢n of Hy onto H,/My. Let a be a given positive 
integer. Then for all sufficiently large positive multiples m of my, there 
- erists an automorphic form of weight m on Hy having prescribed power 
series developments up to and including the terms of degree a at each of 


the points 24,° * *, 2p. 


It is clear that we may assume 2=m,|m,|m.|---. It is known 
(Satz 1 of [6]) that for n> 1, every automorphic form is bounded on the 
fundamental domain /’,, i.e., integral. Moreover, if &,” is the homomorphism 
defined on p. 278 of [13], and if 9%,(m) and %,(m) are, respectively, the 
modules of integral automorphic forms of weight m on V,* and V,*, then 
for sufficiently large m, ®,": Mn(m)—> M,(m) is onto by Satz 4 of [8]. 
For all sufficiently large multiples m of mz, V(%M,(m)) is empty; this is 
trivial for Vo*, classical for V,*, and follows for general n by use of an 
obvious induction using Lemma I and the fact that ®,_," is onto. In the 
future we will always assume m, has been chosen such that V(%Mn(mn)) 
is empty. 


Lemma II. Let c€ V,*. Then there exists a neighborhood U of x in 
V,* such that if x,,22€ VnxNU, there exists a holomorphic function f on 
U such that f(x.) ~f(x2). f may be chosen as a quotient of modular forms. 


Proof. Let d€ be such that d(x) ~0. Then let U be a 
neighborhood of such that d40 on U. Let UN Vn. By Lemna I 
there exists an automorphic form g€ M,(m), m,|m, such that g(r.) =—0, 
g(t2) =1. Let f=g/(d"/™). It is clear that f(z,) =0Af(z2) and that 
f is holomorphic (in the given analytic structure) on U. 


We shall eventually prove by induction that if V,,_.* is a general analytic 
space, then V,* is one. Suppose, then, that V,_.* is a general analytic space, 
let r€ V,_,*, and suppose f to be holomorphic on V,_,* in a neighborhood 
\l* of 2 We extend f to a holomorphic function on a small neighborhood 
of r on V,* as follows: If Z€ Fy, let Z; be the matrix composed of the 
first n—1 rows and n—1 columns of Z; then Z,€ Fy, and we define 
'(Z)=f(Z,). It is easy to see from Lemma 2’ of [13] that f is a holo- 
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morphic function (in the analytic structure prescribed in [13]) in a small 
neighborhood of z on V,*. Since V,.* is supposed to be a general analytic 
space, there exist holomorphic functions in a neighborhood 
of x on V,_,* such that and these functions can be 
extended, as above, to holomorphic functions fg,1,- - -,fp on a small neighbor. 
hood U, of on V,* such that fp) 

3y definition, a general analytic space is a pair (V,%), where V is q 
Hausdorff space and 9% a distinguished subsheaf of the sheaf of germs of 
continuous, complex-valued functions on V subject to the following condition: 
If x€ V, there exists a neighborhood WU of z on V, an analytic subvariety WV 
of some open domain in C” (m depending on z and U), and a homeomorphism 
h of U onto W such that the sheaf, on U, of germs of continuous functions 
of the form f oh, where f is a germ of an analytic function in a neighborhood 
of some y€ W, precisely coincides with Mf. (V,%) is said to be normal if 
each W is analytically normal at each point. In general, given a Hausdorff 
space V and a distinguished subsheaf & of the sheaf of germs of continuous 
complex-valued functions on V, it may be of interest to decide whether (V, {f) 
(or more loosely speaking, V, when %f is understood) is a general analytic 
space; at any rate, the cross-sections of % over any open set are to be 
identified with certain continuous functions, called %{-functions, and if V’ 
is a subset of V, V’ is called an %-variety if for any z€ V, there exists a 
nxeighborhood UW of 2 and a finite number of Y-functions on ll 
such that V(fi,- -,f¢) =V’, in other words, f1,- - are a local basis 
for V’ at x. (The terms %{-function and %{-variety are from an unpublished 
manuscript of H. Grauert and R. Remmert entitled “Bilder und Urbilder 
analytischer Garben.”) Using this terminology, we have 


THEOREM 1. Let V be a Hausdorff space supplied with a distinguished 
subsheaf M% of the sheaf of germs of continuous functions. Let V’ be an 
M-variety on V and let V’ be supplied with a distinguished subsheaf \I 
of the sheaf of germs of continuous functions on V’. Suppose that 
(V—V’.%|(V—V’)) is a normal general analytic space and that (V’, 1’) 
is a snameit analytic space, respectively of dimensions n and m, m<h. 
Suppose, moreover, that the following conditions are satisfied: 


(1) If V° is the set of regular points of V—V’, each x€ V’ has a 
neighborhood basis {Ug} such that each UaN V° is non-empty and connected. 


(2) If f is a M-function, | V’ is an W’-function. 


(3) If f is continuous and if f|(V—V’) is an M-function, then f 


an “-function. 
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(4) If x¢€V’, there exists a neighborhood WU of x such that (i) 
There exist a finite number of U-functions fa,**+,fp on UW such that 
AV’ =2, and (ii) If there exists 
an U-function f on U such that f(t.) Af (x2). 

Then (V,X) is a normal general analytic space. 


Proof. Let x€ V’, let Us be a neighborhood of 2 satisfying 4(i) and 
4(ii). We may assume chosen so that there are %M-functions -, fa 
fon such that V(fi,- = V’; let satisfy 4(i), and let 
--,f, be arbitrary %-functions on Let f:U;—C* be defined by 
i(y) = fe(y)). We assume in what follows that all neighbor- 
hoods lly, U5, ete., are such that 1; is open and 1,9 V, is connected, 

THEOREM 1 is proved by means of two lemmas. 


f 


Lemma III. There exists a neighborhood UU, of x and an integer B=O0 
such that 

(1) f(Q,) is an irreducible analytic variety at f(x). 

(2) 

(3) f(V’NU,) is a subvariety of f(U,), and there exists a proper 
subvariety 3 of —f(V’ NU) such that if y€ NW) — 4, 


i*(y) consists of exactly B points, and f is biregular at each y’€ f(y). 


Proof. In what follows we use a superscript c to denote “closure of.” 
First of all, NUs=V’NUs and V(fi,- fp) NUs 
Let ll; be a neighborhood of x such that 11;° C U3. Then there exist neighbor- 
hoods 1, and 11, of x, and a neighborhood N, of f(a) such that (a) U;° C Us, 
C U5, and (b) C These facts follow easily from the 
fact that f4(f(2)) A Us—-2 and from the continuity of f. Moreover, let 
{\l,(8)} be a basis of neighborhoods of the set V’ WU closed in 13. Then 
for each 8, f(11;°—11,(8)) is a compact set not meeting f(V’N U;°) since 
AUs—=V’N Us. Therefore, 


dist (f (45° — U3 (8), N Us°)) =o > 0. 


Moreover, since f is continuous, for any neighborhood N, of f(V’NU;°), 
there exists a 11,(8) such that f(11s(8) N Ni C NN No. 
3y (b), f(1,) is relatively closed in N,. Since V’ is a general analytic 
space, and by the choice of f1,- fs, we may assume) that 11, (and corre- 
‘) Let W be a purely k-dimensional general analytic space and let f: W> C™ be a 
mapping whose coordinates f,,- - -,fm are analytic functions on W. If f-'(«) is discrete 
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spondingly N,) is chosen so small that f(U,NV’) is an_ irreducible 
subvariety ¥ of dimension —dim V’ of Ny. N,—€ is connected. Let 
ae N,—é§. Ifae N,—f(U,), there exists a neighborhood of a not meeting 
fQU,). If ae f(u,)—F, (U;—V’) is a subvariety of 
and there exists a neighborhood U,(8) of V’ not meeting f(a) QU, 
Therefore f-*(a) C Thus f(a) NU, is 
a compact, complex analytic subvariety of U-—V’. Let y:, NU, 
Y2. Then there exists an {-function g on U, such that g(y¥:) 
whereas g, being holomorphic on U,— V’, is constant on each component of 
f*(a)N Us. Therefore f-*(a) is a discrete, finite set of points, a,,- - -,a,. 
Let A,,- Ap be any neighborhoods of a,,- - -,a@) on V—V’. Then there 
exists a neighborhood A of a such that f-+(A) NU, C UA;; for, otherwise, 
we could find DE Un, bAa;, i—1,---,p, such that f(b) =a, which is 
impossible. Therefore, AM f(U,) Cf(A1) U-:+-Uf(Ap). We can choose 
Ai, 1=1,- + -,p, so small that each f(A;) is an analytic variety at a. There- 
fore f(U;) is an analytic variety in a neighborhood of a. Therefore f(1,;) —$ 
is a complex analytic subvariety, evidently of dimension = dim V, of NV, —. 
Therefore, since ¥ is of dimension = dim V’ < dim V, f(U,) is an analytic 
subvariety of N, of dimension = dim V by a result of, Remmert and Stein [7]. 
We see, moreover, reasoning as above, that if J is the (necessarily proper") 
subvariety of U,— V’ on which the matrix (0f,/02;;) has rank < dim JV, then 
f(J) is a subvariety of f(U;) —#. Let S be the set of singular points of 
f(U,) and let S’=(f(U,) —F¥)NS. dims’ < dimf(U,). Therefore 
is a proper subvariety of 1l;—V’. Therefore U,;— V’ —f-1(8’) —ZJ is con- 
nected and everywhere dense, however small U1, may be chosen, and conse- 
quently f(11,;— V’ —f-'(S8’) —/J) is a connected, dense set of regular points. 
Hence f(ll,) is irreducible at f(x). Let a€ (f(U,) —f(J) —S8’) NM, 
f(a) (a) -+,ag. Then for every point a’ near 4, 
f(a’) Us =f(a’) +,a’g. Let be the subset of 
(f(U,) — ¥ —f(J) — 8’) N, such that for a€ A(£), f(a) N OU, 
consists of just B points. The interior of A(8), IntA(Q), is not empty. 
Let bE (f(U,) —F¥—f(J) —8’) (IntA(B))% Let 
=f1(b)M Since b¢f(J), there exist neighborhoods B,,- - -,B, of 


for each x € f(W), we say f is a light analytic map; in this case, it follows immediately 
from Theorems 5 and 6, exposé XIV of [14], that for each w* € W, there exists a 
neighborhood 1 of #* such that f(l1) is an analytic variety of pure dimension Kk at 
f(w*). Moreover, if f is light analytic and if W° is the set of regular points of W, 
it is easy to show by a simple dimension argument that the subset J of W°®, on which 
the Jacobian matrix of the mapping f has rank <k, is a proper subvariety of 1". 
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|b. °;0% Which are pair-wise disjoint and such that f is one-to-one on 
F each B; Since, moreover, b¢ 8’, f(Bi) contains a neighborhood of b on 
Finally, b€ (IntA(B))*% Therefore k=. Suppose 

Let f(a) =a,,- --,ag. Then for some 1, there 


exists a subsequence of a;%) having for limit @€ Ue, and, 
by continuity, 6, which is impossible. Therefore Hence 
(IntA(B))° is open in the connected set (f(U;) —¥ —f(J) —S8’) N My. 
Therefore A(B) = (f(U,) —F¥ —f(J) —8’) NN. We let d=f(J) US’. 
This completes the proof of Lemma IIT. 


LemMA IV. For suttable choice of fe (8 sufficiently large), 
8 (of Lemma III) —1. 


Proof. Suppose * fs are such that B is minimal. Let f(U;) 
— J —f(J) —S, and suppose that U,N +98, B>1, Yo 
Let g be an Y-function on U3 such that g(yi) ~g(y2). If 
—f(J) —S, let =&,-° let be a neighborhood of £ and N; 
a neighborhood of ¢;,i—1,: - +, 8, such that f is a biregular mapping of TN; 
onto MN. Let ge be defined on N by ge(é) =g((f |Mi)7*(é)) for EEN. 
Let 1(N) = {€] €€ N, ga(é) =" -—gee(E)}. I(N) is the subset of N 
consisting of those €€ 7 such that g has the same value at each point of 
f1(é), and is a subvariety of Therefore if {MN} is a covering 
of f(U,) — #¥ —f(J) —S by neighborhoods of the above type, J = U I(N™) 


is a subvariety of f(U,) —#¥—f(J)—S. It is a proper subvariety since 
y¢I. Therefore f-*(/) =I* is a proper subvariety of U,— V’ —J —f*(8), 
and the latter is an everywhere dense open subset of U;. Define f’:U,— C* 
bv f(y) = *>fs(y),9(y)). By Lemma III, there exists a neigh- 
borhood UW’, of x such that f’(1’,) is an irreducible variety at f’(z) and such 
that f’(U’;) is an irreducible variety at f(x) and such that if belongs to 
an everywhere dense open subset of f’(U’,), then and 
by assumption, 6, =. On the other hand, if é belongs to the everywhere 
dense open subset f’ (11, — V’—J —f1(S) —I*), f’-1(€) consists of at most 
8—1 points, which is a contradiction. This establishes the lemma. (Note 


that since f’-! of any point is discrete, 


dim f’(7*) = dim I* < dim V = dim f’ (1’,).) 

Tt is easy to see that at this point, having proved Lemma III, we could apply 
Theorem 3 of [4] to obtain immediately that V is a normal general analytic space. 
However, we give here, for the sake of completeness, a relatively simple, elementary 
proof, independent of [4]. 
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Now let fs be chosen such that B (of Lemma III) —1. Le 
f(U,) A N,=W and let W* be the canonical normal model of W. We 
define a mapping f* of f7(V) NU, into W*. Let b€ W and let f(5) 
=b,,---,b,. By Lemma III, there exists a neighborhood B; of }, 
t1=1,---,y, such that B; C U, and such that f(B;) defines an irreducible 
germ of a variety f(B;), at b. Since f is one-to-one on an everywhere dense 
subset of U;, 154) implies that f(B;) and f(B;) define distinct irreducible 
germs at b. The points of W* are pairs consisting of a point of W together 
with an irreducible branch of W at that point. We define f*(b;) to be 
(b,f(Bi)»). It is clear that f* is one-to-one and continuous. If p is the 
canonical mapping of W* onto W, p is continuous and pf*=f. If K isa 
compact subset of W*, f*#-1(K)=—f"p(K). Since f is proper, it follows 
that f* is, and therefore f* is a homeomorphism. Let @ be the subvariety 
of W defined by: @={x|xe€W, W not normal at z or xé€f(V’)}. 
dim @ < dim W, and since p conserves dimensions, p-!(@) is a proper sub- 
variety of W*. If g is an Y-function on an open subset of 
g is continuous on f* (11), and holomorphic outside @*; for if ace V—V’, 
f# is an analytic isomorphism of a neighborhood A of a with the normal 
model of f(A), which is just p*(f(A)). Therefore go f#-? is holomorphic 
on all of f*(11). Conversely, if g’ is holomorphic on an open subset l* of 
W#, g’of# is an M-function on f**(1I*) outside V’ for just the same reason. 
Therefore, by (3) of Theorem 1, g’°f*# is an %-function on all of f*#*(1*). 
Consequently, f* is an analytic isomorphism of f-1(N,) NU, onto W*. Thus 
there is a neighborhood of x analytically isomorphic to a normal general 


analytic space. The proof of Theorem 1 is complete. 


THEOREM 2. If V,.* has a local basis at each point of Vn*, and tf 
Vir* is a general analytic space, then V,* is a normal general analytic 
space. 

Proof. Let V=V,*, V’=V,.*, each supplied with the analytic 
structure descirbed in [13]. V,_.* is an %-variety, since, by hypothesis, Vn.* 
has a local basis at each 2€ V,,*. We know that V,,* — V,_.* = Vn = An/M, 


is a normal general analytic space ([15], exposé XII), Vn.* is a general 


‘) By the canonical normal model of a complex analytic variety W, we mean the 
space of parameters %w as defined in no. 9, exposé XIV of [14], supplied with the 
analytic structure described in no. 10 (loc. cit.). That %w is isomorphic to a general 
analytic space is proved in exposés X and XI of [15], the proof depending on the 
coherence of the sheaf A(E) (exposé X, [15]). The coherence of A(R) was originally 
demonstrated in [10]. 
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analytic space by hypothesis, while dim < 3n(n+1) 
—dimV,, if n>0. (1) is satisfied by virtue of the topology with which 
y,* is supplied (see [13], pp. 266-273), and (2) and (3) are satisfied by 
virtue of the definition of the analytic structure for V,* and by the properties 
of the operator ® described on pp. 278-280 of [13]. (41) is satisfied by 
the remarks following the proof of Lemma II, while (4ii) is satisfied by 
Lemma II itself. This completes the proof. 

It now remains to be proved that V,_,* has a local basis at each x€ V,*. 
It is trivial that V,,* has a local basis at each 2€ V,. We now proceed, by 
a series of lemmas, to show that V,_,* has a local basis in V,* at each 2 € V,_1*. 
Let = and suppose Vp, LSpSn—1. Let 
x be the canonical image in Vp of Z,°€ Fp. Z,° is a p X p matrix, reduced 
in the sense of Siegel, whose imaginary part Y,° is reduced in the sense of 
Minkowski. Let G) be the finite subgroup of Mp leaving Z,° fixed. Let Do 
he the set of p X(nm—p) matrices Z,. such that each of the entries of Yi. 
is less in absolute value than A, where A is a suitable large positive number 
greater than the p-th diagonal element of Y,°, and such that the real part 
of each entry of Z,. is between —Z and + L, L being a suitable large positive 
number 21. Then D, is a bounded and therefore relatively compact subset 
of Ce-p), Tt is clear that if 


Ze 


then Z,2€ Dy. As in [13] we shall omit 'Z,, wherever it is redundant. 


€ F,, where Z, is (n—p)X(n—p), 


If T, is a positive definite (n—p)X(n—p) integral matrix and if 
T,, is a rational multiple of T, ([13], p. 275), we let 
Z12) = «(Z,(T2[ UV i2]) + 12 + 2Z12T 2) ), 


(,. running over all p X(n—p) integral matrices, where now, as in the 
future, e( ) = and ) =e Let be the identity matrix 
(of any dimension). Then if 7, mE, where m is a positive integer, if T1, 
isa rational multiple of mE whose entries are even integers (briefly, an even 
rational multiple of m#), and if the columns of Ty. are -,2tn-p, 
we have 

“© In fact, it is evident from Lemma 1 of [13] that if «¢€V,*, there is a basis of 
neighborhoods {11.2} of # such that each of the sets lz M V, is connected; moreover, it is 
clear from the properties of the operator ® that if f is continuous on If, and analytic 
oi. V,, then f is analytic on 1], by Satake’s definition, as we see from Theorem 3 
of [13]. 
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n-p 
O mB, Z12) — ( II Z12), 
i=1 


where z‘ is the i-th column of Z,. and where € is a non-vanishing exponen. 
tial factor. It is known ([2], pp. 158 ff.) that for sufficiently large m, 
®,,[7:](2*;Z,°) have no common zeros as 7 runs over all integral p-vectors, 
and since *,7-p are independent, Omz,7,.(21°, Z12) have no common zeros 
(in Z,.) as Ty. runs over all even rational multiples of mE#. Fix m subject 
to this condition. Then by continuity we can find a connected, open neighbor. 
hood U, of Z,° in Hp such that: 


(1) WU, is stable under G, and gll,M Uy is empty if g€ Mp—G,. 


(3) have no common zeros as runs over 
all even rational multiples of mZ£. 


(4) WU, is bounded. 


Let Np be NM as defined on p. 270 of [13] with r—p. Then G, is 
naturally identifiable with a subgroup G,’ of Mn, (Go C Mp™ in Satake’s 
notation), © = G,’: Np is a subgroup of M,, and Np is a normal subgroup 
of G,’- Np. It is clear that we may assume of U, by appropriate choice of A 
and L to begin with that 

(5) If Z,€ z—(“ 


Z12' € Do. 


) €F,, g€ Go, and if Z’—gZ, then 


Let W’ =) & Do. By Lemma 2 of [13], there exists a real positive definite, 

symmetric, (n—p)X(n—p) matrix Y,° such that if Y,>Y,°, and if 

where (Z;,Z:.) € W’, then o(Z)€V™(W,K) for some 

ao € ®, where K is a fixed, sufficiently large positive number. Let 


Let 
9m, (Z1, Zi2) = D Ome, 2129) *e (mk ), 


9€ Go’ 


g g 
where if Z then gZ = and where 1 Sk S ord Gy’ 


g 
The legitimacy of this definition,-as well as the fact that 4n,r,,* is bounded 
on W’ follow from (20) of [13]. 
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LemMA V. The functions }z*, k=1,---,r, have no common zero 
j=l 


other than 2, - -==2,==0. 


Proof. This is immediate since 2,,- - -,2, are integral over the poly- 


nomial ring generated by z;*, k=1,-- 
j= 


‘ 
In what follows, let »(r) be the positive minimum of max | }z;*| on 


1Sk=Sr j=1 
the compact set max|z;|—1. Then if a>1, the positive minimum of 
r 
max | > 2;*| on the compact set max |z;|—a@ is 2an(r). 
iSkSr j=1 
The following lemma, while practically trivial in content, serves to point 


up the main idea of our approach in what follows. 


Lemma VI. Let {f,} be a sequence of complex-valued functions on a 
point set D such that >\f, converges absolutely at each point of D, and 
suppose there exists an integer C > 0 and a finite number of subsets D,,---,Da 
of D such that 

A 

(i) 

a=1 

(ii) For each a=1,---,A, there exist indices m,,- --,mp, <<C such 
that Da 18 empty, and if r€ Dg and fim,(x) 40, then 
empty. 

Proof. Let x€D. Then D, for some a—1,:--,A. Suppose 
0. Choose 1, 1 S170, such that | 2 n(C). 


It is clear that |S (fu(r)/fm, (2) )* | = (C) —4n(C) = 4n(C) 40. gq.e.d. 

LemMA VII. There exist a finite number of rX& r unimodular matrices 

U,,,++,U4, such that for any reduced (semi-definite or positive definite) 


rxr matriv Y, there is an integer a, 1SaSA,, such that SpY[U,] 
for all r Xr unimodular U. 


Proof. If U, is any unimodular matrix, the set 
Do, ={¥ | SpY¥[Ua] SSpY[UV}], all unimodular U} 


is evidently closed (and convex). Hence it suffices to prove the lemma for 
reduced Y>0O. We recall ([16], p. 629 and pp. 642-643) the following 


en- 
m, 
rs, 
TOS 
ject 
ver 
is 
0s 
up 
A 
te, 
if 


358 WALTER L. BAILY, JR. 


facts which hold for any reduced r X r matrix Y and any semidefinite ry; 
matrix 7: 

(1) Sp(¥YT) =Sp(TY) being a positive number 
depending only on r, and ti, yi being respectively the diagonal elements of 

(2) SpY¥ 

] ] 

(3) Ya S Yurin, | Yij | = Uji | = Yu. 

If U, is any unimodular matrix, denote by U,“ the kX r submatrix of U, 
consisting of the last & rows of Uy. We say that U, is minimizing for Y if 
Y¢€Dry,. It is clear that there exist minimizing U, for any positive seni- 
definite Y. Let ZL, be the assertion that there exist at most finitely many 
U, such that U, is minimizing for some positive definite reduced Y. We 
shall prove 

(a) Jy. 


(b) Ly implies Ly,. 
Since LZ, implies Lemma VII, this will complete the proof. 
Proof of (a). If U = (uj), it is clear from (1) that 


SpY[U] ZA(r) Wy?) ZA(1) Yer Ur 7?. 
j j 


Since by (2), Sp¥ Sry,,, it follows that U can be minimizing for Y only 
if A(r) Su, =r, from which L, follows. 
j 


Proof of (b). Suppose L; to be true but L;,, false. Then there exists 
a sequence of r Xr unimodular matrices {U,} and a sequence { 


reduced Y, > 0 such that U, is minimizing for Y, and such that }}(w,-;,;")° 
j 
— +o, where (',= (uj). Since there are only a finite number of pos: 


bilities for Uz, we may assume U7,“ to be the same for each U,. Let U* 

be an integral (r—k)X r matrix such that U, = 7. )'§ unimodular. We 

let U,* denote the (r—sk) xX r matrix composed of the first r—k rows of U;. 


being k Xk. Then 


(yij*), and write 


Sp Ua] = Sp 2Sp + Sp 
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Using (1), (3), and the fact that U,™ is fixed, we easily obtain 


c>0 being a constant independent of a. On the other hand, using (3), 
it is clear that 
Sp S + Sp 


('>0 being a constant independent of a. Since U, is minimizing for Yq, 


we must therefore have 


2, 
j 


and since > 0, we must have > 0; but then the above equation 


is in evident contradiction to +0. Hence (b) and therefore 
j 
Lemma VII is proved. 


LemMA VIII. There is a finite set S{n) of unimodular matrices, a 
positive definite matrix Yo, and a positive constant m such that if Y ws any 
nXn matriz, Y >kY, (k 21), then there exists Ug, LSaSAy, 
such that Sp(¥[U]—Y[Uq]—mk'UU) > 0, for any unimodular U ¢€ 8. 


Proof. By the reduction theory of Minkowski [9], pp. 68-70, the reduced 
forms constitute a convex cone with vertex at the origin, bounded by a finite 
number of plane faces, and therefore having a finite number of 1-dimensional 
edges which span the interior of the cone. Thus there exist a finite number 
of reduced, nm X n matrices Y,,- + -,¥, such that if Y is a reduced nn 

8 
matrix, Y can be written in the (not generally unique) form Y = Sai, 

au=0. Let - be positive definite and Yp,:,- -, be semi-definite, 
but not positive definite. Let Y’= SJ aj¥;. Then Y’ is reduced. Choose 

i>p 

(,.1SaS4,, such that U, is minimizing for Y’. Then Sp(Y’[U] — Y’[Uq]) 
=0( for all unimodular U. It is evident that there is a finite set S of nn 
matrices such that if U is unimodular, U ¢ 8, then 

Sp(¥i[U] —Yi[U.]) > «- Sp(tUU), i=1, 


zbheing a fixed positive number. Let Y be a positive reduced matrix, Y > cH, 


c>0. Then Y 1’, a,20, Y’ 20, Y’ not positive definite. Let 
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5 be the biggest diagonal entry of any Y;, 1=1,---,p. Since Y>cfk 
we have ay > c/péd for some 7, 1S’ =p. Then if U¢S8, 


Sp{Y[U]—Y[U,]} — a Sp{¥i[U] —Yi[Ua]} + Sp{¥’[U] —Y’[U,] 


p p 
= Sp{¥i[U] —Vi[UVa]} 2 Sp(*uv) 
= (ac/ps)Sp(*UU). So we can take m =a/p3, c=k. 


q.e.d. 


Let « be the minimum for (Z,, Z;2) € clos(Uo X Do) and 
of the quantity 


maxy,7,. | Om,7,s"(Z1, Z12U a) |, 


where k =1,- - -, ord Gy’, and where 7’,, runs over all even rational multiples 
of mZ. «>0 by Lemma V applied to 


for each a. Let 
tat (Z) = Zr2U 2) (mkU 222) 
Uz 


and 
(Z) = Om, (Z1, 2) 222), 
Us 


where U, runs over all non-associate, unimodular (n —p)X(n—p) matrices, 
and 1</<C, C being the number of elements in the set S(n—p) of 
Lema VIII. In legitimatizing the above constructions, we let G,» be the 
subgroup of Np such that U,.—S,.=—0, and G2, the subgroup of Np such 
that U,— FH, and then note that G, is a normal subgroup of G,’- Np, Gy. 1s 
stable under the inner automorphisms of G,’- Np» induced by elements of (i,’. 
and, as previously stated, Np is a normal subgroup of Go’: Np; then each 
®»,7,.*' is defined in the form 
o€GymodS, g€ G’ 

where f is invariant under G2, and o€ G,.mod 8, means that for each coset 
of the subgroup of G,,. for which 8S, = S,.—0, and U = E, we choose a coset 
representative o; from this, it is evident that ® is invariant under G,'-\. 
That the above series converge uniformly for Y,>>0 follows easily from 
Lemma VIII and the fact that 11, *& D, is a bounded set. 


Denote by Dy,’ the subset of F,-» consisting of those Z,—=X, +1): 


J 
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such that the conclusions of Lemma VIII are satisfied for Y. by the 
(n—p)X(n—p) unimodular matrix U,. Then if Y.°>>0, we see that 


the series 


(Zs; 2) 'e(klm (Z2[U2] —Zo[Ua])) 
UstS 


converges uniformly for ZEU(Y2°), Z.€ Dy,’. Denote this series by 
Snr. Then choose Y,° such that 


Sn, "4 (Z)| < min ($n(C)x°, 4n(C) ) 


for fixed large m and all k, 1, a, and T,,. an even rational multiple of mL, 
provided Z € U(Y.°) and Z,€ Dy,’. Since ®,»,7,,*' are invariant under Gy’Np 
and approach 0 as Z—> V,,_,*, they induce holomorphic functions “ Q7,,,; on 
aneighborhood U of x, and it is clear that V»a.*N UC V({Qr,,x1}), where we 
may assume NF, CU(Y.°). We now show that V({Q7r,,x1}) 
Wis empty. For this, it suffices to show that V({®m,7,.*'}) A U(Y,2°) 
isempty for some given fixed m. Let Z€U(Y.°), assume Z,€ Dy,’, and let 
Ty. be such that | a) | =«. Then 
| Sm (Z) /Om, (Z1, Z12U * | S min ($n(C)«o!, S 4y(C). 

Therefore, by LemMA VI, V({®m,7,.*'}) AU(Y.°) is empty, and therefore 
Thus, has a local basis at x, and we 


have therefore established 
THEOREM 3. V,_,* has a local basis at each reé€ V,*. 


Combining this with Theorem 2 and the fact that V,* and V,* are 


general analytic spaces we obtain by an obvious induction 
THEOREM 4. V,,* is a general analytic space. 
We shall now obtain 


THEOREM 5. The general analytic space V,* is isomorphic, analytically, 
fo a (analytically) normal projective variety. 


Proof. Let m, be as in Lemma I, let p>0O be such that m, | p, and 
let $1,° - *, scp) be a basis of the automorphic forms of weight p on V,*. 
We define a mapping ¢”: V,* — OCP*®), where CP? is the s-dimensional complex 
projective space, by $?(r) = ($1(2),° (%)), which is well defined since 
91° ° *,Ps(p) are simply cross-sections of the analytic sheaf of germs of 
automorphic forms of weight p on V,*, and by Lemma I 9,- - -,%(p) have 
ho common zeros on V,*. Let 6): Vn*¥ CP8® & CP*) be defined by 
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X Let A, be the diagonal of CP*® & CP*®) and let D, = 
D, is a subvariety of V,* XV,*. If pi, po,--- is a strictly increasing 
sequence of positive integers such that m,|p,|pe|---, it is clear that 
Dy, > Dp, so that for sufficiently large p,—N, we have 
=:--. Let D be the diagonal of V,* X V,*. It is evident by Lemma [I 
that (Vn X Vn) = DN (Vn X Vn). Hence if (2) NY, 
consists of at most one point. If n—1, it is obvious that (¢¥)-*9(z) 1 V,,,* 
is also discrete. If we assume, by induction, that (~¥ | Vz_.*)-*(y) is discrete 
for each y € CP8), it follows that (¢%)-1(y) is discrete (i.e., 0-dimensional 
or empty) for all y€ CP*™), Therefore, by a well-established property of 
analytic mappings,” we see that if e€ V,* and if U is a small neighborhood 
of x, then (11) defines an irreducible“ germ of a variety at (zr), and 
hence ¢\(V,*) =YV is a complex analytic variety in CP*™), Moreover, 
~ is one-to-one on an everywhere dense set of regular points, namely, the 
regular points of V,. Let U* be the (canonical) normal model of Y, 
vt CCP". According to Zariski [17], algebraic normality implies analytic 
normality. Then to each pair consisting of a point y of VY and an irreducible 
branch Y, of VU at y, there corresponds precisely one point of U*. So, just 
as in the proof of THEOREM 1, we see that ¢* can be naturally lifted to an 
analytic isomorphism ¢* of V,* onto Y* such that we have the following 
commutative diagram: 
ot 
Vat > YF 


Vv, 


where ¢—¢, x being the natural map. This completes the proof. 
Now let f be meromorphic on H,, let f be invariant under M,, and let 
n=2. Let r€ H, and let M,z be the finite subgroup of M, leaving 2 fixed. 


Ae 


Then in a small neighborhood U of z, f=h,/h2, where h, and hz are holo- 
morphic in Ul. h, and h, may not be invariant under M,,, but in this case, 
we let h.* be the product of the translates of h. under all elements of Mn: 
except the identity; then if we put g,;=)yhe*, gz—=hehe*, g, and gz are 
invariant under M,,, though not relatively prime at z, and f=g,/g. in 4 
small neighborhood of z. Thus f naturally induces a meromorphic function 
f* on V,C V,*. Since n=2, dim V,*—dimV,,.*—n>1. Therefore, 


by an easy generalization ©) of Levi’s theorem on removable singularities of 


‘) Levi’s theorem on removable singularities of meromorphic functions, as proved 


‘(A,), 
asing 
that 
I] 
NV, 
crete 
onal 
y of 
hood 


SATAKE’S COMPACTIFICATION. 363 


meromorphic functions [5], f* is meromorphic on all of V,* and hence on U*. 
Since the correspondence z is birational, this means [1] that f* is a rational 
function of the coordinates in Y. From this, it follows that f is a quotient 


of homogeneous polynomials in Pscy)- We have therefore, 


TuEoREM 5. If f is a meromorphic function in H, invariant under Mp, 
t is the quotient of two automorphic forms of like weight (though not, in 


general, everywhere relatively prime), provided n= 2. 


It would be of interest to learn something of the Betti numbers, etc. 
of the space V,,*, but nothing of this nature is known to the author. It 
would also be of interest to know the relationship between V.* and V. (see 
[12]). It seems quite clear that V.* and V» are birationally equivalent to 
each other and, by a result of Lapin [7], and others to CP*. It is possible 
that V. is obtained from V.* by a monoidal transformation along the irre- 
ducible subvariety V,*, but the author has no proof. 

It will be shown in a later paper that if M* is any subgroup of M, of 
finite index (e.g., one of its congruence subgroups), Satake’s methods yield 
a compactification V* of the quotient space H,/M* such that there is a 
natural analytic map v: V*—> V,* having the following properties: 


(1) vis a proper map and if r¢€ V,*, v1() is a finite set. 

(2) There is a subvariety A of V,* of codimension = 1 such that r is 
a locally topological map of V#—v1(A) onto V,*—A. 

(3) and a’ €11(z), has a basis of neighborhoods {U,} such 


that U,M (V#—17(A)) is non-empty and connected. 


Then combining this with the results we have already obtained, or, 
alternatively, using THEOREM 3 of this paper in conjunction with Theorem 3 
of [4] and the remark following Theorem 1 of [3] we shall see that V* is 
(analytically isomorphic to) a normal projective variety. We shall also 


obtain the analog of Theorem 5. 


THE MASSACHUSETTS INSTITUTE OF TECHNOLOGY, 
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in [5], applies only to meromorphic functions in an open domain of C". However, it is 
not hard to prove that if f is a meromorphic function on a normal general analytic 
space V of pure dimension n except possibly on an imbedded subvariety of (complex) 
dimension < n — 2, then f is meromorphic on all of V. We omit the proof here. 
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EIGENFUNCTION EXPANSIONS FOR NON-SYMMETRIC 
PARTIAL DIFFERENTIAL OPERATORS, I.* 


By E. Browper. 


Introduction. Let Z and B be two differential operators defined on a 
' domain G of Euclidean n-space E™ (n=1). By an eigenfunction expan- 
sion for L with respect to B on G is meant, roughly speaking, a sequence of 
measures {m;} on the complex plane and a sequence of functions {u;(z,¢)} 
defined for z in G and ¢ complex, such that: 


(a) (L—€B)u;(x,f) =0, 

(b) For a suitably smooth function v in a restricted class, U;(v) (€) 
-{ (Bv) (x)u;(x,£)dzx is defined except on a set of m,-measure zero and 

G 


lies in L?(m;) while v) sf | U;(v) (€) |? dm;(£), 
j 


The general theory of eignefunction expansions for singular self-adjoint 
ordinary differential operators was initiated by Weyl in 1910 with his treat- 
ment of the second-order case, and has been intensively developed since that 
time. Two simplifying circumstances are present in the case of ordinary 
differential operators as contrasted with partial differential operators proper 
(n=2). The first and most important is that the family of solutions of a 
linear ordinary differential equation is of finite linear dimension, so that 
many questions about it can be reduced to problems in finite-dimensional 
linear algebra. Second, from the point of view of the theory of partial 
differential operators, an ordinary differential equation is both elliptic, so 
that all its solutions are smooth functions, and hyperbolic, so that the Cauchy 
problem has a stable solution. It is not surprising, therefore, that it has 
been possible to obtain eigenfunction expansions for general classes of 


* Received October 31, 1957; revised January 15, 1958. 
? An inclusive account of the theory for ordinary differential operators is given by 
Coddington and Levinson [12]. 
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ordinary differential operators by the methods of classical analysis, while jy 
the case of partial differential operators proper, it has been necessary to have 
recourse to the tools furnished by functional analysis. 

Except for the work of Carleman in 1934 on the Schroedinger equation 
[10], the development of the theory of eigenfunction expansions for partial 
differential operators has taken place only in recent years. In 1953, using 
an argument already set forth in general terms by Mautner [22] and based 
upon the Von Neumann-Stone spectral theory for unbounded self-adjoint 
operators, Garding ([14], [15]) and the writer [7] independently proved 
the existence of an eigenfunction expansion corresponding to each self-adjoint 
realization of a formally self-adjoint elliptic partial differential operator. 
For differential operators with constant coefficients, an extension to hypo- 
elliptic operators was given in 1955 by Hormander [20]. In 1955, Gelfand 
and Kostyucenko announced in [17] the existence of an eigenfunction 
expansion for each self-adjoint realization of a formally self-adjoint partial 
differential operator without any requirement of ellipticity. Basing their 
proof upon a Banach space differentiation theorem due to Gelfand [16], 
they obtained eigenfunctions which were in the general case distributions of 
some prescribed order. Using the same differentiation theorem in Hilbert 
space (where it was first proved by G. Birkhoff [4]), the present writer in 
[8] extended their result to obtain eigenfunction expansions for formally 
self-adjoint partial differential operators of arbitrary type without any 
assumption on the existence of self-adjoint realizations.* 

In the present paper, we establish more generally an eigenfunction 
expansion theorem for any subnormal realization A of a partial differential 
operator L in L?(G). The class of (possibly unbounded) subnormal operators 
which includes all symmetric operators is defined by one of the two equivalent 
conditions: A is subnormal if it can be extended to a normal operator in a 
larger Hilbert space, or if it can be written in the form A= f fdF'(f), 
where F' is a positive operator-valued measure on the Borel sets of the 
complex plane with || Aw ||? = ¢|?d[Fw,u]. The proof for subnormal 
operators is based upon the Birkhoff-Gelfand differentiation theorem, and the 
eigenfunctions obtained are distribution solutions of the equation (L—f)u 


*See also the paper of Povsner [26] on the Schroedinger equation where related 
methods are applied. Another proof for self-adjoint realizations of elliptic operators 
was later given by Bade and Schwartz [2]. 

* The proof of the result announced in [17] was published by Gelfand and Silov 
[18]. Another proof has been given.by Berezanski [3]. At the same time as the 
writer’s paper [8], results in the symmetric case for ordinary differential operators were 
obtained by Coddington [11]. 
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—(), In particular, by applying results on the smoothness of solutions of 
hypoelliptic equations, one obtains for such operators eigenfunction expan- 
sions in the classical sense. 

If B is a positive partial differential operator on G, we also obtain a 
nroot of an expansion theorem in solutions of (1.— ¢B)w=0 under the 
assumption that Z has a subnormal realization in a Hilbert space Hx defined 
by the operator B. In this case (as in a corresponding argument indicated 
ior self-adjoint operators on H" by Gelfand and Kostyucenko [17], [18]), 
the eigenfunctions obtained are no longer distributions in general, but, rather, 
linear functionals of a more general type, and it becomes impossible to rely 
upon results on the smoothness of distribution solutions of hypoelliptic 
equations. We shall treat this difficulty in the following paper of the present 
series. 

Section 1 discusses subnormal operators, their generalized spectral resolu- 
tions, and various operator-theoretical results applied in the subsequent 
discussion. In Section 2, the Hilbert spaces which we shall use are defined 
and their properties established. In Section 3, the proof is given of the 
existence of an eigenfunction expansion corresponding to each generalized 
spectral resolution of a subnormal operator. Section 4 treats of hypoelliptic 


operators. 


Section 1. Let H be a Hilbert space with inner product [u,v], T a 
(possibly unbounded) linear operator with domain Dy, dense in H and range 
Ry in H, T* the adjoint of 7. Since we shall assume that 7 has a closure 
in H, T* is a closed, densely defined linear operator in H. T is said to be 
normal if T77* —T*T, with the usual convention for the multiplication of 
unbounded operators. By the spectral theorem, every normal operator 7’ in 
H has a resolution of the identity {#;}, i.e., a function # from the o-algebra 
2 of Borel sets of C1, the complex plane, to the projections of H such that: 
(1) #(C*) =TJ, the identity operator; for each wu in H, [E(S)u,u] is a 


positive measure on Q; (2) wé€ Dp if and only if f |¢ [?d[Fu,u] <0; 


If u€ Dr, v€ H, [Tu, (3) S2) = E(S,)E (Sz) 
for Si, in 02. 


Definition 1. T is subnormal if there exists a Hilbert space H, con- 
taining H as a closed subspace and a normal operator 7’, in H, such that 


For bounded operators, Definition 1 coincides with that given by Halmos 
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in [19]. Halmos has given a characterization of bounded subnormal operators 
which in the simplified expression given to it by Bram [5] is the following: 
the bounded operator T is subnormal if for every finite family of elements 
,,° *, Of A, 
(1) [Tiny Teu;] = 0. 

In the more general case of unbounded operators, every operator T 
admitting a normal extension in H itself is trivially subnormal. By a 
theorem of Neumark ([1]), every symmetric operator has a self-adjoint 
extension in a larger Hilbert space and therefore is subnormal. 


Remark. We shall call T formally normal if Dp C Dre and || Tu 
= || T*u || for wu in Dr. One might conjecture that every formally normal 
operator T is subnormal. The truth or falsity of this conjecture does not 
seem easy to establish, especially in view of the meagreness of studies as to 
conditions for the extendability of a formally normal operator to a normal 
operator in H itself. (See [21], [24], [25]). If it were true that every 
formally normal operator were subnormal, then it would follow from the 
argument employed in the case of bounded operators that if Rr C Dr and 
(1) holds for every sequence chosen from Dy, then the unbounded operator 


T would be subnormal. 


Definition 2. Let T be a subnormal operator in H, T, a normal 
extension of 7 to a Hilbert space H, containing H as a closed subspace, P 
the projection of H, on H, {E£,} the resolution of the identity of T, in J. 
Then the generalized spectral resolution of T corresponding to T, is the 
function Ff from the o-algebra 2 of Borel subsets of C1 to Z(H) (the set of 
bounded linear operators on H) defined by F(S) = PE(S). 

We note some of the properties of such a generalized spectral resolution: 


(a) F(C') =I; for we H, [F(S)u,u] is a positive measure on 2. 


(b) If we Dr, f |? d[ Fu, Tu 


(c) For Dr, ve H, [Tu,v] Fu, 
ci 


Lemma 1. Let T be a linear operator in H, F a function from Q to 
L(H) for which (a), (b), and (c) are true. Then T is subnormal and {F;} 
is the generalized spectral resolution of T corresponding to some normal 


extension T, of T. 
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Proof. It follows from (a) that for each S in Q, F(S) is self-adjoint. 
By a theorem of Neumark (cf. [23], p. 28), there exists a Hilbert space H, 
containing H as a closed subspace and a resolution of the identity {£,} in 
H, such that, if P is the projection of H, on H, then PE(S) =F (8) for 
all S in Q. Corersponding to this resolution of the identity, there is a 


normal operator 7, in H, with Dr, = {w| f |¢ |? w] while 
Cc} 


for Dr, ve A, 


[T.w,v]= | 


For u€ H, =[Fwu,u], and (b) implies that Dr is contained 


in Dr. For u€ Dr, v¢ H the chain of equalities 


v] = [Pu, Ev] = [u, Fv] = 


implies that [Tu,v] = f Cd[ Fu, v] =[T.u,v]. Thus 
a 
TCPT, while (b) implies TCT). 


Let T be a subnormal operator in H, {F'} a generalized spectral resolu- 
tion corresponding to 7. Let T, be a normal extension of T in a Hilbert 
space H, with projection P on its closed subspace H,{E,} the spectral 


resolution of 7’; with the property that PH(S)—F(S). If g is an arbitrary 


element of H,, we define H,(g), the cyclic subspace generated by g with 
respect to {#}, to be the subspace of H, spanned by E(S)g with S ranging 


© over the Borel sets of C'. It follows by a familiar argument that if h lies 


in the orthogonal completment of H,(g), so does H,(h), and we may select 
an indexed set {gg:8€ Q} in Hi= @ Ai (gp). 
BeQ 


Lema 2. If H is separable, H, and T, may be chosen so that Q ts 
countable. 
Proof. Let Q’ be any subset of Q, H’= H: (gp), T’ the restric- 
BeQ’ 
tion of T, to H’A D(T,). Then the range of 7’ is contained in H’, T’ is a 
normal operator with dense domain in H’, and if {H’,} is its spectral resolu- 


| tion, E’, is the restriction of FE, to H’. 


Let {h;,} be a dense sequence in the separable Hilbert space H. For 
each k, hy has a non-zero projection on H,(gg) only for 8 in a countable 
set If we set Q’ = Qx, Q’ is countable, and HC =H’. 

BeQ’ 


Further, for B € Q’, the cyclic subspace generated by gg with respect to {£’z} 
isequal to H, (gg) while, if P’ is the projection of H’ on H, F(S) = P’E’(S). 


| 1’ and T’ are the sought extensions. If H,—H, then H’ =H. 
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To conclude the present section, we establish the following lemma which 
is applied in the proof of our main theorem. 


Lemma 3. Let m be a positive finite measure on the o-algebra Q of 
Borel set of C1, h a vector-valued measure on Q with values in a Hilbert 
space H,. Suppose that h is weakly absolutely continuous with respect to m 
and that there exists a constant K such that for any finite pairwise disjoint 


family S; of sets of Q, || h(Sx)|| SK. Then there exists an m-integrable 
k 


function u from C' to H, such that, for SEQ, WE Ho, 


[h(8),¥] 


Proof. To reduce the lemma to the theorem of Birkhoff [4] and Gelfand 
({16], pp. 260-266), of which it is a variant, we apply the method of Riesz. 
Sz. Nagy ([28], Sec. 60, pp. 130-131) to obtain a mapping f of a Borel 
set Z of the unit interval J onto a Borel set C’ of C* such that, if mz, denotes 
Lebesgue linear measure, m;,(Z) = 1, m(C’) = m(C’), while mz,(f-?(S)) = m(S) 
for each Borel subset S of C’. The mapping f, as well as f-', carries Borel 
sets into Borel sets, and f is one-to-one on the complement of a countable, 
pairwise disjoint family of intervals {Z;}, each of which is mapped by f on 
a point z; of C having a non-zero measure with respect to m. 


Let Z, =Z— |) Z;, S a Borel set of J. Let hy be defined by 
j 
hi(S) =h(f(SN Z1)) + Dh(aj)m(S Z;). 
j 


It is easy to verify that h, is a vector-valued measure on the Borel sets of / 
which is weakly absolutely continuous with respect to m, and satisfies the 
bounded-variation condition of the hypothesis for h. By the theorem oi 
Birkhoff-Gelfand, h, has a strong derivative a.e. on J, and if we set 


dh,/dt=u(t), u is strongly m,-integrable and u(t)dm,(t). 

On each Z;, u(t) is the constant h(2;). Thus, if f(t) =z, u(t) is uniquely 

defined by x on C’. The function u(x) thus defined (and set equal to zero 

outside of C’) is m-measurable, and by the transformation formulae for 


integrals, 
f_ 


for each Y€ Hy, S in Q. 


Section 2. Let @ be an open set in the n-dimensional Euclidean space 
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with points «= Co”(G@) the family of complex-valued 
infinitely differentiable functions with compact support in G, L*(@) the 
Hilbert space of equivalence classes of complex-valued square-summable 
functions with inner product (u,v) = f u(x)o(x)dx (% the complex con- 
jugate of v, integration with respect to Lebesgue n-measure). If @ is a 


multi-index with we shall let while 
(For the empty set of indices ¢, we let 

Let Ci(G) = {f|f is defined in G, D*f exists and is continuous in G 
for | « | Sj}. 

Let B be a linear operator with C,”(G@) as its domain and its range 
contained in the linear space of locally square-summable functions on G. 
We shall assume that there exist p€ C°(G), N€C"'(G) for some r=0 with 
> 0 in G, N(x) >0 for x in G, such that: 

(2) For ¢,yeC.*(G@), (Bo,y) = (¢, BY), (Bd, 6) = (pd, ¢) 5 
(B$,4) = (ND, D9), Co" 


(p?Bd, Bh) for C.*(G). 


(Note that if B is a differential operator, (4) is automatically satisfied.) 
On C,*(G@), we define the B-inner product by, 


(5) = (Bo, € Co” (@). 
The family of functions C.*(G) with its ordinary linear structure and 


the inner product [ , | is a pre-Hilbert space. 


Definition 3. H is the Hilbert space which is the completion of C,” (G@) 
with respect to the norm | w || y= [u,w]4. 

Let L*(p) be the Hilbert space of equivalence classes of locally square- 
summable functions u for which (pu,w) <0 with inner product (pu,v) and 
norm (pu,u)4. By (2), every Cauchy sequence from C,.*(G@) in H-norm is 
also a Cauchy sequence in L?(p). Thus, there exists a continuous mapping 
J of H into L?(p) which is the identity mapping on C,*(G@). We assert 
that J is one-to-one; for if {f,} is a sequence from C,*(G), converging to 
hin H with (pds, ¢,) >, and if y€ C.*(G@), we have [h,w] lim[ 


=lim(¢., By). Now |(¢s, By) |? S (pds, $s) (p*By, By) > 0 as s—> 0 by (4). 
Ss 


jut then [h,y]—0 for all y in C.*(G@) and h=0 since C,*(G@) is dense 
in 7. Thus H may be identified with a linear subset of L?(p). If p, is any 
other positive continuous function on @ with p,(x) S p(«) for z in G, then 
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obviously L?(p) is a linear subset of L*(p,) and H may be identified with 
a subset of L?(p,) and H may be identified with a subset of L*(p,). 


Given NE C'(G), N(x) >0 in G, we define the (N,r)-inner 
product on by Dev). If the differential 


la|=r 


operator B, is defined by Byu= (—1)!*!D2(N (xr) Du), then [u,v]y, 


lalSr 


= (B,u,v) for u,v€ C.*(G), and B, satisfies the conditions (2), (3), and 
(4) on B with the pair of functions (p,N) replaced by (N,N). If we 
complete C.”(G) with respect to this inner product to a Hilbert space Hy,,, 
there will be a continuous one-to-one mapping J; of Hy,, into L*(p,), where 
pi(x) =min{p(x),N(x)}, which is the identity mapping on C,*(G). 
Furthermore, (3) implies that there exists a continuous mapping J» of Hy, 
into H which is the identity mapping on C,*(G@). Let J; be the imbedding 
mapping of H into L?(p,). Then J; =J;J2, and since J, and J; are one-to- 
one, J, must be one-to-one and Hy,, may be identified with a linear subset 
of H. 

As a special case of the spaces Hy, we may choose N(x) =1, and 
designate the corresponding Hilbert spaces and inner products by H, and 
[u,v], If G is bounded, r, > 7, by a well-known lemma of Rellich (e.g., 
[6], p. 32), it follows that the imbedding map J,,, of H,, into H, is compact. 
For bounded G, the inner product [u, v= 2 (Du, D*v) yields a norm 

al=r 


on H, equivalent to the r-norm. We designate the Hilbert space with the 
inner product [ , |’, on H, by H’,. 
Lemma 4. Suppose f€ C°(G) with f(x) >0 for z in G, rZ0. Then 
there exists gE C(G) with g(x) >0 in G, such that 
| Deg (x) |Sf(z) 
for all x in G and all |a| <r. 


The proof of Lemma 4 follows from a standard argument using an 
infinitely differentiable partition of unity corresponding to a suitably fine 


locally finite covering of G. 


Lemma 5. Let be a bounded open set in E", r2=0, =r+n+l. 
Then there exists a unique compact self-adjoint positive linear operator C, 


on H’,., such that 
[u,v]-— [C,u, v]’,, 


for u,v€ H’,,. Further, if {Ax} is the sequence of eigenvalues of C, in non- 


% 
¥ 
\ 


PARTIAL DIFFERENTIAL OPERATORS, I. 


increasing order corresponding to a complete orthonormal set in H’,,, we 

have > {rx,r}3 <0. 
k=1 


Proof. For fixed u in H’,, [u,v]’, is a continuous conjugate-linear 
functional of v on H’,,. Hence, there exists a unique element w in H’,, such 
[ w, =|[w,v]’,, for all v in H’,,. If we set it follows that 

u \\’r, Ser || u ||’, and by the lemma of Rellich mentioned above, C, is a 
a linear operator on H’,,. Further, C, is self-adjoint and positive on 
H’,, since [C,u, u]’,, = [u, > 0 for in H’,,. 

If r =0, it follows from results on the asymptotic distribution of eigen- 

values for the Dirichlet problem for a polyharmonic equation [13] that 


~ O(n, G)k-?-*/", and therefore Axo} <0. 
k=1 
For r > 0, we define W= > @ H+,,,, where, for each a, H%,,, is a copy 


Jal=r 


of If v= is an element of W, let || || va We define 


Jal=r 
a mapping T of H’,, into W by setting Tu = {u,}, where the a-th coordinate 
ue= Du. Then T is a one-to-one mapping of “ into W, and there exists 
a constant such that || Tu wv Moreover, || Tw 
=[||u|’,]*. By the minimax principle for oie of compact self- 
adjoint operators on a Hilbert space ([27], p. 235) 
Aer = max {min{[|| |] 
Sp CH’r, 
where the maximum is taken over all subspaces S;, of linear dimension k in 
H’,,.. For each wu in H’,,, |] 1? S |] Tu Tu |lw?. Since 
T is one-to-one, it follows that ¢,Ax,-SS &,r, where 
max {min{|| v v v€ 
CW 
where the §’;, range over the k-dimensional subspaces of W. 
If v= {v,}, || [Cova Thus is the sequence of 
al=r 


eigenvalues of the operator C’v = {C vg}. The only admissible values for 
the é,, are the values taken on by various Aj and if &+—Ajo, the multi- 
plicity of &- as an eigenvalue of C” is 2"(r!)-? times the corresponding 
multiplicity for Ajo. Thus €2ar(r1)-%r Axo, and as a consequence, 


k=1 
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THEOREM 1. Let G be an open set of BE", r2=0 n=r+n+1, 
N(x) >0 with NE C'(G). Then there exist ME C*(G) with M(x) = N(z) 
for x in G and a complete orthonormal sequence {v;} in Hu», such that 


|| Ux <0. 


Proof. We remark first that if the theorem is true for a given domain 
G, it is also true for any domain G, which is mapped by a C*-homeomorphism 
onto G. Since there exists a C*®-homeomorphism of £” onto its open unit 
ball, i.e., the set |z| <1, we may assume without loss of generality that G 
is bounded. 

Since G is assumed bounded, the lemma of Rellich cited above is valid 
for G. On the other hand, by Lemma 4, there exists g€ C*(G) with 
g(x) >0 for all in G, such that | D¢g(r)| = for |a|Sr, ree. 
Let ¢€ C.*(G@). If we set y—g-'¢, we have, 


By the Leibniz formula for the differentiation of products, 
D*(gy) 
with czg positive constants. It follows that | (gy) | exp | 


Thus there exists c >0 such that 
(6) lo |yPSely 


In addition, we can obviously find a function M in C*(G@) with 
M(x) >0 for x€ G, such that 
(7) = , DP(g-*$)) Doh) = || lar” 
for all C*(G). 

From (7), it follows that if a sequence {¢,} from C,*(G@) is bounded 
in (M,7r,)-norm, the corresponding sequence with is bounded 
in r,;-norm. By the Rellich lemma, there exists a subsequence {y;,} which is 
a Cauchy sequence in r-norm. By (6), the corresponding subsequence {¢;,} 
is a Cauchy sequence in (N,r)-norm. Thus [w,v]y,, is a completely con- 
tinuous form on Hy,,,, and there exists a compact linear self-adjoint operator 
C on Hy,, such that [u,v]y,,-—=[Cu,v]u,, for all v in Hy,,. 

We choose the sequence {v;} in Hy, to be a complete orthonormal 
sequence of eigenfunctions of the compact positive operator C with a corres 
ponding sequence of eigenvalues {A;}, which we may assume to be arranged 
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in a non-increasing order. If Cuy—=Axv;, we have 


To complete the proof of the theorem, we must show that Dd Ae <0. 
k=1 


If we apply the minimax principle, as in the proof of Lemma 3, we see 
that the &-th eigenvalue will not decrease if we increase the norm || ¢ ||y,r’ 
to the larger norm c| y |],’, with ~=g"¢, or to the even larger norm 
c{w |}? Similarly, the k-th eigenvalue will not decrease if we replace 
the norm || ¢ ||w,-* in the denominator of the quotient by the smaller norm 


{|v It follows directly that Ay Where A;,, is the k-th eigen- 


value of the operator C, defined in Lemma 5. Since by Lemma 5, SA; <0 
> 


the conclusion of the theorem follows. 

sy the argument of the paragraph preceding Lemma 4, there is a con- 
tinuous injective linear mapping J, of Hy,,, into H which is the identity 
on (.*(G@). Since H may be identified with its own conjugate space by 
the assignment u—>[v,u], with the latter considered as an element of H*, 
the adjoint mapping J,* may be considered as a continuous linear mapping 
of H into H*y,,. Since J, is one-to-one, the image of J,* is dense. Since 
the image of J, in Hy,,, contains the dense subset C,*(G@) and is itself dense, 
it follows that J,* is one-to-one. Thus J,* identifies H with a dense subset 
of H*y,, If we define a (/,—7,,B)-norm on H by the prescription 


| = sup ¥ * € Harr}, 


we see that || = || J,*u It follows that the completion of H 
with respect to the (M,—71r,,B)-norm is a Hilbert space Hy,-,,.2 which is 
isomorphic to H*y,,. If B=p(zx)I, the space Hy,-,,» for C.*(G) is 
composed of distributions of order 7, at most. 


Section 3. 


Definition 4. Let A be a subnormal operator in H, {F;} a generalized 
spectral resolution corresponding to A. By an eigenfunction expansion 
corresponding to {F'-}, we shall mean a sequence of positive, finite measures 
{mj} defined on ‘the Borel c-algebra Q of the complex plane C1 and a sequence 
of functions {u;} from C! to Hy,-,,,2 having the following properties: 


(1) For ve Hy,,, ¢;(€) =[v,uj(C)] lies in L*(m;) and we have 


Thus the mapping U defined by Uv = {c;} is an 
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isometric mapping of the dense subset Hy,,, of H into } ® L?(m;) and can 


j 
be extended by continuity to an isometric mapping of H into > @ L*(m,). 
j 


(2) Let {c;}€ @ L*(m;), S a Borel set in C*. Then is 
a strongly integrable function from C* to Hy,_,,,2 with respect to the measure 
m;. If the element hj of Hy,-,,8 always lies 


in H, and the sum Shj,s converges strongly in H to an element hg with 
j 


| As |x? S {|| }. 


(3) If {c;)}=—U(f) for H, S a Borel set of then 


For S = C* and such an element {c;}, equality holds in the inequality of (2). 
(4) Ifve Dan Hy, Av€ Hy,-, then for every C’, 
[uj(¢), Av] v]. 


Definition 5. The eigenfunction expansion of Definition 4 is said to be 
full if the mapping U described in (1) maps H onto } @ L?(m;). Then, 
for SC", equality holds in the inequality of (2). 

The basic result of the present paper is the following: 


THEOREM 2. Let A be a subnormal operator defined in the space H, 
{F} a generalized resolution of the identity corresponding to A. Then 
there exists an eigenfunction expansion corresponding to {F.} and ths § 
expansion is full if F, is an ordinary spectral resolution. 

Proof. There exists a Hilbert space H, containing H as a closed sub- 
space and a normal operator 7; in H, such that TCT, and F(S) = PE(S). 
where {#,} is the spectral resolution of T,, and P is the projection of H, 
on H. If {F,} is an ordinary spectral resolution, we choose H, to be equal 
to H itself. 

By Lemma 2, we may assume that there exists a sequence {gj} in 4H; 


such that Hi= > @Hi(g;). Let m;(S) If we denote 
H,(9;) by Hj, the mapping V; assigning to a function c;€ L?(m,) the 
element is a unitary mapping of LZ?(m;) onto H;. Let 
fe H,. Then with H;. If fe H, Pf=f implies that 
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f=Sf; with f c(€)dF'.g;. Moreover, F(S)f = PE(S)f = 


where — c;(€)dF.g;. In particular, the mapping U 
defined by U(f) = {c;} is an isometric mapping of H into > ® L?(m;). 
j 


If, conversely, we are given an element {c;} of © @ L*(m;), S a Borel 
j 
set of C1, we define hs = DShj.s, the sum converging 
j 
strongly in H. Since ys c;(€)dE.g;), it follows that 
J 


We must show the existence of a strongly mj-measurable function u; 
from Ct to Hy ,,,2 such that, for all y in Hy,,, and all Borel sets S of C’, 


(6) [his ¥] [uj(L), 
Since [hj,s, w], it suffices that 


(1) [F(S)gnv] = J 
for all 

We shall verify that the assumptions of Lemma 3 are satisfied if 
H, = m(s) =m;(S), and h(S) =F (S)g;. (In the following argu- 
ment we drop the subscript j from m; and gj.) 

For H, 

= |[PE(S)g, | = |[2(8)g,¥]| Sm(8) 


Thus h is weakly absolutely continuous with respect to m. 

Let {S;,} be a finite, pairwise disjoint family of Borel sets of C’, 
v€ Hy ,,. Then, 
(8x), ¥]| = (Se) 9, 


(8) 
= {2 | la’ le S la 


Let {y,} be a sequence of elements from Hy,,, with || ¥x || zu,r,=1. By 
Theorem 1, there exists a complete orthonormal sequence {v;} in Hy,,, with 
- Since |} v || it follows that Let 


; be the Fourier expansion of y, with to this sequence. 
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Since || | aij |?, we have | a,;|=1. 
j 
We choose the yx so that [h(Sz), yx] =|] Let 
K=|9 %lla<o. 
Then, 
(9) ~ = (Se), SB | age (Se), SK. 

Thus the hypotheses of Lemma 3 are satisfied, and we obtain a function y, 
from C’ to Hy.-,,,2 satisfying (7). 


To complete the proof of Theorem 2, we must verify properties (1) and 
(4) of Definition 4. Let y€ Hy,,,, f€ Hi; and let ¢;(£), c’(£) be the functions 
in L?(m;) corresponding to the projections of y and f in H;. By the 


spectral theory, [f,y] => f c’;(£)c;(€)dm;(Z). On the other hand, 
j 


ZS 


by the preceding part of the proof. Since c’j(f), for f€ H,, fills out the 
whole of © @ L?(m;), we must have c;(€) = [y, uj(€) | almost everywhere in 
j 


m;, and property (1) of Definition 4 is satisfied. 


Similarly, 
[f,Av] == J (£)dm;(¢) f [wx Av ]dm;(¢) 
j j 


implies that [u;(¢), Av] =€[uj(¢),v] almost everywhere in m;. We may 
alter the functions u;(£) for £ on sets of mj-measure zero without affecting 
the validity of the other properties of the eigenfunction expansion. Let & be 
the graph of A as a mapping from Hy,,, to Hy,,, with its domain restricted 
to D(A)N Hy,,AA?(Hu,,). G is a closed subspace of the separable 
Hilbert space Hy,r, and is therefore separable. Let (v;, be a 
dense sequence in G. To each r there corresponds an m;-null exceptional set 
Q, such that for Q,, [u;(¢), Avr] =¢[u;(£), On the complement of 
which is a null set in [u;(),v] —f[u;(Z),v] for all 


On Q, we set uj(£) 0 and after this change on a mj-null set, the last 
equality holds for all £. Thus the proof of the theorem is complete. 
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Section 4. Let ZL be a linear differential operator with coefficients in 
ce L= > cg(x)D%. The adjoint operator L* of L is defined by L*(u) 


(—1) (cg(x)u). Let B be a positive operator for which conditions 
B 


F(2)-(5) of Section 2 are valid. If ¢ and ye C,*(G), 


Thus, there exists a unique element Ad in H such that [A¢,¥] = (L*¢,yW) 
all C.”(G@). Since (L*d,y) = (¢, Ly), A is a closable operator with 
domain C.*(@) dense in H. If A is subnormal, we may apply Theorem 2 
and get an eigenfunction expansion for A which is essentially in terms of 
‘eigenfunctions of B-"L. We shall leave the discussion of the character of 
the eigenfunctions for general B to another place, and restrict ourselves for 
the remainder of this paper to the case when B = p(z)I, with p(r) € C.*(G). 


THEOREM 3. Let with p(z)>0 in G, B=p(az)l, La 
partial differential operator with infinitely differentiable coefficients, A the 
corresponding operator in the Hilbert space H as defined above. If A 1s 
subnormal in H, then the u;(€) of Theorem 2 are distribution solutions of 

(L—fp)u=0; (uj(Z), (Lt —Lp)b) =0 for all in C.”(G). 


Proof. From Theorem 2, we have [u;(£),4¢] =[u;(f),¢]. Since 
convergence in Hy,-,,.2 for B = p(x)I implies convergence in the distribution 
sense, we obtain by a simple continuity argument (u,(¢), = f(u(¢), P¢). 


Definition 6. The differential operator LZ is said to be hypoelliptie if 
for each integer 7, —o<j<o, and with M(z) >0 for 
in G, there exists 1/’;€ C.*(G@) with M’;(x) > 0, such that every distribution 
solution of the equation Lu=f with f¢€ Hyj(G@) lies in Hy, j4(G@) and 


TueorEM 4. Let L be a hypoelliptic differential operator, B= p(zx)I, 
with L having a subnormal realization A in H. Then the eigenfunctions 
uWj(€) of Theorem 2 are functions in C®(G), the integrals of Theorem 2 


converge in the pointwise sense for yw with compact support in G, and 

f | u;(£) |? dm;(£) << where K(S,x) is bounded for S any bounded 

Borel set in C1 and x is a compact subset of G. 


Proof. Applying the inequality of Definiton 6 to the distribution solu- 
tion u;(£) of the equation Lu = pu, we obtain a sequence of functions M,; 
such that |] SS lla, and w lies in Hy, for arbitrarily large j. By 
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a theorem of Sobolev (see, for instances, [29]), uw lies in C*(G@). The 
convergence and boundedness properties follow from the iteration of thes 
inequalities. 

We remark that a general class of differential operators with Variable 
coefficients including both elliptic and parabolic operators are hypoelliptie iy 
the sense of Definition 6 [9]. 
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A GENERAL THEORY OF ALGEBRAIC GEOMETRY OVER 
DEDEKIND DOMAINS, II.* 


Separably Generated Extensions and Regular Local Rings. 


By MasayosHI NaGAta. 


The main aim of the present paper (Chapters 3 and 4) is to prove 
some preliminary results on separably generated extensions and on regular 
local rings. We want to remark here that in the present paper we need 
not assume that the ground rings satisfy the finiteness condition for integral 
extensions (cf. Part I ([17])). 

In Chapter 3, we first prove some results on the notion of tensor 
product over Dedekind domains (§1), and then we introduce the notions of 
local and complete tensor products ($2) and derivations of a ring (§3). 
Making use of these results and notions, we study separably generated 
extensions and regular extensions (§4). In §5, we prove a generalization 
of a lemma due to Zariski [25] on regular extensions, and in §6 we treat 
tensor products of normal rings. 

In Chapter 4, we first prove some lemmas on extensions of regular local 
rings (§1) and on quadratic transformations (§2). In §3, we state some 
results due to Serre [22] on regular local rings. In §4, we study the notion 
of unramifiedness of regular local rings and of spots, and in §5, we prove 
some results on the unique factorization theorem in local rings. 

In Appendix 1, we prove that if p is a prime ideal of a simple spot P 
in the restricted case, then Py is a simple spot (which is contained in Serre’ 
results); by a similar method as in Zariski [26]. In Appendix 2, we show 
that the results in Chapter 2 (in Part I) hold good also in the non-restricted 
case under the assumption that function fields are separably generated 
Furthermore, we prove that the completion of a normal spot (in the not- 
restricted case) in an integral domain. 


Terminology. 


Terms such as rings, local rings, semi-local rings, normal rings, derived 
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normal rings, rank of rings or ideals, co-rank of ideals and so on are 
ysed in the same sense as in Part I ([{17]). An integral domain o is 
called a unique factorization ring if every element of o is expressible, 
uniquely (up to units), as a product of irreducible elements. In the present 
paper, spots, affine rings, ground rings and function fields are allowed to be 
in the non-restricted case (see Part I), unless the contrary is explicitly 
stated. A subring J of a semi-local ring o is called a semi-ground ring of o 
£1) J is a field or a Dedekind domain, 2) elements of I are not zero-divisors 
ino, and 8) for every maximal ideal p of 0, 0/p is a finitely generated field 
over the field of quotients of J/(pM J). Observe that if a semi-local ring 0 
isa ring of quotients of an affine ring over a ground ring J, then J is a semi- 
ground ring of o and that if J is a semi-ground ring of a semi-local ring 0, 
then I is also a semi-ground ring of the completion of o. 


Results assumed to be known. 

Besides results assumed to be known in Part I, we assume that the 
following results are known. 

1) On the notion of tensor products: Results contained in Bourbaki 
[1, $$ 1-3]. 

2) On the theory of fields: Results contained in Weil [24, Chapter I]. 


3) On the theory of local rings: 


LemMA 0.10 (The structure theorem of complete local rings). Jf o 
is a complete local ring, then o has a coefficient ring v; that is, b is a homo- 
morphic image of a complete discrete valuation ring which satisfies the 
following conditions: 1) » ts dominated by 0, 2) the residue class field of o 
coincides with that of v, and 3) if p is the characteristic of the residue class 
field of 0, then the maximal ideal of » is generated by p (that is, p times the 
identity). Then 0 is isomorphic to a homomorphic image of a formal power 
series ring over ». (Cohen [6]; for the proof see Narita [20].)? 

Lemma 0.11. If a complete local ring 0 is dominated by a local ring 0’, 
then 0 is a subspace of 0’. (See Chevalley [3], Cohen [6], Nagata [15].) 


LemMa 0.12. Let p be a prime ideal of a regular local ring r. Then 
t/p is regular if and only if there exists a regular system of parameters 


*Cohen’s proof is stated also in Samuel [21]. It seems to me that Narita’s proof 
is simpler than the others. The proof in Nagata [11] contains some errors and it is 
good only in the cases 1) the residue class field is perfect and 2) it contains a field. 
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T1,° * *,%,(n=rank r) such that p= >, (for some r, whence r = rank), 
(See Cohen [6], Nagata [15]; cf. Chevalley [3].) 


Remark 1. Let o be a local ring of rank r, and let m be its maximal 
ideal. Then elements u,-- ,U%, of m generate m if and only if their 
residue classes modulo m? generate m/m? over the field o/m. (See Cohen 
[6], Nagata [15]; cf. [16,§6].) Therefore, 0 is regular if and only if the 
dimension of the vector space m/m? over o/m is equal to the rank of o. 

Remark 2. Let o be a local ring, and let p be an ideal of rank r. If » 
is generated by r elements and if o/p is regular, then o is a regular local 


ring, as is easily seen. 


Lemma 0.18. A complete local ring o 1s a Henselian ring, that is, if a 
monic polynomial f(x) over o factors into a product of monic polynomials 
g(x) and h(x) modulo the maximal ideal m of 0, and tf 


g(x)o[r] +h(x)o[z] + m[z] =o[z], 


then there exist monic polynomials g’(x) and h’(x) (€ o[a]) such that 
f(x) =g’(x)h’(x) and both g(x) —g’(x) and h(x) —h’(x) are in m{z]. 
(See Cohen [6], Nagata [11], Samuel [21].) 


Lemma 0.14. Let 0 be a complete local ring, not necessarily Noetherian. 
If the maximal ideal of o has a finite base, then o is Noetherian. (See Cohen 
[6], Nagata [15], Samuel [21].) 


Further, only in Chapter 4, §§ 3-5, the results on regular local rings 
contained in Serre [22] are assumed to be known (and they are listed in 
Chapter 4, §3.) 

4) On Noetherian integral domains: 

Some results stated in Nagata [19] will be used freely; in particular, 
we shall use the following 


Lemma 0.15. Let 0 be a Noetherian integral domain of rank 1, and 
let K be a finite algebraic extension of the field of quotients of o. If a 
subring 0’ of K contains 0, then 0’ is a Noetherian ring (of rank not greater 
than 1). Further, in this case, if p’ is a prime ideal of o’ different from 0, 
then o’/p’ is a finite algebraic extension of 0/(p’ 0). (Akizuki; cf. Chevalley 
[5], Cohen [7].) 


5) On homological algebras: 


Some basic notions and results contained in Cartan-Kilenberg [2] are 


assumed to be known (only in Chapter 4, §§ 3-5). 
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Chapter 3. Separably Generated Extensions. 


1. Preliminaries on the notion of tensor products. Let I be a ring, 
and let M and WN be I-modules. Then, as is well known, we can define the 
tensor product of M and MN over J, which will be denoted by M®@,N or by 
VON; if M and N are rings, then M@WN becomes a ring. 


Lemma 1. Let I be a subring of a ring o. If S is a multiplicatively 
closed subset of I which does not contain 0, then 0@;Ig can be identified 
with og. 

The proof consists in remarking that by the definition of the ring of 
quotients (see [16,§2]) and the tensor product, both os and o@Ig are 
characterized by the property of being the most “universal” ring in which 
the elements of S are mapped on units and which is generated by images of 0 - 
and inverses of images of elements of S. 


LemMA 2. If 0, 0’ and I’ are rings containing a common subring I, 
then (0@,0’) @;I’ can be identified with (0 @,;I’) (0’@; 1’). If further- 
more, I’ is a subring of 0’, then 0 @;0’ can be identified with (0 ®; 1’) @r 0’? 


The proof is easy; see [1, §3, Exercise 4) and No. 4]. 

Let J be an integral domain. We say that an ZJ-module M is torsion-free 
ifam=0 (a€ I, m€ M) implies a=0 or m=O. An I-module which is 
not torsion-free is said to have torsion. Now we shall state the following 


well known lemma: 


Lemma 3. Assume that I is a principal ideal integral domain and 
that M is a finite I-module. If M is torsion-free, then M has a linearly 


independent base. 


Proposition 1. Assume that I is a Dedekind domain. If I-modules M 
and N are torsion-free, then M®WN is also torsion free. 


Proof.2 If M@WN has torsion, then there exist submodules M’ and N’ 
of M and N respectively which are finite modules such that M’@ WN’ has 
torsion (see [1]). Therefore, we may assume that M and W are finite 
modules. Then, defining multiplication in M and N so that M?=—N?=—0, 


*In general, J’ may not be identified with the subring 1 @I/’ of 9 @/’. Of course, 
if I is a field, the identification is permissible. 

* Another proof can be given making use of the following fact: If a finite J-module 
M is torsion-free, then M is isomorphic to the direc! sum of a finite number of ideals 
of J and M is a projective module. (For the notivn of projective module, see [2].) 
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we construct rings J + M and IJ + N (direct sums as modules). Then M@N 
is imbedded in (J + M) ® (I+ N) (see [1]), and this last ring is Noetherian 
because M and WN are finitely generated. Let p*,,- --,p*, be the prime 
divisors of zero in (I+ M)®(J+ J) and set pp—p*;N for each i. Let 
S be the intersection of the complements of the p,’s in J. Then for an 
element a€ S, su=0 (I+ M)@®(1+N)) implies Therefore, 
(I+ M) (1+ N) can be imbedded in (Is + (M (Is + (N @]s)). 
Therefore, in particular, @N can be imbedded in (M@Isg) @15 (N @ 1s), 
Thus we may assume that J is a semi-local Dedekind domain. Then IJ is a 
principal ideal ring (see [16, §9]), and M and WN have linearly independent 
bases by Lemma 3. Therefore M@WN is torsion-free (see [1]). 


Corottary. Let o and 8 be rings containing a Dedekind domain I, 
and let S be the set of all non-zero elements of I. If every element of S is 


not a zero-divisor in both o and 8, then 0 @,8 can be imbedded in 0s ® 15s. 
The proof is immediate from Lemma 1 and Proposition 1. 


Remark. As is well known, we can identify 0®1 and 1@8 with o and 
8 respectively (in the above case). Then 0 @,8 is the subring of 0s @15$s 
generated by 0 and §. This identification will be made in every similar case. 


THEOREM 1. Let 0 and 8 be integral domains which contain a Dedekind 
domain I, Let K, Land k be the fields of quotients of 0, 8 and I respectively. 
Then 0878 is the subring of K @xL generated by 0 and 8. Furthermore, 
0®3 and K@L have the same total quotient ring, and therefore K@L 1s 
an integral domain tf and only if 0@8 1s. 


Proof. By the corollary to Proposition 1, 9 @ 8 is the subring of 03 @ 8s 
generated by o and 8, S being the set of non-zero elements of J. Since k is 
a field, 0s ®z 8s is a subring of K @; L, which proves the first assertion. From 
this fact, we see that elements of o and 8 are not zero-divisors in 0 @§&. 
Therefore the total quotient ring A of 0 ®8 contains K and L and therefore 
also K ® L, which proves the last assertion. 


Lemma 4. Let 0 and 8 be rings which contain a ring I. Let a and} 
be ideals of 0 and 8 respectively, and assume thatanI=b6NI. Denote by 
I’ the ring I/(aNI) and by d the ideal of 0@8 generated by a and b. 
Then (0 @;8)/d can be identified with (0/a) ®r (8/6). 


This is well known and we shall omit the proof (see [1]). 


~ 


Lemma 5. Let K bea ring of quotients of an affine ring over a ground 


rl 

is 
| ov 
pr 

T 
pe 
in 
su 

ol 

K 
be 
W 
TI 

is 
an 

1) 

ha 

pt 

| (a 
hy 

it 

n 
gr 

gr 

fre 


DEDEKIND DOMAINS, II. 387 


ring I, and let L be a Noetherian integral domain containing I. Then K @,L 
isa Noetherian ring and its zero ideal has no imbedded prime divisor. 


Proof. Since K@L is a ring of quotients of a finitely generated ring 
over the Noetherian ring L, we see that K@JL is Noetherian. In order to 
prove the last assertion, we may assume that K, L and I are fields by 
Theorem 1. Let 2,,: - °,2, be a transcendence base of K over IJ, and let L’ 
be the field of quotients of J(a1,° - +,2%,) ®, L; since the 2;’s are algebraically 
independent over L, L’=L(a,---,%,). Since I is a field, K@L is a 
subring of K @, L’, where I’ denotes the field I(2,,---,2%). Now we see 
our assertion easily, because K is a finite alegbraic extension of J’ and 


K®, L’ has minimum condition. 


2. Local tensor product and complete tensor product. Let o and 0’ 
be semi-local rings and assume that J is a subring of them. Let p and p’ 
he maximal ideals of o and o’ respectively, and set 
We assume that J/q is a field or a Dedekind domain and that o0/p is a 
function field over J/q for every maximal ideal p of 0. Set t—o®@ro’. 


Then we have 


Lemma 1. pt+ p’'tAt if and only if q=q/’. In this case, 1) t/(pt + p’t) 
is Noetherian, 2) every prime divisor $8 of pt + p’t is a minimal prime divisor, 
and 3) B has a finite base. 


Proof. The first assertion is obvious because p and p’ are maximal. 
}1) and 2) follow from Lemmas 3.1.4 and 3.1.5. Since p and p’ have finite 
F bases, 3) follows from 1). 

Now, let S be the intersection of the complements of prime divisors of 
tt+p’t, where p and p’ run over all possible maximal ideals. Then ty is 
called the local tensor product of 9 and o’ over J; this ring will be denoted 
bv 0X10’ or by 0 Xo’. By this definition, 0 Xo’ is a semi-local ring if 


it is Noetherian. 


LemMa 2. If I is a semi-ground ring of 0 and if o’ ts torsion-free as 
in I-module, then 0 X 0’ is also torsion-free. If, furthermore, I is a semit- 
‘ground ring of o’ and if 0 Xo’ is a semi-local ring, then I is also a semi- 
ground ring of 0 X 0’. 

Proof. By the Corollary to Proposition 1, we see that 0 @o’ is torsion- 


‘tee, Since o X o’ is a ring of quotients of 0 @o’, we see the validity of the 
First assertion (see [16, §2]). Now the last assertion is obvious. 
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Under the same assumptions and notations as in Lemma 2, let m he 
the J-radical of o X 0’ and set n=[),m". Then (0 X 0’)/n is a semi-loca] 
ring which may not be Noetherian. The completion of this semi-local ring 
is called the complete tensor product of o and o’ (over J) and will be denoted 
by 0 @;0’, or by 0@0’. Observe that 0 @o’ is the limit space of the invers 
system {(0 X 0’)/m"; n—1,2,- - 


LemMA 3. 0@o0’ is a (Noetherian) semi-local ring. 


Proof. By Lemma 1, every maximal ideal of 0 X 0’ has a finite bas 
and the same is true of o® 0’. Therefore 9 @ 0’ is Noetherian by Lemma 0. 14. 


Lemma 4. Let o* and o0’* be semi-local rings which contain o and 9’ a; 


dense subspaces respectively. Then 0* 


Proof. Wet m and nm be the J-radicals of 9 and o’ respectively. Then 
mo* and mo’* are the J-radicals of o* and o’* respectively. Let a(n) be 
the ideal of 0 @o’ generated by m” and m’” and let a be the J-radical of 
0®o’. Then we see that a(1) contains a power of a by Lemma 1. On the 
other hand, it is obvious that a(1)*" Ca(n) Ca(1)”. Therefore 0 can 
be identified with the limit space of the inverse system 


{(0 X 0’) /(m"(o X 0’) + m’"(0 X 0’) )}. 
Similarly, o* ® o’* can be identified with the limit space of the inverse system 


{(0* X /(m(0* X + m’*(0* X 0”) )}. 


Since 
(o* & /(m"(0* 0’*) + m’"(0* XK 0’*)) 
= (0*/m"o*) X = (0/m") (0’/m’") 
= (0 X 0’) /(m"(o0 X o’) + m’"(0 X 0’) ), 
we have @ 0’ =0* 


Remark. The notion of complete tensor product of complete local ring: 
over a field was introduced by Chevalley [4], who called it the Kronecker 
product. Though his formulation is different from ours, if we restrict ou- 
selves to his case, then the two definitions are essentially the same: If o and ’ 
are complete local rings which have basic fields k and k’ respectively (tor 
the definition of basic fields in Chevalley’s sense, see [3]), and if Jf is 
field containing both k and k’, then the Kronecker product of o and 0’ ove! 
M is (0’ @xM) @y (0’ @y M). {This fact can be proved using some results 
in [4] and a method similar to the proof of Lemma 4.) 
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3. Derivations of a ring. A derivation D of a ring o is an additive 
| endomorphism of the total quotient ring Z of o which satisfies the following 
conditions: 1) D(«ry) =aDy+yDzr for z,y€L and 2) there exists an 
element d of o which is not a zero-divisor such that dDx€ 0 for 2€ 0. 

Here, if d can be chosen to be 1, then we call D an integral derivation 


of 0. 


Let D be a derivation of 9 and let o’ be a subring of 0. If Da=0O for 
every a€ 0’, then we say that D is a derivation over o’; if Da=0 for every 
'a€o, then we say that D is the zero derivation or the trivial derivation of 0, 
which will be denoted by 0. 

Remark 1. Since 1?=1, Di—D1-+ D1 and D1 =0 for every deriva- 
tion D of o. Therefore every derivation of o is a derivation over the subring 
| of o generated by the identity. 
Remark 2. If x,y€o and if y is not a zero-divisor, then D(x/y) 
| = (yDx—xDy)/y*. (For, since «= (a/y)y, Dx = yD (x/y) + (x/y) Dy and 
} D(x/y) = (yDx—xDy)/y’.) Therefore, if D is a derivation over a subring 
o of o and if S is the set of elements of o’ which are not zero-divisors in 0, 
then Da =0 for every element a of 0’s. 

The set of derivations of 0 over a subring o’ is an o-module. Linear 


| dependence of derivations will always mean dependence in this module, hence 


over oO. 


. Let o be a ring and let Y,,- - -,X, be indeterminates. Then there exist 
derivations D, (t=1,: +,n) of o[ - over o such that D.X,;—1 
F and DX;=0 if t Aj. These D; are called the partial derivations and will 
be denoted by 6/0X; (if o[X1,---,Xn], then Df may be denoted by 
Of/0X;). When f,,---,f, are elements of o[X,,---+,X,], the matrix 
| (0f\/0X;) is called the Jacobian matrix of f;,---,f, and will be denoted 

Let D be a derivation of o. Then there exists a uniquely determined 
derivation D’ of o[ X,,- -,Xn] which coincides with D on o and D’X;=0. 
| If f is in the total quotient ring of o[X,,- --,Xn], D’f is denoted by f?. 

. Let a be an ideal of o[X,,- --,X,], and let S be the intersection of 
| the complements of all prime ideals which are prime divisors of a or of zero. 
Let be the natural homomorphism from o0[X,,- - -,Xn]s into the total quo- 
tient ring of o[X,,- - -,Xn]/a and set 7; = ¢(X;). When f € o[ - -, Xnls, 
i $(0f/0X;) will be denoted by df/éx7;. If D is a derivation of o and there 
exists an element d€ SMo such that dD is an integral derivation, 4(f?) 
will be denoted by f2(a,,- -,2,) for every element f=f(X.,---,Xn) of 
Xale. 
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Remark 1. 0/0X,,: - -,0/0X, form a maximal linearly independent ge 
of derivations of o[Xi,- - -,Xn] over o. 


vemark 2. If D is a derivation of o[X1,- - -,Xn]/a over then 
for an element g of o[X,,- - -,Xn], D(¢(g)) => Dai: (69/02). 


Lemma 1. Let.k be a field with a derivation D and let X,,-- -,X, 
be indeterminates. Set R=k[X,,---,Xn] and let p be a prime ideal of 
R with a base f,,- - -,fs and let L be the field of quotients of R/p. Then 
there exists a derivation D’ of L such that 1) D’ coincides with D on k and 
2) D'x;=u; (where x; ts the class of X; modulo p and u;, € L) if and only 
if Un satisfy the following set of linear equations: 


fi? + (Ofi/0x;) uj = 0. 
In this case, D’ is uniquely determined. 
For the proof, see Weil [24]. 


Let r be the rank of the Jacobian matrix J(f,,° 
modulo p. Then every maximal linearly independent set of derivations of 
L over k consists of n—r elements. (See Weil [24].) 


LemMA 2. Let L be a function field over a ground field k of charav- 
teristic p. 1) If dimL—=—r, then there exists at least r linearly independent 
derivations of L over k; L has no more than r linearly independent derivi- 
tions over k if and only if L has a separating transcendence base over k. 
2) Assume that p0 and that a is an element of k such that a/?¢k. Then 
there exists a derivation D of k(a'/”) over k such that D(a‘/?) =1; every 
derivation of k(a‘/?) over k ts of the form xD with x€ k(a’/?). 


For the proof, see Weil [24]. 


ProposiTIoN 2. Let o be an integral domain finitely generated over « 
ring I and let k and L be the fields of quotients of I and o respectively. 
Then an additive endomorphism D of L ts a derivation of 0 over I if and 
only if D is a derivation of L over k; in this case, D is a derivation of an 


arbitrary ring of quotients of o. 


Proof. If D is a derivation of o, then D is a derivation of L by 
definition ; if D is a derivation over J, then by Remark 2 after the definition, 
we see that D is a derivation over k. Conversely, assume that D is a derivation 
of L over k. Let 2,,- -,2, be elements of o such that ° 
and let S be a multiplicately closed subset of 0 which does not contain zer0. 


E 
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Let d (0) be an element of o such that dDz;€ 0 for every 1. Then, since 
every element y of o is expressed as a polynomial in z;’s ,we have dDy€ o. 
Then for an element z=y/s (y€0,s€ 8), and we 
have dDz€ og. Thus the proof is completed. 

Let a be an ideal of a ring o and let D be a derivation of 0. Let ¢ be 
the natural homomorphism from o onto o/a. Assume that there exists an 
element d of o which is not a zero-divisor modulo a and such that dD is an 
integral derivation of o and dDa€a for every element a€a. Then we can 
define an operator D’ to be D’(¢(x)) =¢(dDxr)/p(d). Then 


Lemma 3. JD can be extended uniquely to a derivation of o/a. 
quety 


The derivation obtained above is called the derivation induced on o/a 
by D (observe that D’ is independent of the choice of d). 


Proof. Let x/y be an element of the total quotient ring of o/a (x, y € 0/a). 
Then we define D*(x/y) = (yD’x—xD’y)/y?. Then it is seen that D* is a 
derivation o/a. The uniqueness is obvious because any extension of D’ 


must satisfy the defining property of D*. 


4. Separably generated extensions and regular extensions. We say 
that a field L is separably generated over a subfield k if either k is of 
characteristic 0 or L @; k'/? is an integral domain, where p is the charac- 
teristic of k. We say that L is a regular extension of k if L is separably 
generated over Kk and if k is algebraically closed in L. Then the following 
three lemmas are well known (see Weil [24]). 

Lemma 1. L is separably generated over k if and only if every subfield 
of L which is finitely generated over k has a separating transcendence base. 
When L is finitely generated over k, L is separably generated if and only tf 
L has a separating transcendence base. 

Lemma 2. L is separably generated over k if and only if L@xK is an 
integral domain for every field K which contains k and in which k 1s 
separably algebraically closed. 

Lemma 3. The following three conditions for the field L are equivalent 
to each other: 

1) Lisa regular extension of k. 

2) L@xrK is an integral domain for every field K containing k. 


3) L@«K isan integral domain for every finite algebraic extension of k. 
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We say that an integral domain 0 is separably generated over a subring 
I if the field of quotients of o is separably generated over that of I; we say 
that o is a regular extension of I if the field of quotients of o is a regular 
extension of that of J. When a subset 7 of o forms a separating transcen- 
dence base of the field of quotients of o over that of I, we say that T is a 
separating transcendence base of o over I. 

Now we shall treat the case where J is a field or a Dedekind domain. 
Let k be the field of quotients of J. We denote by p either the number | 
or the characteristic of J according as this characteristic is zero or not. By 
definition, by Theorem 1 and by Lemmas 1-3, we have immediately the 


following two theorems. 


THEOREM 2. Let o be an integral domain which contains the ring I 
(which is a field or a Dedekind domain). Then the following four conditions 
are equivalent to each other: 

1) o ts separably generated over I. 

2) If 3 is an affine ring over I contained in o, then 8 has a separating 
transcendence base over I. 

3) For a fixed natural number m, 0@,I/”" is an integral domain. 
(This condition may be separated into infinitely many conditions with 
m=1,2,-- -.) 

4) If kis separably algebraically closed in a field K, then 0@,K is an 


integral domain. 


THEOREM 3. With the same o as above, the following four conditions 
are equivalent to each other: 
o is a regular extension of I. 


0 @,I’ is an integral domain for every finite integral extension I’ 


3) If 8%s an integral domain containing I, 0 ®;8 ts an integral domain. 


4) 9 is separably generated over I and k ts algebraically closed in the 
field of quotients of o. 


CoroLLARY 1. Assume that an integral domain o is a regular extension 
of the ring I. If K is an integral domain containing I, then 0®;K ts a 
regular extension of K. 


Proof. By the definition of regularity and by Theorem 1, we may 
assume that K is a field. Let Z be an arbitrary field containing K. Then 


392 
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(08, K) @x L=0®8;L by Lemma 3.1.2. Since o is a regular extension 
of J. 08, L is an integral domain, which shows that o®K is a regular 


extension of K. 


CoroLLARY 2. Let o and o’ be integral domains which contain the ring 
I. If 0 and o’ are regular extensions of I, then 0@;0’ ts also a regular 
extension of I. 


Proof. Let K be a field containing 7. Then 
(0@0’) @K = (0 @x @K) 


by Lemma 3.1.2. Since 0o®K and o’@K are regular extensions of K by 
Corollary 1, we see that (0 ®o0’) @K is an integral domain, which proves 


our assertion. 


Proposition 3. Let o be an integral domain finitely generated over a 
ring I which is not necessarily a Dedekind domain, and let be a homo- 
morphism from onto 0, where are algebraically 
independent elements over I. If p is the kernel of o and if fi, --,fm ws a 
hase of p, then the rank r of the Jacobian matrix J(f,,: + +,fm) modulo p 
is not greater than the rank s of p; r=s tf and only if o is separably 
generated. 

Proof. We may assume that J is a field. Then the assertion follows 


from the Corollary to Lemma 3.3.1 and Lemma 1. 


Proposition 4. Let 2,: + +,%, be algebraically independent elements 
over an integral domain I of characteristic p0. Let a be an ideal of 
Ila: + +,2n] with aNI=0 and let k be the field of quotients of I. 
Assume that ak[2,,--+,2,] ws of rank r. Then there exist elements 
+,an] and an element a (~0)€I such that 


1) ts integral over I[1/a,y1,° - +, Yn], 


ts generated by and 


3) for every derivation D of Dy; = Da; for j=r+1, 


Proof. By Remark 2 after Lemma 1.1.1, we see that the y;’s in 
Corollary 1 to Proposition 1.1 can be chosen so that y; —2; is in z[2,?,---,2,?] 
for ;=r-+41,---,n, where + denotes the prime integral domain. In this 
case, the y; are the required elements. 
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THEOREM 4, (NORMALIZATION THEOREM FOR SEPARABLY GENERATED 
INTEGRAL DOMAINS) Let o be an integral domain finitely generated over q 
subring I. If 0 is separably generated over I, then there exist a separating 
transcendence base 2;,: - +,2 of o over I and an element a (0) of I such 
that o[1/a] is integral over I[1/a,21,- - -, 2%]. 


Proof. When I is of characteristic zero, our assertion is nothing but 
the normalization theorem (Corollary 2 to Proposition 1.1). Therefore we 
assume that J is of characteristic p40. Let D,,---,D: be a maximal 
linearly. independent set of derivations of o over J. Then ¢ = transcendence 
degree of o over J by Lemma 3.3.2. Take elements y,, --,y; of o such 
that Diy;0 if and only if ij. Let w,,- --,ws be elements of 0 such 
that +, Ws,41,° Yt] and apply the proof of Proposition 4; 
we see that the z;’s in Corollary 2 to Proposition 1.1 can be selected so that 
Yi— %i +, Ws?| (a being the prime integral domain of J). Then 
for every derivation D of 0, Dy; = Dz. Therefore, in particular, if 
and only if 17. Let D be an arbitrary derivation of o over I[2,,- - -,2]. 
Then there are elements f such that 
(because D is a derivation of 9 over J). Then 0=fDz;—f;Djz;, fj =0 for 
every j, and D=0. Thus we see that o is separably algebraic over 
I[z:,- - -,2:]. The other property of the 2,’s is asserted in Corollary 2 to 


Proposition 1.1. 


Proposition 5. Let o be a Noetherian integral domain which contains 
a Dedekind domain I. Assume that the derived normal ring 0’ of 0 is a 
finite o-module. Then for all but a finite number of prime ideals p of I, 
po has no imbedded prime divisor. 


Proof. Let % be the set of prime ideals p of I such that po has imbedded 
prime divisors. For each pé€ $, let S(p) be the complement of p in J. 
Since every element of S is a unit modulo yp, pogiy) has imbedded prime 
divisors. Let zy be an element of p such that zpJy = ply. Then there exists 
an element dy€ 0gip) such that ay/ay¢ Ogip) and 2) ay/zp is integral over 
Osiyp)» Then multiplying by a suitable element of S(p), we may assume 
that a,/zy is integral over 0 (but ay/zy¢ 0 because ay/zy¢ Ogip)). Since 0’ 
is a finite o-module, there exist a finite number of p’s, say p1,° °°, )n such 
that all a,/zy are in the ring 0* =o[dy,/2p,,° Let x be the 
product of the zy,’s. We shall show that if pé€ $B, then z€ p. Indeed, if 
rép, then x is in S(p) and ogi) contains o* and therefore also dy/*y; 
which is a contradiction. Thus § is a finite set. 
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Remark. From the above proof, we see that if o is a normal ring, then 
for every prime ideal p of J, po has no imbedded prime divisor. 


Proposition 6. Let 0 and I be the same as in Proposition 5. If d ts 
an element of 0 which is different from zero, then for all but a finite number 
of prime ideals p of I, d is not a zero-divisor modulo po. 


Proof. Since there exist only a finite number of prime ideals p of I 
such that po has imbedded prime divisors by Proposition 5, we may omit 
such prime ideals from consideration. Then d being a zero-divisor modulo po 
implies that d is in a minimal prime divisor of po. Let S be the comple- 
ment of p in J. Then every prime divisor of po does not meet S and every 
(minimal) prime divisor of pos is of rank 1 (because pog is principal). 
Therefore, every prime divisor of po is of rank 1. Therefore, a prime divisor 
q of po contains d if and only if q is a minimal prime divisor of do. Conse- 
quently, d is a zero-divisor modulo po only when p is the intersection of a 
minimal prime divisor q of do with J (except for p’s such that po has imbedded 
prime divisors). ‘Thus we see our assertion. 


THEorEM 5. Let o be an affine ring over a ground ring I. If 0 1s 
separably generated over I, then for all but a finite number of prime ideals p 


of I, po is a semi-prime ideal and o/p’ is separably generated over I/p for 
every prime divisor jp’ of po. 


Proof. We take elements a, 2,,- - -,2; as in Theorem 4 and let L be 
the field of quotients of o. Since only a finite number of prime ideals of J 
contain @ and a is unit modulo the remaining primes, we may consider 
o[1/a] and I[1/a] instead of o and IJ respectively. Thus we may assume 
that o is integral over J[z,,- --,2:]. Let b be an element of o such that 
I[z,,- + +,%,0] is an affine ring of LZ and let d be the discriminant of the 
irreducible monic polynomial over I[2,,- --,2:] which has b as a root. 
Since the derived normal ring of 0 is a finite o-module (because b is separable), 
there exist only a finite number of prime ideals p of J such that d is a zero- 
divisor modulo po by Proposition 6 and we may omit such prime ideals from 
consideration. Then 6 modulo po (p being a prime ideal of J) is separable 
over I[z,,- - 2] and pl[z,,- - -,2:] is a semi-prime ideal. 
Since 9 is contained in I[z,,- - -,2:,5,1/d], and since d is not a zero-divisor 
modulo po, we see that po is also a semi-prime ideal and that if p’ is a prime 
divisor of po, then o/p’ is separably generated over I/p. 

We say that a polynomial (in several indeterminates) with coefficients 
in an integral domain J is absolutely irreducible if it is irreducible even 
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when it is regarded as a polynomial over the integral closure of J in the 
algebraic closure of the field of quotients of J. 


Proposition 7%. Let f be an absolutely irreducible polynomial in indeter- 
minates 21,° * *,2n over a Noetherian integral domain I. Then for all but a 
finite number of prime ideals p of rank 1 in I, the polynomial f’ = (f modulo p) 
is also absolutely irreducible over I/p. 


Proof.t Let d be the degree of f and e an arbitrary natural number less 
than d. Let -,8,}, {81,° be the set of all 
monomials in 2,,: * *,%, Whose degrees are not greater than d, e, d—e 
respectively, and let y:,° -,Ys, 21," be indeterminates. Set G= y;S,, 
H => 2z;T; and F—=GH. Further we express in the form F => wf; 
or w/R;, w;, and being polynomials in 2 With 
coefficients in the prime integral domain of I or of I/p respectively. Let 
X,,° - *,X, be indeterminates, and let o and o’ be the homomorphisms from 
I[X,,---,X,] onto I[w,,---,w,] and from (Z/p)[X1,---,X,] onto 
(I/p)[w’,,- respectively such that o(X;) =w; and o’(X;) 
Further, let q and q’ be the kernels of o and o’ respectively. Then 1) 
q’ contains gq modulo p, 2) if a,,---+,a, are elements of J such that 
=0 for every element g(X,,- --,X,) of gq, then has a 
factor of degree e in some algebraic extension of J (and conversely), and 
3) if a’,,- - -,a’, are elements of J/p such that Sa’,R; has a factor of degree 
e in some algebraic extension of I/p, then g’(a’,,- - +,a’-) =0 for every 
element g’(X,,---,X,) of q (and conversely). Now let ¢,,- be 
elements of J such that f=} c;R; and let c’; be the residue class of c; modulo 
p for each 7. Since f is absolutely irreducible, there exists an element 
-,X,) of q such that --,¢,) 40. Let g’ be g modulo ». 
Then g’€ q’, and f’ has a factor of degree d in an algebraic extension of J/p 


only when g’(c’,,- -,c’,) =0, i.e. g(¢1,° Thus we see that 


has no factor of degree e in any algebraic extension of J/p for all but a finite 
number of p’s. Applying this for each e—1,- --,d—1, we prove our 


proposition. 


THEOREM 6. Let o be an affine ring over a ground ring I. If 0 isa 
regular extension of I, then for all but a finite number of prime ideals p of J, 
po is a prime ideal and o/po is a regular extension of I/p. 


Proof. As in the proof of Theorem 5, we may assume that 1) 2,° °° 
(€ 0) are algebraically independent over J, 2) o is integral over I[2,,- °°, 


‘The writer owes the present proof to Shimura [23]. 


a 


DEDEKIND DOMAINS, II. 39% 


and 3) b€ 0 is separable over I[z,,- - -,2:], and furthermore, that o and 


I[a,° * *,%t,0] have the same field of quotients. Let f(X) be the irreducible 
monic polynomial over I[z,,- - -,2:] which has b as a root and let d be the 


discriminant of f(X). Since o is a regular extension of J, f(x) is absolutely 
irreducible as a polynomial in z,,- - -,2:, X over I. Therefore f modulo p 
is absolutely irreducible for all but a finite number of prime ideals p of J by 
Proposition 7, that is, Z[2.,---+,2,b]/pZ[z1,°--,2,0] is (an integral domain 
and) a regular extension of I/p. Since we may neglect those p’s such that 
dis a zero-divisor modulo po and since o is contained in I[z,,- - -, 2,6, 1/d], 


we see that o/po is a regular extension of I/p. 


Proposition 8. Let p be a prime ideal of rank r in an affine ring 0 
over a ground ring I. If 0 is separably generated over I, then there exists a 
separating transcendence base 2,:--,%n of 0 over I such that 1) when 
po I=0, is a system of parameters of oy and the field of 
quotients of ts a basic field of op; 2) when 
(x being a prime element of ts a system of parameters 


of oy and a basic ring of dy. 


Proof. When I is of characteristic zero or when pO, our assertion 
is obvious and we assume that J is of characteristic p40 and that p0. 
We set P=o,. Let D,,- - -,D, be a maximal linearly independent set of 
derivations of 0 over J; since o is separably generated, n = transcendence 
degree of 9 over J by Lemma 3.3.2 and by Proposition 2. Let y1,- - -,Yn be 
elements of o such that Dy; 0 if and only if 1j; here we may assume 
that y;—1 is in p for all 7 because, otherwise, we may take 1+ yz? with 
z€p instead of y; (observe that D(1-+ = D(yiz”?) = for every 
derivation D of 0). On the other hand, let z,,- - -,2, be elements of o such 
that 1) when pO I~0O, 2,:--,2, form a system of parameters of P 
and Z41,° * *,%n modulo p are algebraically independent over J; 2) when 
pNI540,2,2,,° form a system of parameters of P and 
modulo » are algebraically independent over J/(pMJ) (existence follows 
from Theorem 1.1). Set a—yj2?. Then Djz;A0 if and only if 1=y, 
which shows that 2,,- + -,2 is a separating transcendence base of o over J. 
Since y; —1€ p, we see that these 2,,- are the required elements (see 
the proof of Proposition 1.3). 


Corottary. If a spot P is separably generated over a ground ring I, 
then there exists a basic ring B of P such that P is separably generated over 
B. Therefore, if P is a normal spot which is separably generated over a 
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ground ring I, then there exists a basic ring B of P such that P is a regular 


extension of B. 


Proof. The first assertion is immediate from Proposition 8, while the 
last assertion follows from the first one and from the definition of regularity 
(take the integral closure in P of the B given by the first assertion). 


vemark. In the above corollary, if J satisfies the finiteness condition 
for integral extensions, then we can select B to satisfy the same condition, 


as is easily seen from our proof by virtue of Proposition 1. 2. 


5. A lemma due to Zariski. 


LemMA 1. Let L be a finite algebraic extension of a field K. If there 
exists an element a of L such that L is separable over K(a), then L is a 
simple extension of K, that is, there exists an element c of L such that 
L=Kj(c). 


Proof. Let L’ be the maximal separable subfield of Z over K. Then 
there exists an element d of L’ such that L’—=K(d). Let b be an element 
of Z such that L=K(a,b). Then 0 is purely inseparable over K(a,d) and 
separable over K(a,d). Thus 6 is in K(a,d) and L—K(a,d). Since dis 
separable over K, L—K(a,d) is a simple extension of K. 


LemMaA 2. Let L be a simple algebraic extension of a field K. Then 
the number of fields L’ such that K CL’ CL is at most 2", where n is the 
degree of L over K. 


Proof. Let b be an element of Z such that L—K(b), and let 
b=b,,bs,: + -, bn be the conjugates of b (if Z is inseparable over K, each 
b; appears just [Z: K],-times). If K CL’ CL, then there are - (each 
i;>1) such that - is the irreducible poly- 
nomial over L’ which has b as a root. Then the field generated over K by 
the coefficients of this polynomial coincides with L’ because L = L’()). 
Therefore, there exists a one-to-one correspondence between L’ and a family 
of subsets of 2,- --,m, which proves our assertion. 


The following lemma is obvious. 


Lemma 3. Assume that a function field L over a field k is separably 
generated over k. Then for an element x of L, the following three conditions 


are equivalent to each other: 


1) There exists a derivation D of L over k such that Dr 0. 
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2) There exists a separating transcendence base of L over k which 
has x as @ member. 

3) When k is of characteristic zero, x is transcendental over k; when 
k is of characteristic p40, x 1s not in k(L?). 


Remark. Let L be a function field over a field k of characteristic p~0, 
and let %1,° * *,2%n be elements of Z such that LD =k(L?)(2,---,2z,) with 
nsuch that [L:k(L?)] =p". Then the derivations D,,- - -,D,, such that 
D;v; is 1 or 0 according as i= j or 14j, form a maximal linearly independent 


set of derivations of Z over k. 

Now, making use of the above lemmas, we shall prove a generalization 
of a lemma due to Zariski [25] by the methods of Zariski [25] and Matusaka 
[10]: 

THEOREM 7%. Let L be a function field over a ground field k.6 Assume 
that x and y are elements of L which are algebraically independent over k 
and that there exists a derivation D of L over k such that Dr0. Let L’ 
be the algebraic closure of k(2,y) in L. If L is a regular extension of k, 
then L is a regular extension of k(x-+ cy) for all except possibly 2” +1 
elements c of k, where n=[L’:k(z,y) ]. 


Proof. For every element c of k, we denote by k, the algebraic closure 
of k(x-+ cy) in L’ (hence in ZL). Consider the following conditions for 
an element of k: 1) D(a-+ cy) and 2) there exists an element d (+c) 
of k such that k.(a-+ dy) =ka(xa+cy). Since D(x+cy) =Dr+cDy 
and since Dx=40, there exists at most one c which does not satisfy the 
condition 1). On the other hand, since «¢ k(L’?), there exists an element 
zof LZ’ such that 2 and z form a separating transcendence base of L’ over k, 
and if w is an element of L’ such that L’ = k(z,z, w), then L’ = k(z, y) (z, w), 
and w is separable over k(x,y,z) and L’ is a simple extension of k(a,y) by 
Lemma 1. Since k,(a-+ dy) =k(z,y)(k.), the number of c’s which: do 
not satisfy the condition 2) is not greater than 2”"* by Lemma 2. Therefore, 
we have only to show that if an element c€ k satisfies the conditions 1) and 
?), then Z is a regular extension of k(x-+ cy). Since kg is a regular extension 
of k by Theorem 3 and since x-+ cy is transcendental over ka, ka(a-+ cy) 
=k,(a + dy) is a regular extension of k(x -+ cy) by Corollary 1 to Theorem 
3. Since k, is algebraic over k(x + cy), we have k, = k(x + cy), which shows 
that k(a-+ cy) is algebraically closed in L. Since D(x-+ cy) #0, there 


* By the definition of regularity, the assumption that k is a field is not essential, 
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exists a separatmg transcendence base of LZ over k which has x-+- cy as , 
member, which shows that Z is a regular extension of k(a-+ cy) and the 


proof is completed. 


CoroLitaRy 1. With the same L, k, x and y as above, if wu is trans. 
cendental over L, then L(u) is a regular extension of k(u) (x + uy). 


Proof. Let u4,:°-,uy (N>2"*+1 with the same n as above) 
be algebraically independent elements over ZL. Let L’ be the same a 
above. is the algebraic closure of -,uy,2,y) in 
there exists one « such that L(w,---+,uy) is a regular extension oj 
k(u;) («+ uy). It follows that L(u;) is a regular extension of k(u;)(x + uy) 
because U;,° *,Ui1, are algebraically independent over k(u;) 
(x-+ uy). Since u; is transcendental over L, we may replace u; by u, which 


proves our assertion. 


CoroLuaRy 2. Assume that an integral domain o is generated by 
ty, * *,@y over a subring I. If 0 is a regular extension of I, if I contains 
infinitely many elements and if the transcendence degree of o over I is 
greater than 1, then there exists a linear combination Saja; (ai€ 1) such 


that o is a regular extension of I[ Saiz]. 


6. Tensor products of normal rings. 


Lemma 1. Let o be a normal ring which contains a field k. If a field 
K is separably generated over k and if K @xzo is an integral domain, then 


K @x0 is a normal ring. (Y. Nakai) 


Proof. We may assume that K is finitely generated over k. Let 
be a separating transcendence base of K over and set 
(with regard to the fact that K 
and o are subrings of K@o). Since 2,,- - +,2, are algebraically independent 
over o and since o is a normal ring, we see that § is a normal ring. Since 
k’[o] is a ring of quotients of 3, k’[o] is a normal ring. Now since every 


element of K is a root of a monic polynomial over k’ (hence over k’[0]) 
whose discriminant is a unit in k’ (hence in k’[o]), we see that K[o] 


(—K ®@o) is a normal ring. 
THeroreM 8. Let o and vo’ be normal rings which contain a field k. 
. . ] 
If o and o’ are separably generated over k and if 0@ko’ ts an integra 


domain, then 0@x0’ is a normal ring. (Y. Nakai) 
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as a Proof. Let L and L’ be the fields of quotients of 9 and o’ respectively. 
1 the By Lemma 1, L@o’ and o@L’ are normal rings. Therefore, we have only 
to show that (L@0’) (0o@L’) Let {uy} and {u’)-} be linearly 
independent bases of o and o’ over k, and let {v,} and {v’,} be linearly 
independent bases of LZ and L’ over k which contain {u,} and {w’)-} respec- 
tively. Then every element 6 of L@L’ is expressed uniquely in the form 
Sey wap (Auk). If b is in L@o’, then in this expression v’y is in 
for all such that 40; if 6 is in o@L’, then vy is in {uy} for 
all » such that dy,540. Therefore, if b is in (LZ NM (o@ ZL’), then the 
expression must be of the form uyu’yayy (ayy € k), that is b€ 0’. Thus 
we see that (L @0’) N (o@L’) =o @od’ and the proof is completed. 

The analogue of Theorem 8 does not hold in general for tensor products 
over a ring which is not a field, even if the ring is the case over a ground 
place. Though we shall discuss below under what condition such an extended 


result does hold, we shall first give a counter example: 


rans- 


Example. Let I be the ring of rational integers and let 2 and y be 
ain’ algebraically independent elements over J. Set and J’ =I*(z,y). 
I @® Then J’ is a discrete valuation ring with a prime element 2 and is a ground 
‘uch HM place. Let z, 2’, w, w’ be algebraically independent elements over J’ and set 

o=!’[z,w, Va + 22, Vy + Qw], Va + 22, Vy + 2w’]. Then 
| o and o’ are regular extensions of 1’, and 20 and 20’ are prime ideals. Set 
P= 009, P’ =0'o9. Then P and P’ are the valuation rings, hence they are 
normal spots over J’ (and they are regular extensions of J’). Since (P@, P’)/(2) 
(P/2P) or (P’/2P’), we see that there exists only one minimal prime 
divisor p of 2(P@ P’) and that p(P@ P’)»/(2) is not principal. Therefore 
»(P®P’), is not principal. Since p is of rank 1, it follows that (P® P’)y 


is not normal and P ® P’ is also not normal. 


Proposition 9. Let 0 and o’ be normal rings which contain a discrete 
valuation ring I with a prime element x. Assume that 0* =o0®@,0’ ts a 
Noetherian integral domain and that both 0 and vo’ are separably generated 
over I. Then o* is a normal ring tf and only tf o*y+ is a normal ring for 


every prime divisor p* of xo*. 


Proof. Let k be the field of quotients of 7. Then k—J[1/z] and we 
have o*[1/r] =o[1/r] @o’[1/z] by Theorem 1. Therefore o*[1/z] is a 
normal ring by Theorem 8. Now we prove our assertion easily (see [16,§9]). 


CoroLLtaRy. Let o and o’ be normal affine rings or spots over the same 
ground ring I. Assume that I is a valuation ring with a prime element zx. 


11 
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If the following four conditions are satisfied, then 0@;0' ts a normal ring, 
1) oand o’ are separably generated over I. 
2) xo and xo’ are semi-prime ideals. 
3) ood’ is an integral domain. 
4) If p and py’ are prime divisors of xo and xo’ respectively, then 
(0/p) @rjer (0’/p’) has no nilpotent elements. 


Proof. By our assumption, z(o0@o’) is a semi-prime ideal and we see 
the assertion by Proposition 9. 

Remark 1. Condition 4) is satisfied if one of o/p and o0’/p’ is separ- 
ably generated over I[/zI by Theorem 1. 

Remark 2. Since the intersection of normal rings is again a normal 
ring, we can apply Proposition 9 and its corollary to tensor products over 


a Dedekind domain by virtue of Theorem 1. 


Chapter 4. Preliminary Results from the Theory of Regular Local Rings. 


1. Ring extensions of regular local rings. 


Proposition 1. Let o be a local integral domain with maximal ideal 
m and let a be an element of an integral extension of 0. Assume that 1) a 
is not in the field of quotients of 0, 2) the characteristic p of o 1s different 
from zero and 3) a®€ 0. Then o[a] isa local ring. Furthermore, the dimen- 
sion of the vector space m’/m” over o’/m’ is not less than that of m/m? over 
o/m (im being the maximal ideal of 0’); they coincide with each other if 
and only if either the irreducible polynomial X®—<aP over o is irreducible 
modulo m, or there exists an element b€ 0 such that (a—b)?€m, ¢ m’. 


Proof. Since a is purely inseparable over 0, o[a] is a local ring. Let 
be a minimal base of m.° 

1) When X?—a? is irreducible modulo m, it is easy to see that m 
is generated by m. Furthermore, 2,,- - -,2, is a minimal base of m’. For, 
otherwise, there exists an element x of m which is not in m? such that 


which is impossible because 1,a,- -,a? are linearly 


independent over 0. Thus the case is settled. 

* We call a base of an ideal is minimal if any proper subset of the base cannot 
generate the ideal. When 0 is a local ring with maximal ideal m, a subset of an ideal 
a of 9 generates q if and only if their’residue classes modulo ma generates a/ma over 
o/m. ‘Therefore r is equal to the dimension of m/m? in the present case. 
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2) Assume that X?—a? is reducible modulo m. Then there exists 
an element 6 € 0 such that a#?—b?¢€m. Therefore, considering a—b instead 
‘of a, we may assume that b—0, that is, a€ m’. Assume that an element 
cm which is not in m? is in nV?. Then, since m’=mo[a] +ao[a] 

—m-+ao[a], there is a relation of the form: 


c= (> djx;)a (Sv? : (cij, dj, 0). 
Since 1,a,: are linearly independent over we have 


This shows that the residue class of z modulo m? is of the form unit (a? 
modulo m*). Therefore, the dimension of m’/nv? is either r or r+1 
according as a?¢ m® or a?€ m?. Thus the proof is completed. 


CorotLARy 1. Jf furthermore o[a] is a regular local ring, then so ts o. 


CoroLLARY 2. Besides the assumptions in Proposition 1, we assume 
that 9 is a regular local ring. Then ola] is regular if and only tf either 
Ye—a? is irreducible modulo m, or there exists an element b of o such that 
(a—b)?em, ¢ m?. 


Proposition 2. Let o be a normal local ring and let a be a root of 
an irreducible monic polynomial f(x) over o. Let p be a maximal ideal of 
ola], and set o’=of[aly, m’=—po’. If the discriminant d of f(x) ts a 
unit in o, then 1) m’=—mbo’ and 2) 0’ is a normal ring. 


Proof. Since d is a unit in 9, we have that o[a] is a normal ring, and 
2) follows immediately. Let g(x) be a monic polynomial over o such that 
i) g(x) modulo m is irreducible over 0/m and ii) a modulo p is a root of 
modulo m. Set b=g(a). Then DE p. Set p’—mo[b] + 
which is a maximal ideal of o[b] and p’—pNof[b]. Since g(z) modulo m 
Fis irreducible over o/m—= o[b]/p’, p—=p”ofa]. It follows, in particular, 
that p is the unique maximal ideal of o[a] containing b. Let h(a) be a monic 
polynomial over 9 such that i) f(xz)—g(ax)h(x)€m[az] and ii) every 
irreducible factor of h(x) is irreducible modulo m. Then applying the same 
observation to each irreducible factor of h(x), we see that c—h(a) is not 
in p (because d is a unit and g(a), h(a) have no common factor modulo m). 
Since g(a) = b, be € mo[a] and b€ mo’, which shows that m’ = mo’ (because 
v=p”o[a]). 


Corottary. If furthermore o is a regular local ring, then 0’ is also a 


requlay local rin q. 
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Provosition 3. Let o be an integral domain and let %,- - -,2, be 
algebraically independent elements over o. Let p be a prime ideal oj 
o’ If a regular local ring, then so 1s 0’y. 

Proof. By Corollary 5 to Proposition 1.1, 0’p/(pM0)o’py is a regular 
local ring, from which the assertion follows immediately. 


Lemma 1. Let x be a transcendental element over a local ring 0. Then 
a minimal base of the maximal ideal m of 0 ts also a minimal base of mo(z), 
Therefore, 0 is regular if and only tf o(@) 1s. 

The proof is easy. 

Corottary. The converse of Proposition 3 holds. 

Proof. From the regularity of o’y and 0’y/(pM0)o’p, it follows that 
(pM 0)o’y is generated by a subset of a regular system of parameters of 0, 
(Lemma 0.12) and 0’ = 0(21," is regular, from which it follows 


that is regular. 


Lemma 2. Let o be a regular local ring with maximal ideal m. If a 
monic polynomial f(x) over o is irreducible modulo m, then the ring 
o’ = o[2r]/f(x)o[x] is a regular local ring with maximal ideal mo’. Further, 
m”o’ for every n—1,2,- 

Proof. Since f(z) itself is also irreducible, the assertion is proved 


easily. 


Remark. By the same way as above, «ve see that Lemma 2 can be 
generalized as follows: Let o be a normal local ring with maximal ideal m. 
If a monic polynomial f(z) over o is irreducible modulo m, then the ring 
o’ = x] /f(x)o[ x] is a local ring with maximal ideal mo’ and m”o M o =m". 


Therefore, if o’ is regular, then o is also a regular local ring. 


2. Quadratic transforms of local integral domains. Let 0 be a local 
integral domain with maximal ideal m and let 2,,- - -,2, be a base of tm. 
Further,: let » be a valuation ring which dominates o and let n be the 
maximal ideal of ». Let v be a valuation whose valuation ring is v. We 


may assume that v(2,) Sv(a;) for every j. Set 0’ +, 


mn’ =n o’ (observe that o’ is a subring of 0” =o’m and 


Then 


Proposition 4. 1) 0” is a local integral domain; 2) 0” is determined 
by » above, that ts, 0” is independent of the choice of the base 2,,° °° 5% 


| 
404 
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of m; 3) tf p is a prime ideal of 0 which does not contain x, and if there 


prists a prime ideal p” of 0” such that dy is dominated by oy, then oy = 0p” ; 


md 4) if 0 is a regular local ring, then vo” ts also a regular local ring. 


This 0” is called the quadratic transform of o with respect to the 
valuation ring b. 


Proof. (1) Since o is a Noetherian ring and since o’ is finitely generated 


over 0, o’ is Noetherian and o” is a local integral domain. 


(2) Let y:,° - *;Ym be another base of m. In order to prove 2), we 
may assume that 2;—=y,; for jn. First set o* Ym/Ys]- 
Then of Co*. Since y; is a linear combination of with coefficients in 0, 
we have o’ =o* and 0” ~o* (amor. Assume that v(yi) =v(y1) 

** — Then y /y; is a unit in and y /y; is not 

=nfio**, Therefore o** ++ contains y,/y; as a unit, hence 0** 
contains Ym/Yr1. Therefore o*m+C o**mee. By the same reason, 
we have the converse inclusion, and 0” = Om+ = 0** mee. 
ties Since 2, ¢ p, o’ is a subring of oy and 3) is easy. 
rther, (4) By 2), we may assume that 2,,---+,2, is a regular system of 

parameters of o. m is contained in 2,0’, and o’/zro’ is generated by the 
roved residue classes of @2/2,,° * *.2,/2, over the residue class field of 0; they are 
obviously algebraically independent over o/m. Therefore, 0”/2,0” is a regular 
local ring by Corollary 5 to Proposition 1.1, which shows that 0” is also 
an le regular local ring. 
al 
» ring Remark. Observe that if v(2,) rd v(x;) for every j > 1, then the maximal 
ileal of 9” is generated by 2, %2/%;,° 

3. Results due to Serre [22]. If ./ is module over a ring 0, the 
projective dimension of V/ in the sense of Cartan-Kilenberg [2] is called the 
homological dimension of M (according to Serre [22]), which will be denoted 
by dhy VW or by dh Jf. A series a,,- - -,a, of elements of the maximal ideal . 

of 9 is called an M-series if for every tr the element a; is not a zero- 
ivisor in the module W/(S,*ta;M). The number r is called the length 
the series. 

Proposition 5. If M is a finite module over a regular local ring o 


ined of rank n, then every maximal M-series is of length n—dhM. (Auslander- 


Buchsbaum-Serre ) 
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For the proof, see Serre [22]. 


CoroLuary. If a 1s an ideal of 0 and if n=1, then ify 
is a prime ideal of o different from m and tf n= 2, then dhpSn—2. 


THEOREM 1. If p is a prime ideal of a regular local ring 0, then 0, 
is a regular local ring. (Serre [22]) 


For the proof, see Serre [22]; the base of his proof is the following 


Proposition 6. A local ring o ts regular if and only tf there exists 
an integer m such that dhM =m for every o-module M (that is, global 
homological dimension of 0 is finite). (Serre [22]) 


For the proof, see Serre [22]. 


In the latter parts of our papers, we shall need only Theorem 1 in the 
case where o is a spot of the restricted case, among results stated here, 
Therefore, we shall give another proof for this case in Appendix 1. (A proof 
for this case is also given by Nagata [18].) 


4, Unramifiedness of regular local rings. Let r be a regular local 
ring with a semi-ground ring J. We say that r is unramified with respect 
to J if either r contains the field of quotients of J, or a prime element of J (mai 
is not in m*, where m denotes the maximal ideal of r (that is, a prime element 
of Zann can be selected to be a member of a regular system of parameters 
of r). If furthermore the residue class field of r is separably generated over 
that of Iman, then we say that r is tamely unramified (with respect to /). 

A spot P over a ground ring J is ¢alled a simple spot if it is a regular 
local ring. It is called an unramified simple spot (over J) if it is unramified 
with respect to IZ; it is called a tamely unramified simple spot if it is tamely 
unramified. It is called ramified (over I) if it is not unramified. 


Remark. Since an “unramified regular local ring” is a regular local 
ring which contains a field or in which p is not in the square of the maximal 
ideal of the ring (p being the characteristic of the residue class field of the 
ring), we must distinguish between unramified simple spots and _ simple 


spots which are unramified regular local rings. 


Proposition 7%. If P is a tamely unramified regular local ring will 
respect to a semi-ground ring I, then the completion P* of P contains ( 


complete discrete valuation ring I* (which may be a field) such that 1) I¥ 


a subring of I* and 2) P* ts a formal power series ring over I*. 
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The proof is easy because P* is a Henselian ring (Lemma 0.13). 


unramified with respect to a semi-ground ring I, then ry is also unramified 


THEOREM 2. Let p be a prime ideal of a regular local ring r. If r ts 


with respect to I. 


Proof. Set q=pnl. If q=0, then ry contains the field of quotients 
k of I and ry is unramified with respect to J. Assume that q0. Let zx be 
a prime element of J. Since r is unramified with respect to I, r/ar is a 
regular local ring. Therefore, by Theorem 1, (r/zr) q/er) = tp/2ty is a regular 
local ring, which proves that rp is unramified with respect to J. 

More generally, we can prove the following assertion, making use of 
the notion of quadratic transformation (cf. §2) or some results in Nagata 
[18]: 

Let 0 be a regular local ring with maximal ideal m and let p be a prime 


ideal of 0. If an element f of p is not in m", then f is not in pop. 


We shall here only sketch the proofs. Let o* be the completion of o 
and let p* be a prime divisor of po*. Then p* Mop by the corollary to 
Lemma 0.4, p*"o*)+ contains p"odp, and we have only to show that p*"o*). 


does not contain f. Thus we may assume that 0 is complete. 


i) The proof by the theory of multiplicity (This can be applied only 
for the case where o contains a field, because, for the proof of the result in 
[18] which we want to use, we used the present assertion for the case when 
0 does not contain any field): Since f ¢ m”, the multiplicity of the ring o/fo 
is less than n. Since o/fo is complete, it follows that the multiplicity of 
the ring 0y/foy is less than n (see [18]), which proves that f ¢ p"oy. 


ii) The proof by quadratic transformation: By Lemma 4.1.2, we may 
assume that the residue class field of o is algebraically closed. On the other 
hand, making use of an induction argument on the rank of 0, we may 
asume that co-rank p=1. Let bv be a valuation ring which dominates o 
and which has a prime ideal n such that b/n is algebraic over o/p and, 
furthermore, the residue class field of » coincides with that of 0 (existence 
follows from Proposition 2 in Appendix 1 of the present paper). Let v be 
a valuation whose valuation ring is ». Then we can select a regular system 
of parameters 2,,- of so that <v(a;) for every j>1. Let o’ 
he the quadratic transform of o with respect to » and set f/=f/a2.™ with 
m such that fem”, f we have only to prove that f’¢ Repeating 


*The writer owes the present proof to Prof. Serre. 
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successively quadratic transformations, we reach a case where p is generated 
by a subset of a regular system of parameters of 0 (see Appendix 1, §2) 


and the assertion is proved. 


5. Unique factorization theorem in local rings. 


Lemma 1. A Noetherian integral domain 0 is a unique factorization 
ring if and only if every prime ideal of rank 1 in 0 ts principal. In this case, 
an ideal (0,0) is principal if and only if it ts purely of rank 1 (that is, 
each of its prime divisors is of rank 1). 


Proof. 1) Assume that o is a unique factorization ring and let p be 
a prime ideal of rank 1. Let a be an irreducible element in p (such exists 
because 0 is Noetherian). If bc€ p, then by the uniqueness of factorization, 
one of } and ¢ is divisible by a, which shows that ao is prime and pao. 


2) Assume that every prime ideal of rank 1 is principal. Then every 
irreducible element generates a prime ideal (of rank 1), from which we see 
the uniqueness of factorization by induction on the number of irreducible 
factors. 

3) Let q be a primary ideal of rank 1 and let p be its prime divisor. 
Then (a€ 0). Let n be such that q Ca"o, and set q’ a". 
Since qCa"o, q=a"q’. Since qQ@a"™'o, q’Cp. Since by its definition q 
is of rank 1 unless q’ =o, and we have q’ ~o and q—a"o. Now we consider 
an ideal a which is purely of rank 1. Let qi,- - -,q, be the primary com- 
ponents of q. Then each q; is generated by one element a; and 


4) Assume that an ideal a is generated by an element a and let 
41," * *,4n be the primary components of a belonging to prime divisors ot 
rank 1. By 3) qiM--+-Nqa is principal: Let b be a generator. Then 
a—aoC bo and there exists an element c€o such that a—bc. If ¢ is not 
a unit in o, then there exists a prime ideal p of rank 1 which contains ¢ 
and we have a contradiction from boy—aoyC bpoy (see [16]). Thus 


ao = bo and the proof is completed. 


Remark 1. By the proofs 3) and 4) above, we see that when a is an 
ideal of a Noetherian integral domain o and every minimal prime divisor 
of a is principal, then a is principal if and only if a is purely of rank 1. 


Remark 2. A unique factorization ring o is a normal ring. (Gauss’ 


Lemma ) 
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Proof. Every principal ideal of o has no imbedded prime divisor. There- 
fore 9 == Op, Where p runs over all prime ideals of rank 1 in o (see [17]). 
Further, if p is a prime ideal of rank 1, then p is principal and oy is a 
discrete valuation ring. It follows that o is normal. 


Remark 3. If an integral domain 0 is a unique factorization ring, then 


every ring of quotients of o is also a unique factorization ring. 


The proof is easy. 


Proposition 8. Let o and o’ be local rings such that 1) 0 ts a subring 
of o’ and 2) ao’ o—ao for every element a€o. Then an ideal a of o 


is principal if (and only if) ao’ ts principal. 


Proof. Let b’ be an element of o’ such that ao’=b’o’. If there is no 
element a of a such that ao’ = b’v’, then ao’ C b’m’0’, where mn’ is the maximal 
ideal of o’. It follows that b’o’ = b’m’o’, which is impossible unless b’ = 0 
(see [16]). Therefore, there exists an element a of a such that ao’ = ao’, 


hence ao Ca Cao’No0—ao and a—ao. 


CorottaRy 1. Let o* be the completion of a local ring 0. Then an 


ideal a of 0 is principal if and only if ao* ts principal. 


COROLLARY 2. Assume that a local ring o’ dominates a local integral 
domain o, that no element of o is a zero-divisor in 0’ and that KN 0’ =o 
with K the field of quotients of 0. Then an ideal a of 0 is principal tf and 
only if ao’ is principal. 


THEOREM 3. Let o* be the completion of a local integral domain o. 
If o* is a unique factorization ring, then o 1s also a unique factorization 
ring. 


Proof. By Lemma 1, we have only to show that every prime ideal p of 
rank 1 in o is principal. Let S be the complement of p in 0. Since o*/po* 
is the completion of o/p (Lemma 0.3), no element of S is a zero-divisor 
modulo po* (Corollary to Lemma 0.4). If we know that o is a normal ring, 
then the proof proceeds as follows: oy is a valuation ring and po*s is a 
principal ideal, which shows that every prime divisor of po*g is of rank 1 
(because 9*s is normal or because o*s is a unique factorization ring). Since 


*These results were announced by Mr. Y. Mori at the spring meeting of the 
Mathematical Society of Japan in 1949. The present proofs were found by the writer 
independently in March of 1950, which were sketched in [15]. Recently the writer saw 


that the same results were proved by Krull [9]. 
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no element of S is a zero-divisor modulo po*, every prime divisor of po* 
is of rank 1. Hence po* is principal by Lemma 1 and p is principal by 
Corollary 1 to Proposition 8. Now the proof is completed by the following 


LemMMA 2. Let o* be the completion of a local integral domain o. Ij 
o* is a normal ring, then o is also a normal ring. 


But this follows immediately from the following 


Lema 3. Let o* be the completion of a semi-local integral domain », 
If K is the field of quotients of 0, then o=K(0*. (See Nagata [14] or 
[15].) 

Proof. It is obvious that oC KMo*. We shall prove the converse 
inclusion. Let a/b (a,b€0) be an element of KNo*. Then a/béo* 
shows that a€ bo* 0=—bo (Lemma 0.3) and a/d€E o. 


Proposition 9. Let a be an ideal of a local ring o. If there exist 
an ideal 6 of 0 contained in a and a non-unit x of o such that 1) a:zo=a 
and 2) aC b+ 20, then we have a=b.® 

Proof. Since aCbh-+ 20, every element a of a is expressed in the 
form a=b-+<22 with D€b, z€ 0. Then rz€a and z€a because 
Thus a=b6-+ 2a, which shows that a=b because z is in the maximal ideal 
of o ([{16]). 

CoroLtuary 1. Let a be an ideal of a local ring 0. If there exists a non- 
unit x of o such that 1) a:xo =a and 2) aC ao, then a=0. 


CoroLLary 2. Let a be an ideal of a local ring o. If there exists a non- 
unit x of o such that 1) a:to—a and 2) a its principal modulo xo, then 
a is also principal. 

TueroreM 4. Let o be a regular local ring of rank r. If either 0 1 


unramified, or r is not greater than 2, then o is a unique factorization ring. 


Proof. When r=1, 0 is a discrete valuation ring and our assertion 1s 
obvious. Assume next that r—2. Let 2 be an element of the maximal 
ideal m of o which is not in m®. Let p be a prime ideal of rank 1 in 0. 


° If we want to generalize this assertion to general Noetherian rings, then a similar 
proof shows the following: 

Let a be an ideal of a Noetherian ring 9 and let 6 be an ideal contained in a. If 
there exists an element z of op such that 1) a: 79 =a, 2) go +20 + 0 for every prime 
divisor q of 6 and 3) q is contained in 6 + ao, then we have q = b. 
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Ifc€p, then pao. If x¢ yp, then p is principal modulo zo because 0/zo0 
is a valuation ring, which shows that p is principal by Corollary 2 to Proposi- 
tion 9 and the assertion is proved in this case. On the other hand, if o is 


unramified, then the completion o* of o is a unique factorization ring 
(Lemma 0. 9) and o is also a unique factorization ring by Theorem 3. 


Proposition 10. Jf a regular local ring 0 ts tamely unramified with 
respect to a semi-ground ring, then o is a unique factorization ring. 


Proof. By Theorem 3, we may assume that o is complete. Then o is 
isomorphic to a formal power series ring over a ring J, whcih is a field or a 
discrete valuation ring. Then the proposition is well known in this case 
(see for example Cohen [6]) and can be proved by induction on the rank 
of o just as in the case of polynomial rings. Therefore, we shall omit the 
proof. (Cohen’s proof can be simplified a little.) 

Though it seems to the writer very likely that every regular local ring 
is a unique factorization ring, the writer cannot prove it yet. But we can 
prove the following 

Proposition 11. Jf every regular local ring of rank 3 is a unique 


factorization ring, then so is every regular local ring.'° 


In order to prove this proposition, we shall prove the following two 


lemmas: 


Lemma 4. Assume that is an exact sequence of 
modules A, B, C (overa ring 0). Then 1) if dhA >dhB, then dhA=—dhC 
—1; 2) if dhA < dhC—1, or if dhA < dhB—1, or if dhA <dhB and 
dhA <dhC, then dhB=dhC. 


Proof. From the exactness of the sequence 0~A—>B—>C-—>0, we 


have the exactness of the sequence 
— Ext"*!(C,X) Ext! (B, X) 
with an arbitrary module XY, from which the assertion follows immediately. 


Corottary. Let a and b be elements of an integral domain o. If 
dhy(ao + bo) 0, then dhy(ao: bo) = dhy(bo + a0) —1. 


*° This result was proved independently by Zariski. 
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Proof. Since 0->bo—-ao+ bo—0/(a0:bo)—0 is exact and since 
dh, bo = 0, dhg(ao + bo) = dhyo/(ao:bo). Since 


0— (av: bo) ~0—>0/(a0:b0) 0 
is exact, dhgo/(ao:b0) = dhy(ao:bo) +1. Thus the assertion is proved. 


Lemma 5. Let o be a regular local ring of rank r=3. Let m be the 
maximal ideal of 0. Assume that every regular local ring of rank less than 
ris a unique factorization ring. If a and b are elements of m such that 
dh,(ao + bo) S[r—2, then the ideal ao:bo is principal. 


Proof. From dhg(ao -- bo) Sr— 2, wt follows that either dhy(ao + bo) 
=0 or dhy(ao:bo0) =r—3. If dho(ao+ bo) =0, ao+ bo is principal 
(because o is a local ring), hence either aoC bo or bo Cao (again by the 
fact that o is a local ring). Therefore, the assertion is easy in this case. 
In the other case, since dh)(ao: bo) =r—=8, it follows that dhgo/(av: bo) 
=r—. This shows that there exists an 0/(ao:bo)-series of length 2, that 
is, there exists an element 2€ im which is not a zero-divisor modulo ao: bo 
such that ((ao:b0) + 20) :m= (a0:bo) +20, by Proposition 5. We can 
select such an x so that x¢ m® (see [19]; cf. [16]). Let q be an arbitrary 
prime divisor of (av:bo0) + xo. Since og is a regular local ring of rank 
less than 7, a0g: bog is principal and ((a0:bo) + x20)0q is generated by two 
elements. It follows that q is of rank 2 by the unmixedness theorem (see 
Cohen [6] or Nagata [18]), which shows that ((ao:bo) + z20)/ro is purely 
of rank 1, hence it is principal by Lemma 1. Since z is not a zero-divisor 
modulo ao: bo, it follows that ao: bo is principal by Corollary 2 to Proposi- 
tion 9. 


Remark. If o is a unique factorization ring, then dhg(ao + bo)is not 


greater than 1 for arbitrary elements a and 6 of o. 


Proof. If dhp(ao+ bo) then dhg(av: bo) =dhg(ao + bo) —1. 
But ao: bo is purely of rank 1 or is o itself, hence it is free and dhg(ao: bo) =. 
It follows that dh,(ao + bo) —1 or 0. 

Now we shall prove Proposition 11. Let o be a regular local ring of 
rank r; we prove the assertion by induction on r. By our assumption, we 
may assume that r2=4. Let p be a prime ideal of rank 1 in po, and let « 
and b be elements of o such that 1) aoy—poy, 2) b¢ p, but B is in every 


primary component of ao belonging to a prime divisor other than p. ‘Then 
ao:bo=—p. Let a be the ideal such that a= (ao: bo) :m*, with ¢ an integer, 
and a:m—a, where m is the maximal ideal of 9. Let z be an element of m 


412 
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which is not in m® such that a:ao—a. By our assumption, 0/zo is a unique 
factorization ring, and therefore dho,z9(ao0 -+ bo + xo)/xo is not greater than 1. 
Since r is not less than 4, it follows that (ao + bo + 20) :m—ao-+ bo + 20 
by Proposition 5, which shows that ao + bo + xo contains a. Since a:7o —a, 
we have ao -+bo—a by Proposition 9, which shows that (ao-+ 60):m 
—(ao+bo) and by Proposition 5, that is, 
dh,(ao + bo) Sr—2. Therefore pao: bo is principal by Lemma 5, which 


proves our assertion. 


Appendix 1. Rings of Quotients of Regular Local Rings. 


1. Some preliminary results. 


LemMA 1. Jf 0 is a complete local integral domain, then the deriwed 
normal ring o” of o is a finite o-module. (Nagata [14]). 


Proof. Since o is complete, there exists a complete regular local ring r 
such that 9 is a finite r-module (Lemma 0.8). Therefore, we have only to 


prove the following 


Lemma 2. Let r be a complete regular local ring, and let L be a finite 


algebraic extension of the field of quotients K of r. Then the integral closure 


oof rin L is a finite r-module. 


Proof. If xr is of characteristic zero, then Z is separable over K and 
our assertion is obvious ([16, §5]). Therefore, we assume that L is of 
characteristic p40. Then we may assume that r is the ring of formal power 
series in indeterminates over a field k (Lemma 0.10). Let L’ be 
a purely inseparable finite algebraic extension of K such that L(L’) is 
separable over L’. If we know that the integral closure o’ of r in L’ is a 
finite r-module, then the integral closure 0” of r in L(L’) is a finite r- 
module because L(L’) is separable over L’, and o is also finite r-module. 
Thus, we may assume that LZ is purely inseparable over K. Set e=[L:K], 
Fa (t—1,---,n) and r*—F{y,,---,y,}. Then o is a 
subring of r* because r* is regular and hence normal, so that an element a 
of » can be expressed as a power series in +, Yn With coefficients in f. 
The leading form of the expression will be called the leading form of a in 
the present proof. 


Lemma 3. If fm are leading forms of elements *.Qm of 0 
respectively, and if 1,f1,° are linearly independent over r, then 


+ are linearly independent over r. 
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Proof. We consider a linear combination S\a;b; (bi€ r). Let g; be the 
leading form of b;. Then fig; is the leading form of a;bi. We may assume 
that deg(f.g.) =: -—deg(f,g-) =d and that deg(figi) >d for i>r, 
Then the leading form of Sab; is S."figi, which is not in r_ because 
1,f:,- - -,f, are linearly independent over r. Therefore a;b;¢ r unless all 
the b,’s are zero, which proves Lemma 4. 

Now we proceed with the proof of Lemma 2. Since L is finite over KX, 
there are leading forms f,,: - -,fs; of elements of o such that 1,f,,-- -,f, 
is a maximal linearly independent set of leading forms of elements of 0 by 
Lemma 3. Let ¢,- --+,c; be the coefficients of f1,- - -,f, and let f be the 
leading form of an element of 0. Since f is linearly dependent on 1, f;,-- -,f, 
over r, it follows that the coefficients of f are in Kk(c,,---,c;). Now 
let do>—=1,d,,- --,d, be a linear base of k(c,,- over k and let 
My be the set of monomials in 4;,° of degree less 
than one. Then f is contained in the module generated by all the dm; over tr. 
Therefore, there exist elements a,,: - -,@ ~ of o such that the leading form 
of every element of o is contained in the r-module generated by the leading 
forms of a,,° Since is a finite r-module, it is a com- 
plete local integral domain (Lemma 0.5). Since r* dominates 
t[ai,° * *,@~] is a subspace of r* (Lemma 0.11). On the other hand, by 
our choice of we see that o is contained in r[a,,- -,a,] + m* 
for every natural number 7, where m* denotes the maximal ideal of 1%. 
Since r[a,,- - -,d@,] is complete and is a subspace of r*, it must be a closed 
set of r*. Therefore, we have 0 and =o. 


Thus the proof is completed. 


1. Every complete local integral domain satisfies the 


finiteness conditions for integral extensions. 


CoroLiary 2. If a complete semi-local ring o has no nilpotent elements, 
then the integraly closure of o in its total quotient ring 1s a finite o-module. 


Proposition 1. Jf a semi-local integral domain o is analytically unrami- 
fied, then the derived normal ring o’ of 0 is a finite o-module. (Nagata [11]) 


. . , 
Proof. Let 9=0)Co0,C:--Co,C--- be a chain of subrings of 9 


such that each 0; is a finite o-module. Then the completions o*; of the 


rings o; can be imbedded in the integral closure 0*” of the completion 0* 
of o (Lemma 0.6). Since o* has no nilpotent elements, o0*’ is a finite 
o*-module and there exists an 7 such that 0*;—o*; for every j >1. Then 
we have 0;=09; (j >t) by Lemma 4.5.3. Thus 0’ is a finite o-module. 
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Proposition 2. Let 0 be a Noetherian integral domain and let L bea 
finite algebraic extension of the field of quotients of o. If +, Pn are 
prime ideals of 0 such that py D- + -D Pp, then there exists a valuation ring 
of L which has prime ideals such that 1) dp, dominates oy, and 


2) Dn,/ti ts a finite algebraic extension of dy,/Pi0p, (for each 1). 


Proof. We may assume that p, is of rank 1. Let o’ be the integral 
closure of dy, in Z. Then o’ is a Dedekind domain by Lemma 0.15. Let 
y’ be a maximal ideal of o’. Then o’y is a valuation ring and 0’y-/p’o’y: is 
a finite algebraic extension of dy,/PnOy, by Lemma 0.15. The rest of the 
proof is like the proof of Proposition 1.5. 


Remark. If o is a regular local ring, then there exists a valuation 
ring of the field of quotients of 9 which dominates o and whose residue class 


field coincides with that of o. 


Proof. Let m be the maximal ideal of o and let f be an element of m 


which is not in m®. Then o/fo is a regular local ring and dy, is a valuation 
ring. Therefore, our assertion is easily proved by induction on the rank of o. 


2. A proof of Theorem 1 in some special cases. 


Lemma 1. Let o be a regular local ring of rank r and let p be a prime 
ideal of co-rank 1 in o. If the derived normal ring of 0/p ts a finite o/p- 
module, then oy is a regular local ring of rank r—1. (Zariski [26]) 


Proof. Let » be a valuation ring which dominates o and has a prime 
ideal 1) such that nM o=—p and v/n is algebraic over o/p (existence of b 
follows from Proposition 2). Let 01,---,0n,° ++ be successive quadratic trans- 
forms of 0 with respect to » (that is, 0, is the quadratic transform of o with 
respect to b, 02 is that of 0, and so on). Then by Proposition 4.4, each 0; 
is a regular local ring and has a prime ideal p; such that oy = (0;)», 
0;). Let 0’ be the derived normal ring of 0/p and set n’ =(m/n)/N 0’, 
where m is the maximal ideal of ». Then, as is easily seen, 0;/p; is contained 
in 0’n for every 7. Since o’ is finite over o/p, there exists an m such that 
Since Onsi/Pnir is the quadratic transform of with 
respect to b/n, it follows that 0,/p, is a discrete valuation ring. Hence p, 
is generated by r—1 elements (Lemma 0.12) and oy = (0n)y, is a regular 
local ring of rank r—41, which proves the assertion. 

Making use of an induction argument on the rank of a regular local 


ting, we easily see the following fact: 
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Let o be a regular local ring and let p be a prime ideal of o. If there 
exist prime ideals p=}; C p;1C-- -C po such that each p; is of co-rank j 
and the derived normal ring of oy, ,/;0p,., is a finite module over the latte 
ring for every 1, then oy is a regular local ring. 

As consequences of the above result, we have 


(1) If o is a complete regular local ring, then oy is a regular local 
ring for every prime ideal p of o. 
(See Lemma 1 in §1.) 


(2) If P is a simple spot in the restricted case, then Py is a regular 


local ring for every prime ideal p of P. 


Appendix 2. Some Remarks on the Non-restricted Case. 


Propvosition 1. Let P be a local ring which dominates a_ discrete 
valuation ring v, and let v* be a valuation ring which contains » as a dense 
subspace. Let m be the maximal ideal of P and set R=v* @» P, m’ =m. 
Then wv’ is a maximal ideal of R. Set P’=R'y. If P’ is Noetherian, then 


P’ is a local ring which contains P as a dense subspace. 


Proof. Let be the maximal ideal of and set —minp, 
— pMp*, Then 


R/miR = (v*/p*) (P/m*) = (v/p) @ (P/m‘) = P/mi 
for every natural number i. Therefore, by the case 11, we see that m’ 


is a maximal ideal of Rk. If P’ is Noetherian, then P’ is a local ring. There- 
fore, P’/m’'P’ = P/m?* shows that P’ contains P as a dense subspace. 


Corotiary. If P is a spot over a ground ring v which is a valuation 
ring, then P’ as defined above is a local ring which contains P as a dens? 
subspace. 

Proof. Let o be an affine ring which has a prime ideal p such that 
P=po,. Then R is a ring of quotients of p*®o, and this last ring is 
finitely generated over p*. It follows that R is Noetherian and P’ is also 
Noetherian. 

Proposition 2. Let P bea spot over a ground ring I. If P is separably 


generated over I, then P is analytically unramified. 


Proof. Let L be the field of quotients of P and let I’ be the integral 
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closure of J in LZ. Since L is separably generated over I, I’ is separable 
over J and J’ is a finite J-module. Set P’==P{[I’]. Then P’ is a semi-local 
integral domain and P is a subspace of P’ (Lemma 0.6). Therefore, we 
have only to show that P’ is analytically unramified. Since the completion 


of P’ is the direct sum of completions of local rings (spots) P’m, where m’ 
runs over all maximal ideals of P’ (Lemma 0.2), we have only to show that 
P’ is analytically unramified. Thus we may assume that P contains I’. 


Since I’ is also a Dedekind domain, we may assume that J =I’, and we may 
assume further that J is the ground place of J dominated by P. If I is a 
field, then P is a spot in the restricted case, and therefore we assume 
that J is a discrete valuation ring. Let Z* be the completion of J and set 
2=1*@,P, n—=mR, P’ =Ry (see Projosition 1). By the Corollary to 
Proposition 1, P” is a local ring which contains P as a dense subspace. Since 
P is a regular extension of J, R is an integral domain by Theorem 3.3, 
whence P” is a spot over 7* (by the proof of the Corollary to Proposition 1). 
Since J* is complete, it satisfies the finiteness condition for integral exten- 
sions, hence P” is a spot in the restricted case and P” is analytically un- 
ramified. Since P” contains P as a dense subspace, we see that P is also 


analytically unramified. 


Corotiary. If a spot P is separably generated over a ground ring I, 
then the derived normal ring of P is a finite P-module. 


This follows from Proposition 1 in Appendix 1 and the above proposition. 
Proposition 3. The completion of a normal spot is an integral domain. 


Proof. (1) We first prove the assertion under the assumption that 
the spot P is analytically unramified. Let ZL be the field of quotients of P 
and let I’ be the integral closure of J in Z. Since P is normal, I’ is contained 
in P, and therefore we may assume that JI’ (because I’ is a Dedekind 
domain by Lemma 0.15). Thus we assume that the field of quotients K 
of J is algebraically closed in Z. We may also assume that I is a discrete 
valuation ring dominated by P. Let Z* be the completion of J and K* be 
the field of quotients of J*. Let K’ be a maximal separably generated 
extension of K contained in K* and set I’—=I* K’. Then I’ is a valuation 
ring which contains J as a dense subspace. Set R=I*®@,P, =I’ ®,P, 
n=mP, wW—=mR’, P’ =Ry and P’ = R’y, where m is the maximal ideal 
of P (see Proposition 1). Since I’ is separably generated over I and since 
K is algebraically closed in L, R’ is an integral domain by Theorem 3. 2. 
Let x be a prime element of J. Then by Lemma 3.6.1, R’[1/z] is a normal 
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ring. R’/xR’ = =P/zP. Since P is a normal ring, 
«P has no imbedded prime divisor and xR’ has no imbedded prime divisor, 
Let p’ be a (minimal) prime divisor of xR’ and set p=—p’NP. Then the 
fact that R’/zR’ = P/zxP shows that p is a prime divisor of zP. Let 8S be 
the complement of p in P. Then R’s=—I1’®@,Ps and Ps=Py. Since P is 
normal, P, is a discrete valuation ring. On the other hand, ph’s is a 
maximal ideal of R’s and (F's) wr’, = contains Py as a dense subspace 
by the Corollary to Proposition 1. Therefore R’y is a valuation ring. 
Therefore, we see that R’ is a normal ring ([16]). Now, since J* is purely 
inseparable over J’, /* is integral over J’ and the zero ideal of F is a primary 
ideal. Since P” contains P as a dense subspace and since the completion 
of P contains no nilpotent elements, we see that P” is an integral domain 
and P” is a spot over 7*. Since J* is purely inseparable over I’ and since 
P’ is a normal ring, the derived normal ring of P” has only one maximal 
ideal. Since P” is a spot in the restricted case, it follows that the completion 
of P” is an integral domain. Since P” contains P as a dense subspace, we 


see the assertion in this case. 


(2) Now we have only to prove that P is analytically unramified. 


To do this, we shall prove a lemma due to Zariski [27]: 


Lemma 1. Let 0 be a normal local ring. If there exists a non-unit a 
of o such that every prime divisor of ao ts analytically unramified, then o 


ws analytically unramified. 


Proof. Let p.,---,p, be the prime divisors of ao (they are of rank 1 
because is normal), and let p*j,,- +, )*inci) be the prime divisors of 
for each 7; here o* denotes the completion of 9. If S is the intersection oi 
the complements of p,,- - -,p, in o, then og is a principal ideal ring ([16]); 
let z; be an element of o such that pjos = 2jos for each 1. Then by assumption, 
rjo*s = {};p*ijo*%s. Since no element of S is a zero-divisor modulo ao*, 
we see that ao* has no prime divisor other than the p*;;’s. If $8*;; denotes 
the kernel of the natural homomorphism from o* into o*y+,,, the primary 
component of ao* belonging to p*;; contains %*;; so that ao* contains the 
intersection 5 of the §8*;;’s. Since the same holds with a replaced by any 
power of a, we see that )—0. Since $8*;; is a prime ideal by Lemma 1.4.1, 
we see that D is a semi-prime ideal and o is analytically unramified. 

Now we shall return to the proof of Proposition 3. Let x be the same 
as in part (1) of the proof. Then for every prime divisor p of zP, P/p 1s 
a spot over the field J/zI. is in the restricted case, and is analytically 
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unramified. Therefore, Lemma 1 shows that P is analytically unramified, 


which completes the proof. 


Proposition 4. If an affine ring o 1s separably generated over a ground 
ring I, then the derived normal ring of 0 is a finite o-module. 


Proof. Using the Corollary to Proposition 2, we prove the assertion in 
the same way as in Theorem 1.3. 

Once this proposition is proved, we see the existence of the derived 
normal model of a model in the same way as in Chapter 2 when the function 
field is separably generated. (For the projective model, observe that the 
field of quotients of the homogeneous coordinate ring is obtained by adjoining 
a transcendental element to the function field of the model under the con- 
sideration and the separable generation is preserved.) 

Now the other assertions in Chapter 2 can be generalized easily for 


function fields which are separably generated over a ground ring. 


Observe here that even when the function field of a model is separably 
generated over the ground ring, the function field of the induced model of 


the model defined by a spot may not be separably generated. 


MATHEMATICAL INSTITUTE, 
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LOCAL UNIQUENESS, EXISTENCE IN THE LARGE, AND THE 
CONVERGENCE OF SUCCESSIVE APPROXIMATIONS.* 


By Frep BRAUER and SHLOMO STERNBERG. 


1. It has been remarked by several authors that there is a close analogy 
between theorems assuring existence in the large of ordinary differential 
equations on the one hand and local uniqueness theorems on the other, cf. 
(2], [5], [8], [9]. For example, the majorization principle of Wintner [9] 
is the counterpart of Kamke’s “allgemeine Eindeutigkeitssatz,” and Wintner’s 
criterion [8] corresponds to Osgood’s uniqueness criterion. Furthermore, these 
criteria all have analogues which assure the convergence of successive approxi- 
mations; ef. [7], where the Osgood criterion is shown to suffice, and [3], [1], 
where the same is shown for the Kamke condition (the additional monotony 
assumption being superfluous, as will be shown). This second situation is 
somewhat unsatisfactory, as we know that uniqueness of solutions and the 
convergence of the successive approximations are logically independent. In 
fact, Miiller, in [6], gives an example of a differential equation which has a 
unique solution and yet the successive approximations do not converge, and 
we shall present below an example, due to Dieudonné, of a differential equation 
such that the successive approximations converge for an arbitrary initial curve 
and yet the solution is not unique. In the present paper we shall give a 
uniqueness criterion which includes Kamke’s as a special case and is suffi- 
ciently general so as not to imply the convergence of successive approxima- 
tions. We shall also explain the source of the duality between local uniqueness 
and global existence by showing that global existence can be viewed as a sort 


of uniqueness theorem at infinity. 


2. We first consider the uniqueness of solutions of 
(1) a(t) =f (z,t), =0, 


where x and f are n-dimensional vectors. 
Let V(z,t) be a function, defined for vectors x and real ¢, with non- 
negative real values, which is continuous in (z,¢), has one-sided partial 


* Received November 22, 1957. 
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derivatives with respect to ¢ and the components of zx, and such that 
V(az,t) =0 implies z—0. We will use V; to denote a partial derivative 
of V with respect to t, Vz to denote some gradient vector of V, and - to 
denote the usual scalar product of vectors. Any condition which involves 
V, or V; will be understood to be required for all one-sided derivatives. 


THEOREM 1. Let w(r,t) be a continuous non-negative function defined 
on r=0,0<t<a. Suppose the only solution of 


(2) (t) =o(r,t) 
which satisfies 
(3) r(0) =7'(0) =0 


on OStSa, for any a in 0<a<a, ts the identically zero solution. Let 
f(z,t) be continuous on a bounded region 0<t<a, V(a,t) <b and 


(4) Vi(c—y,t) + Va [f(2,t) —f(y, t)] 

in this region. Then there is at most one solution of (1) on 0OSt <a. 
Proof. Suppose z,(¢) and z.(¢) are two solutions of (1) on 0OSt <a, 

and let y(t) =2a.(t) —2,(t). Then 

(5) (d/dt)[y*(t)] —f'[.(¢), 


where the superscript i denotes the i-th component. Let m(t) = V[y(t), t], 
and m*(t) =limsup [m(t) —m(t—h)]|/h. Then 


—V[y*(t),- y(t—h),- -,y"t—h), t])/h 
+ [V(a(t—h), t) — V(a(t—h), t—h) ] /h. 
Since V has one-sided partial derivatives, this is bounded above by a sum 
of the form 
[Vee(y(t),t) +e] Ly®(t) —y'(t—h) + Vely(t), t) + ene 


where V,: stands for a suitable one-sided partial derivative of V with respect 
to x‘, V; stands for a suitable one-sided partial derivative of V with respect 
to t, and the « tend to zero as h—>0. Letting h-—>0, we obtain, using (4), 


(5), and the continuity of o, 


(6) m*(t) So[m(t), 
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Suppose there exists o,0 << oa, such that m(c) >0. There is a 
minimum solution r(¢) of (2) through the point (o,m(c)), existing on 
some interval to the left of o. 

As far to the left of o as r(t) exists, it satisfies 


0<r(t)=mi(t). 


To prove this, we first note that r(¢) must remain strictly positive, for if 
r(t) vanishes at a point it can be continued to the interval 0<tSo as a 
solution of (2), (3), and therefore r(¢) must vanish identically by hypo- 


thesis. Next, we observe that 
’(t) =o(7,t) +6, =m(c) 


has solutions r(t,¢) for all sufficiently small e > 0, existing as far to the left 
of o as r(t) exists, and limr(t,e) =r(t) ([4], p. 83). Thus, it suffices 
0+ 


to prove 
(9) r(t,e) <m(t) 


for all e>0O and all solutions of (8). If this inequality does not hold, 
there is a least upper bound ¢ of numbers ¢ So for which (9) is false. Since 
m(o) =r(o) =r(o,e), and the functions m(t),r(t¢,e) are continuous, 


(10) m(£) =r(€,e), m*(f) = 2). 
Then w(m(2),£) o(m(Q),g), using 


(6), (8), (10). This contradiction proves (9), which, as we have remarked, 
implies (7). 

Now r(¢) can be continued to the whole interval 0 << ¢So as a solution 
of (2) which satisfies (7). Since lim m(t) =0, limr(t) =0, and we may 


t> 0+ t> 0+ 


define r(0) 0. If || 2 || denotes the Euclidean norm of a vector z, then by 
the continuity of f at the origin, there exists 8 >0 such that 


when Ot <8, for any 7»>0. By the continuity of V, this implies that 

given any « >0, there exists 6>0 such that V[2.(t) —2,(t),t] <e¢ for 

0St¢<8. This implies 0 << m(t)/t <e for 0<t< 8, and limm(t)/t=0, 
t>0+ 

which proves r’(0) 0. Thus r(t) is a solution of (2) which satisfies (3), 

and by hypothesis, r(¢) must vanish identically on 0 to, contradicting 

the choice of r(o). Hence z,(t) =2,(t) on <a, which is the desired 


uniqueness result. 
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Instead of a single function V(z,t), we may use a vector-valued function 
v(z,¢), and require that (4) be satisfied for each component of y(z,t), 
Instead of requiring x0 if V(z,¢t) 0, we may impose the weaker con- 
dition that «0 if all components of v(z,t) vanish. Our proof shows that 
all components of v[a2(¢) —2,(¢),¢] vanish identically on Ot <a, and 
the uniqueness follows. 

If x has components (2,,° - *,2,), a possible choice of V is V(z,t) 
ni |2;|, which is easily verified to have the required properties. With this 

j=1 


choice of V, the condition (4) becomes 


i= i=1 
and Theorem 1 yields Kamke’s general uniqueness theorem ([4], p. 139). 


Let w(r,t) be a continuous non-negative function defined on r=0, 
0<t<a. Suppose the only solution of (2) which satisfies (3) on 0StSa, 
for any «in 0<a<a, ts the identically zero solution. Let f(a,t) be con- 
tinuous in a region 0<t<a, > 2;(t) <b and satisfy (11) there. Then 

i=1 


there is at most one solution of (1) on 0OSt <a. 


If we take w(7,¢) =¢(r)A(t), we obtain Osgood’s uniqueness theorem. 


If f(x, t) is continuous in 0<t<a, >| fila, t)| <b, and satisfies 
i=1 


| flat) —flyst)| So |)A(d), 


ar/o(r) =@, <a, 


then there is at most one solution of (1) on 0St <a. 


where 


3. Let f(z,t) be defined and continuous on all of R" x R’. 
shown by the example f(z,t) —1-++ 2? (n=1), there may be solutions to 
(1) which can not be continued for all ¢, and thus additional conditions must 
be imposed on f to ensure the existence of global solutions. The fundamental 
fact which underlies all the explicit criteria is the following (cf. Wintner 


[8]): 
THEOREM 2. If x(t) is a solution of (1) which is defined for some 


time interval bounded on the right by to, then either || x(t) || 00 as | t| > bo 
or the solution can be extended beyond ty. 
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The proof consists merely in observing that if || x(¢)|| did not go to 
infinity, then there would exist a sequence ¢, such that t,t) and z(t.) > 2o, 
where @ is some point in R". But the function f will be bounded in any 
compact neighbourhood N of (2,to), so that the local existence theorem 
assures the existence of a solution curve through any point of N, and this 
solution will be defined for a length of time depending only on the distance 
to the boundary of V. Thus, applying the local existence theorem to (a(tx), tx) 
for k large enough, we obtain a continuation of a(t) beyond f. 

An immediate corollary of this theorem is that if 7 is a mapping of 
k" < R1— Ri with the property that the inverse image of a compact set is 
compact, then either || T[«(t),t]|| > as td, or x(t) can be continued 
beyond to. In particular, using arguments similar to those in Section 2, 
we have the following criterion due to Conti [2] (who gives essentially the 


same proof). 


THEOREM 3. Let V(a,t) be a positive real-valued function as in 
Section 2 such that 


Vi (a, t) + (2, j= o[ V (2, t), 


where w has the property that any solution of (2) can be continued for all 
time. Then if the inverse image of a compact set under V in R" ts compact 
for all fized t, then the solutions of (1) can be continued for all time. 


If we take V(z,t) to be || z||, we obtain the majorization principle of 
Wintner [9]. If, in addition, we take w(r,¢t) =¢(r)A(t), we obtain the 
following well-known criterion due to Wintner [8]. 


If | f(z, t)| |})A(t), where =o, then the solutions 


of (1) can be extended for all time. 


The striking analogy between the theorems of Section 2 and the criteria 
of the present section are easily understood on the basis of Theorem 2. In 
fact, Theorem 2 says that the solution at infinity is not unique if continua- 
tion for all time is not possible. This notion can be made precise by choosing 
some smooth homeomorphism M of 0<||y|| <oo onto itself such that 
M(y)—>0 for || y || 0. If we choose M to vanish sufficiently rapidly at 
infinity, then the right side of the equation 


(s) ——M,-f if 240, if z—0, 


where z= M(y), s——+t, will be continuous for all (z,s). The existence 
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in the large of solutions of (1) is then equivalent to uniqueness at z~( 
of solutions of (12). If, for example, n—1 and f(z,t) =¢(|2|)aA(t), 
then the Osgood condition goes over into the Wintner condition by a change 


of variable in the integral. 


4. In this section we show that the criterion of Section 2 does not 
imply convergence of the successive approximations. The well-known example, 
due to Miiller [6], of an initial value problem (1) which has a unique 
solution but for which the successive approximations do not converge will 
do this. In fact, there exist V and w such that Miiller’s example satisfies 
the hypotheses of Theorem 1. 

Miiller’s example is the function f (n=1) defined by 


f(z, t) 0, t—0,—wo<r<+o 
f(x, t) = 2t, 
f(a, t) = 2t—4z/t, 
f(z, t) =— 2t, 0< 


We choose V(a,t) =|a|4, and then V,(2,t) It is clear that 
| f(a, t) —f(y,t)|<4¢t and that no smaller bound can be used. The con- 


dition (4) becomes 
3 | (2, —f(y,t)] [3, t), 


which is satisfied with w(r,t)—2t/r. The problem (2), (3), with this 
choice of w, has only the trivial solution, and thus, by Theorem 1, the problem 


(1) for this choice of f has a unique solution. 


5. Miiller’s example, described in Section 4, shows that uniqueness does 
not imply the convergence of successive approximations. If we start with 
an equation with non-unique solution, then the successive approximations 
will trivially converge if we choose a solution as initial curve. The question 
arises as to whether convergence for an arbitrary initial curve is sufficient to 
imply uniqueness. Here, we provide a counter-example, suggested by Prof. 
J. Dieudonné and reproduced here with his kind permission after some slight 
modifications. That is, we shall choose an f such that for arbitrary integrable 
initial curves z(t) with z.(0) —0, the sequence 


converges, and hence to a solution of (1), and yet (1) has more than one 


solution. 
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The most popular example of non-uniqueness, namely f(a, t) =2 | |8, 
jas this property. ‘To prove this, we first remark that the procedure (13) 
is monotone: if | =| a for all sufficiently small ¢, then | 2;| = | 2;* | 
for such t. Next, we observe that the procedure converges for z(t) =0 
[t<a], =k(t—a)* [tZa]. In fact, 


=0 [t <a], 2;(t) (t—a)*? [tZal], 


so that 2;(¢) converges to the solution z(t) [t<a], x(t) = (t—a)? 

Now we may assume, iterating several times if necessary, that the 
initial curve Z is non-negative, continuous, and monotone increasing. If 


r7=g.l.b.¢ > 0, then 
Zo(t)>0 


(14) k,(t—1r—8)? > a(t) > —7+ 


for any fixed bounded range of t>7,8> 0, and suitably large k, and small 
t, Since the procedure (13) is monotone and $ can be made arbitrarily 
mall, (14) implies that 2;(¢) converges to the solution x(t) =0 [t <r], 
r(t) == (t—r)? [t27]. In fact, it follows that by proper choice of the 
initial curve x(t), the approximations 2z;(¢) can be made to converge to any 
solution of (1). 


6. In the present section we shall impose an additional condition on V 
which will imply the convergence of successive approximations. We assume 
that V has the properties required in Section 2, and also obeys 


5) Vf [F(2(s),8) —F(y(8),8) 


= _Vilz(s) —y(s),s]ds+ [f(x(s),s) —f(y(s), 8) ]ds, 


for any continuous functions f, z, y. 


THEOREM 4. Let V be as in Section 2, with the additional property 
(15). Suppose the hypotheses of Theorem 1 are satisfied with a function 
o(r,t) which is monotone non-decreasing in r for each fixed t. Then the 
successive approximations (13) converge to the solution x(t) of (1), in the 


sense that V[x(t) —a;(t),t] tends uniformly to zero. 


Proof. It is easy to see that since f is continuous, and hence bounded, 
the sequence 2;(¢) of successive approximations is uniformly bounded and 
equicontinuous in the Euclidean norm on some interval. It follows that 
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there is a subsequence 2;,(¢) which converges uniformly on this interval F< 


(in the Euclidean norm) to a function z(t). Since 


t 
Zj,41(t) converges uniformly to a function x*(¢t). We shall prove 
(16) V [241 (t) —a;(t), t] > 0, 
on this interval, which will imply z7(¢) =2a*(t), so that z(t) is a solution 
of (1). Since this solution is unique by Theorem 1, every convergent sub- 
sequence converges to x(t), and it follows that the original sequence converges 
to x(t). Since this sequence is uniformly bounded and equicontinuous, the § 
convergence is uniform in the Euclidean norm, which implies, by the con- 
tinuity of V, that V[a(t) —2;(t),¢] converges uniformly to zero on some 
interval. 
To prove (16), let w(t) =2;,,(t) —2z,(t), and m(t) =lim sup V[w,(t), 
as j—>0o. Then m(0) —0, and m(t) is continuous, since it is the upper 
limit of a uniformly bounded equicontinuous sequence of functions. We have 


V[wyr(t) — wjr(t—h), t] = VC s) — f(a;(s), s) ]ds, t) 
(17) 
= _ Vel — 2;(s),s]ds + Ve 8) — fas), 2) 


t 
by (15), and by (4), this is no greater than f/ w[V(w;(s),s)]ds. Given | 
t-h 
any 5 > 0, there exists an integer V(8), independent of s and j, such that 
(18) V[w;(s),s] << m(s) +8, j>N(8). 


This follows from the fact that m is uniformly continuous and 1; is equi- 
continuous. Since w(r,¢) is assumed non-decreasing in r, it follows from 
(18) that 


= ofm(s) + 8,s]ds, j>N(8). 
t-h t-h 


Using (17), we obtain 
t 

(19) —wya(t—h), w[m(s) +38,s]ds, j>N(8). 
t-h 


From the definition of m(t) and (19), it is easy to see that 


(20) mit) < f olm(s) 4.8, s]ds. 
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HSince w(7,¢) is continuous in 7, 


w[m(s) +8,s]>o[m(s),s], 


rand this together with (20) yields 


m(t) —m(t—h) < f 
t-h 


This implies that m*(t) sup [m(t)— m(t—h)]/h So[m(t),t]. The 
h-0 


same argument used in the proof of Theorem 1 from (6) on shows that 


' m(t) vanishes identically, which proves the theorem. 


The condition that w(r,t) be monotone non-decreasing in r can be 


removed by means of the following lemma. 


Lemma. Let w,(r,t) and w(r,t) be two continuous non-negative func- 
tions on O<t<a, r=0, such that (r,t) So(r,t) on this domain. 
Suppose that the only solution of (2), (3) on 0OStSa, 0<a<a, ts the 
identically zero solution. Then the only solution of 
(22) r’(t) r(0) =7/(0) —0, 
on OStSa, O<a <a, is the identically zero solution. 

Proof. Suppose m,(t) is a solution of (22) which does not vanish 
identically, so that there exists o,0 <<o0<a, such that m,(c) >0. Through 


| the point (¢, m,(o)) there is a solution m(t) of (2) existing on some interval 


to the left of o. Since w,(r,t) So(r,t), the proof used to show (7) shows 


that as far to the left of o as m(t) exists, it satisfies 


(23) 


| Thus m(t) can be continued to the whole interval O0< to. It is easy to 


see that lim m(t) 0, so that we may define m(0) —0. It is also easy to 
t>0 
show that m’(0) 0. Thus m(t) is a solution of (2) which satisfies (3). 


sy hypothesis, m(¢) must vanish identically on 0 = to, contradicting the 
choice of m,(oc), and this proves the lemma. 

Now, to remove the monotone condition in Theorem 4, we use 
(24) o(r,t) = sup + Ve [f(2,t) —f(y, t)]) 

V(a-y,t)Sr 

in place of w(r,#) if w(r,t) is not monotone. It is clear that (24) is mono- 
tone in r and satisfies the hypotheses of the lemma. The lemma shows that 
the hypotheses of Thoerem 4 are satisfied with w, in place of w, and the 


conclusion follows. 
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The use of V(a, t) = > | z, | in Theorem 4 yields the result of Coddington 
4=1 


and Levinson [1]: 


Let the hypotheses of Kamke’s general uniqueness theorem be satisfied, 
Then the successive approximations (13) converge uniformly on some interval 
to the solution of (1). 


The monotonicity condition imposed in [1] is unnecessary, as we have 
remarked. The additional condition (15) takes the form 


i=1 t-h 


SI —f(y(s),s)| ds 


t-h i=1 


in this case, and this condition is obviously satisfied. 
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RECIPROCITY AND CORRESPONDENCES.* 


By Serce Lane. 


To Artin on his 60th birthday 


The reciprocity theorem f((g)) —g((f)) on a curve arose first in Weil’s 
investigations of Artin’s reciprocity law on curves [4]. It has recently been 
used to deal with various questions of duality, for instance by Igusa [1]. 
Furthermore, Tate has just given a pairing of certain Galois cohomology 
groups of abelian varieties [3]. To prove the pairing well defined and 
bilinear on Jacobians, he used the above theorem. 

In this manner, we are therefore led in a natural way to formulate it 
on abelian varieties, and by pull back on varieties. Aside from its applica- 
tion to the Tate pairing, we get an obvious complement to Kummer theory 
arising from the theory of divisorial correspondences. 


1. Notation. Let U, V be two complete varieties, non-singular in co- 
dimension 1. This insures that a divisor which is linearly equivalent to 0 
has this property over a given field of rationality and, also, that such a 
divisor determines uniquely the function of which it is the divisor, up to a 
multiplicative constant. 

A cycle of codimension 1 on a variety will always be called a divisor. 
A cycle of dimension 0 will be called simply a cycle. Let a= Snji(P;) be a 
cycle on U. Let ¢ be a function on U such that ¢ is defined at every point 
of a and does not take on the value 0. Then we define 


= o(Pi)™. 


Ifa is of degree 0, and y is a function such that y cd where c is constant, 
then ¢(a). 

Let D be a divisor on the product UV. Let a, 6 be two cycles of 
degree 0 on U and V respectively. Assume that D(a) is defined and that 
it is the divisor of a function f on V. If in addition f(6) is defined, then 
we put D(a,6) =f(6) and say that D(a,b) is defined. 

Suppose that, for every point P in a and every point Q in b, the point 


* Received January 6, 1958. 
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(P,Q) does not lie in the support of D (or as we shall say more briefly, 
in D). Then first, D(a) is defined, and Q does not lie in the divisor of the 
function f. Hence f(@) is defined and not equal to 0, and consequently, 
D(a,6) is defined. This sufficient condition will be used constantly in the 


sequel. 


2. The theorem of the square. The proof of our main reciprocity 
theorem (Theorem 4) is based on the theorem of the square, which runs as 


follows. 


Let U, V, W be three varieties and assume that W is complete and non- 
singular in .9dvmension 1. Let D be a divisor on U XV X W, and let uj, »; 
0,1) be ssmple points of U, V respectively, such that D(uj,v;) is 
defined. Then > (—1)*/D(ui, v;) is linearly equivalent to 0 on W. 

i,j 


This is an immediate consequence of the existence of the Picard variety 
for W. Indeed, if a, b are two simple points of U, V respectively, such that 
D(a,6) is defined, then for u, v generic we have a rational map 


(u,v) > CI[D(u, v) — D(a, b)] 


of UX V into the Picard variety of W. (As usual, Cl denotes the point 
associated with the linear equivalent class on the Picard variety.) A rational 
map of a product into an abelian variety splits into a sum of mappings of 
the factors. It is then clear that in our alternating sum, the constants will 
cancel, and the alternating sum will map on 0 in the Picard variety. It is 
therefore linearly equivalent to 0. 

Conversely, as Weil has shown, one can give a direct proof for the 
theorem of the square, and one can base on it the construction of the Picard 
variety. For this as well as all further information concerning abelian 


varieties, the reader is referred to [2]. 


3. The theorem of the hypercube. In order to avoid too many indices, 
we restrict ourselves to four-fold products, which will be all that is needed 
for the applications we have in mind to abelian varieties. The notation we 
now describe will remain fixed throughout this section. 

Let U, V, W, T be four varieties, defined over a field &. We assume 
them complete and non-singular in codimension 1. 

Let D be a divisor on the product UX V XW T, rational over /. 
Let 1, j, k, | range over 0 and 1, and take two copies of each one of our four 
varieties, U;, V;, W;, T;. On the double product 
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Uy X U1 X Vo X Vi X WoX Wi XT. X 11 =U K WO! KT, 
' consider the divisor Dj;,. consisting of D on the partial product 


' taken with the full varieties on the others. (In other words, it is the inverse 
image of D under the projection of the eight-fold product to the four-fold 
product.) We can take a coboundary of D, by setting 


' and observe that this formula could have been generalized to arbitrary 


products. 


P = (Uo, U1, and Q= (wo, Wi, to, 


be two independent generic points of U@) * V® and W® x T®) over k. By 
the theorem of the square, there exists a function fp on W X T, defined over 
t(P), and a function gg on U X V, defined over &(Q) such that 


(1) (fp) =X rj) and (ge) = 2 tr). 


Furthermore, it is obvious from the definitions that we have 


(2) E(P) 2 (— 2, (—1) (us, 05) 


All further reciprocity theorems derived from the correspondence D 
between U X V and W XT arise from the symmetry of our divisor F. 


THEOREM 1. The divisor E above is linearly equivalent to 0. 


Proof. There exists a function f* on UO K V? X WX T defined over 
k such that 
f{*(P, w, t) =fp(w,t), 


OX 
There exists a function F on the eight-fold product such that 


and we have 


(4) F(u, U1, Voy V1, Wo, to, t,) II Wk 


and from the definitions, we see that (F)(P)—FH(P). Hence (Ff) and F 
differ by a divisor which is degenerate on U®) X V®. Inducing (Ff) and EF 
on the variety U®) W®) & Ar, we obtain 0. Hence the degenerate 


component is equal to 0, and we have (F’) = £, as desired. 


13 


vy, 
he 
ly, 
he 
as 
ty 
at 
of 
is 
le 
| 
d 


SERGE LANG. 


Note that the function F such that = (F) is defined at the point 
obtained by setting tp ¢,, and takes the value 1. This gives us a way of 
normalizing it, since two functions representing H differ by a multiplicative 
constant. 

On the other hand, from the symmetry of F, we see that if we go from 
right to left in the correspondence given by D, then we obtain the following 
reciprocity formula, from (4). 


THEOREM 2. Let F be a function on the eight-fold product, defined 
over k, such that EH =(F), and normalized as above. Then 


F(P,Q) = II fr(we, = TT ge (ui, 


As usual, such a formula at generic points has its counterpart for special 


points. 


THEOREM 3. Let U1’, Vo’, V1’) and Wi’, to’, ty’) be two simple 
points of K V® and W®) T® respectively. Put 


a= > (—1)*i(u/, v/) b= > (—1)*" (wy, 


Assume that none of the points (uj, vj, wx’, les in the support of D. 


Then D(a,6) =*D(6,a). 


Proof. It is immediate from our hypothesis that (P’,Q’) does not lie 
in (Ff) =F, and hence F(P’,Q’) is defined. Our equality is now obvious. 


4, Application to abelian varieties. Let A, B be two abelian varieties 
defined over k, and let D be a divisor on A X B, rational over k. Let a be 
a cycle on A of degree 0, such that D(a) is defined. If a is in the kernel of 
Albanese, i.e., if S(a) 0, then D(a) is linearly equivalent to 0 on B, 
say D(a) =(f). If now 6 is a cycle of degree 0 on B, also in the kernel 
of Albanese on B, such that no point of a Xb is contained in D, then we 


may form symmetrically either D(a,6) or ‘D(6,a). 


THEOREM 4. Let A, B be two abelian varieties. Let D be a divisor on 
A XB. Let a, b be cycles on A, B respectively, of degree 0, such that 
S(a) =0 and S(b)=0. Assume no point of aXb is contained in D. 
Then D(a,6) and *D(6,a) are defined, and they are equal. 


Proof. Suppose first that D is the divisor of a function ¢ on A XB. 
Our hypotheses imply that ¢ is defined at every point of ab, and ou 
theorem simply asserts ¢(a,b) (a,b). Taking into account an obvious 
linearity, this remark allows us to change D by suitable linear equivalence. 
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We shall reduce our theorem to the case where a and 6 consist of four 
noints each. This will then allow us to use Theorem 3. 


Suppose that a is written 
a= (ai) — + (42) — (a2’) +° (Gn) — (an’). 
Let 2 be any point of A. We can write 


a= (a,) — (a,’) + (4) — (2 + a, 
+ (a2) — (a2’) + (@ + a, — (4% 4+ a2 + +° °°, 


so that we correct each successive step to cancel the preceding term. We 
must come back at the end with — (zx) using the fact that S(a) —0. Thus 
our cycle can be written as a sum of cycles of degree 0, in the kernel of 
Albanese, and consisting of four points. 

From the theory of linear equivalence, one knows that it is possible to 
find a function ¢ on A XB such that none of the points of a given finite 
set of points on A X B lies in the support of D+ (¢). (We reproduce a 
proof of this fact in an appendix.) We apply this to the product of the set 
of points entering in the expression of a obtained above, with a similar set 
for b. In view of our previous remark, and of an obvious linearity when all 
necessary expressions are defined, we see that it indeed suffices to prove our 
theorem when a and 6 consist of four points. 

Let us therefore write 


== (ao) — (a1) + (a2) — (as), 
b= (bo) (b;) + (b2) (03). 


Let As: A XK A—>A be the modified law of composition, such that A4(u, v) 
=u—v, and let A= (Aa,An). Let D*=2d*(D). It is a divisor on the 
product AK AX B XB. Let u be a generic point of A, and let 


Up =Utd, Vo =U, 


Do a similar construction for the points of 6, to obtain points w;’ and ty. 
By hypothesis, no point of aX 6 lies in D, and hence none of the points 
(u;’, vj, w;,’,t/) lies in D*. We have 


D* (uy, v7) (—1)” D(a,)]. 
If we put a*¥ = S (—1)##(u/,v/), we can also write 
D*(a*) D(a). 


This comes from commutativity in the diagram 
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A 
BX B—— (t#—y)X B 


inj inj 
A 
AXAXBXxB——AXB 
where inj is the injection, together with the formalism of the inverse mappings 
of cycles applied to the divisor D (cf. the appendix of [2]). 
Similarly, we have a cycle b* such that 


tD*(b*) *D(b). 


If (f) = D(a), we have a function f* and if (g) ='D(b) we have 
a function Then 


(f*) D(a) and (g*) =Aa*(g) =Aa* *D(b). 


By Theorem 3, f*(6*) =g*(a*) and hence clearly, f(6) g(a). This 
proves our theorem. 
By pull back, we now obtain the following result for varieties. 


Turorem 5. Let V, W be two complete varieties, non-singular in co- 
dimension 1, and such that any finite set of points on them can be represented 
on an affine open subset. Let ¢:V—>A and y:W—>B be two canonical 
maps into their Albanese varieties. Let a, b be two cycles on V, W respec- 
tively, of degree 0, and in the kernel of Albanese. Let D be a divisor on 
V X W such that no point of aXb les in D. Then D(a,b) and *D(b,a) 
are defined and they are equal. 


Proof. If the theorem is true for one divisor D in a correspondence class 
on V X W, then it is true for every divisor in that class not containing any 
point of aX b. This is first checked for linear equivalence, and then for 
degenerate divisors. A representative divisor in a correspondence class can 
always be obtained as an inverse image of a divisor on A X B, and our result 
is now an immediate consequence of the formalism of inverse mappings of 
cycles, applicable in the present case to the commutative diagram 


(¢,) 
ax W—— $¢(a)XB 


inj inj 
Vx Wn A XB. 


CoroLuaRy. Let C be a complete non-singular curve, and let f, g be 
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two functions on C whose divisors have no point in common. Then f((g)) 


=9((f))- 


Proof. Take the diagonal on CXC. Our hypothesis means that no 
point of (f) X (g) lies in it, and we can apply the theorem. 


5. The Tate pairing. Let A, B be two abelian varieites, defined over 
the field &. Let D be a divisor on A X B, rational over k, and let K be a 
finite Galois extension of k, with group G. If M is a G-module, we have 
cohomology groups H'(G,M). Since G@ will be fixed throughout, we shall 
also write H"(M). 

The groups A, and Bx of rational points of A and B respectively, in K 
are such G-modules. We wish to define a pairing of H'(Ax) and B, into 
H*(K*), where K* is the multiplicative group of K. This is done as 
follows. 

Let (ac) be a 1-cocycle in Ax and let D€ B,. Denote by Z,.(V,K) the 
group of zero cycles on a variety V, of degree 0, rational over K. Let ac 
be in Z)(A, K), and such that S(ac) do. We can form the coboundary 


a= (8a) o,7 = 00; — Aor + do, 
and we have S(a) =0. Select b in Z)(B,k) such that S(b) =b. We put 
= D(a, b) 


after changing D by the divisor of a function over k if necessary, to make 


this expression defined. 
It is clear that (@,,) is a 2-cocycle of G in K*. We contend that its 


cohomology class depends only on the linear equivalence class of D, and, 
in fact, on its correspondence class, and that the pairing 
[ (a0), b] > (40,7) 

induces a well defined bilinear map of H'(Ax) and B, into H?(K*). In 
addition, if an element of B;, is a trace of an element of B;, it is orthogonal 
to H'(Ax) so that we may replace B, by H°(Bx). This will be proved in 
the following sequence of assertions. 

a.) If D and J’ differ by a trivial divisor, of type X K B+ A X Y + (4), 
and if a,, and ao,;’ are obtained, respectively, from D and D’ as above, then 


they are cohomologous. 


Proof. To begin with, we must insure that if D and D’ differ by the 
divisor of a function (¢), ¢€ &(A X B), then our cocycles are cohomologous. 
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Indeed, ao; and ao,,’ differ by the coboundary of ¢(ac,b). The rest is now 
trivially verified. 

b.) If ac is changed by a cycle of type ac’ + (o—1)c with ao’ € Z,(A, K) 
and S(ac’) =0, then ao, changes by a coboundary. 


Proof. In fact, that coboundary is that of D(ao’,b). 


ce.) If we change 6 by a cycle c€ Z,(B,k) such that S(c) —0, then a, 
changes by a coboundary. 


Proof. Using the reciprocity theorem, one sees that the coboundary is 
that of *D(c,ac). 

The above statements show that our pairing is well defined. That it 
is bilinear now follows from the bilinearity of D(a,b). 


d.) If b is a trace, b= > pb’, then ao, is a coboundary. 


Proof. We can choose b= > (p’b’) —n(0). Then the coboundary is 
that of 


Co= IT (opb’) /fo,p (0). 


6. Kummer theory. Let A, B be two abelian varieties and D a divisor 
on the product. Let a, b be two cycles on A and B respectively, of degree 0. 
We write a~0 if S(a) 0. Assume that there is an integer n such that 
na~0 and nb~0. Let D, be linearly equivalent to D, and such that no point 
of aX} lies in D,. Then one verifies immediately that ‘D,(nb, a)/D,(na, 5) 
is an n-th root of unity which is independent of the auxiliary divisor D, 
selected in the linear equivalence class of D. We shall denote it by €n,p(a, 5). 
Furthermore, if a,~a and b,~b, then &€n,p(a,6) =€n,p(a1,6,). Thus our 
root of unity defines a bilinear pairing of the points of order n on A and B 
respectively. If a—S(a) and 6—S(b), so that na=0 and nb —0, we can 
also write €n,p(a,0) instead of €n,p(a,6). Note finally that it depends only 
on the correspondence class of D. 

On the other hand, we can obviously generalize the root of unity defined 
by Weil which is usually denoted by e,(a,6) in the special case of divisors 
on an abelian variety, i.e., when B = A and D is a Poincaré divisor. Namely, 
it is clear that (nd)-*#D(b) is linearly equivalent to 0 on A if nb~O. Say 
(w) = (ns)? *D(b). Let wu be a generic point of A. Then wo(u+a)/w(w) is 
by definition, the n-th root of unity én,p(a,b). (See [2], Ch. 7.) 


THEorEM 6. Let D bea divisor on a product of abelian varieties A X B. 
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Let a, 6 be two cycles on A and B respectively, of degree 0, such that na~0 
and nb~0. Let a—S(a) and b=S(b). Then &n,p(a, 60) = en,v(a,b). 


Proof. Consider the rational map nd: A— A followed by the divisorial 
correspondence D on A XB. Just as in the appendix of [2], we form the 
composed divisor on A X B, which we denote by H=Do(nd). Then it is 
obvious that Z and nD are in the same correspondence class on A X B, and 
thus that 

E=nD+(F)+XXKB+AXY 
for some function F on A X B, and divisors X on A and Y on B. Let k be 
a field of rationality for D, ZH, F, X and Y, and let u, w be independent 
generic points of A, B over k. We put 


a=(u+a)—(u) and b=(w+b)—(w). 


Then 
€n,p (a, b) = tH (b,a) = 'D(nb,a)F (a,b). 


On the other hand, = D(nu + na) — D(nu) = 0, and hence F(a, 6) 
Thus D(na, = F(a,b). This proves our theorem. 

One should observe that, just as we proved Theorem 5 for arbitrary 
varieties, we can generalize our root of unity to arbitrary varieties by pull 
back. The details are obvious and are left to the reader. 


Appendix. 


From the theory of linear equivalence, one knows that, given two cycles 
on a projective non-singular variety, it is possible to move one of them by 
linear equivalence so that the intersection is defined. Samuel has pointed 
out to me that this can be done rationally over a given field of rationality for 
all objects involved (at least over an infinite field). We need the result 
here only for divisors, and I shall reproduce below a proof due to Chevalley. 
We first deal with the local problem. 


THEOREM. Let V be an affine variety defined over a field «x. Let D 
be a divisor on V, rational over k. Let 8 be a finite set of simple points of V. 
Then there exists a function o on V, defined over k, such that no point of S 
hes in the support of D+ (¢). 


Proof. We may obviously assume that D is positive and, in fact, a prime 
rational cycle. Furthermore, we may assume that the points of S are 
algebraic over k, because D contains the specializations over k of all of its 


points. 
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Let R=k[v] be a coordinate ring for V over k and let I be the ideal 
of R consisting of those functions f€ R such that (f) =D. This ideal ha; 
a finite basis, J = (f,,- -,fn). Let p be a maximal ideal of R, and o —R, 
its local ring with maximal ideal m. We assume that p belongs to a simpk 
point, so that o is a unique factorization domain. Then there is a function 
t in o which represents D locally at p. We can write t= S\aif; with a;€ 0. 
I contend that if b;€ o is such that };x=a;(modm) then > 0,f; differs from 
t by a unit in o. Indeed, 


=D ai) fi +t. 


Since (f;) =D, we can write f,—tg; with g,€ 0. Hence > bf, ¢[1 +m], 
thereby proving our contention. 

Now let p; be a finite number of maximal ideals of R, belonging to 
simple points. Let 0j—Ry, be their local rings with maximal ideals m, 
Given elements z; in 0;. it is possible to find x € R such that x= 2; (mod m)), 
by the well known Chinese remainder theorem, applicable since p;-+ p;=2 
for 77’. We now see that it suffices to approximate at each 0; by an 
element of FR, the coefficients of an element ¢, representing D at 0; in terms 
of the f;, This proves our theorem. 

If we wish to apply the local result to an abstract variety V, then we 


must assume that the given finite set of points (algebraic over &) can be 
represented on an affine k-open subset of V. This is the case on a projective 
variety, although, if the ground field is finite, we may have to change the 
projective embedding (for instance, by finding first a hypersurface section 
of V which does not pass through any of the given points, and then dehomo- 
genizing V at this hypersurface, in the projective embedding in which this 


hypersurface becomes a hyperplane). 
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SPHERICAL FUNCTIONS OVER §8-ADIC FIELDS, I.* 


By F. I. Mautner. 


1. Introduction and preliminaries. Let © be a field which is complete 
under a given discrete real valued valuation. For every element a of Q, the 
order of a is defined and denoted by ord(a). If a0, then ord(a) is a 
rational integer and a—ord(a) is a homomorphism of the multiplicative 


group 2X of Q onto the additive group of rational integers; if a0, we 
put ord(0) =-+0o. Let © be the valuation ring of Q, i.e., the set of elements 
a of Q for which ord(a) 20, and % the unique maximal ideal of © defined 
by ord(a) >0. The ideal $8 is principal. Let + be a generator of : 


(1.1) (r) ord(r) —1. 


Let 11 be the group of units of the ring ©; this is the set of elements of 
order zero. Every element a0 of Q can be written uniquely in the form 


a=-7"u, where n=—ord(a) and w€ 


so that Q*X is the direct product of {r”} and U. We shall assume through- 
out that the residue class field O/$ is finite: 


(1.3) = NY number of elements of O/P 
We normalize the valuation | | on Q by putting 
(1. 4) | a | (MP ) -ord(a) gq ord(a), 


With |a—b| as distance, Q is a metric space; it is well known and readily 
verified that with the topology defined by this metric, 2 is a locally compact 
topological field, © a compact open subring of 2 and each ideal %" compact 
and open. The ideals 8" (n—1,2,3,---) form a base for the neighbor- 
hoods of 0 in Q, so that Q is totally disconnected. 

The additive group 0+ of Q being a locally compact topological group, 
there exists a Haar-measure on it, which we denote by pp. One has 


(1.5)  du(ax) =|a| du(a). 


* Received November 22, 1957. 
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The first of these two equations expresses merely the invariance of the Haar. 


measure » on Q*, while the second equation in (1.5) is easily verified using 


the uniqueness of Haar-measure and the normalization (1.4) of the valuation, 
We shall study, in this paper, certain function spaces on the group 
G—=PG(2,Q) of fractional linear transformations over 2. Let & be the 
group GL(2,Q) of all non-singular 2X 2 matrices with coefficients in Q 
and 3 the center of &, i.e., the set of scalar matrices 0. Both & and ¢ 
are locally compact topological groups, and @ is topologically isomorphic to 
4/3. We denote the natural homomorphism of onto G by > G. 


(1.6) G=$/3; G. 


Let K& be the group GL(2,) of all 22 matrices with coefficients in £ 
and determinant in 1. Clearly & is a compact open subgroup of Y. Let 
K be the image of & under the natural homomorphism of 9 onto G, so 


that K is an open and compact subgroup of G. 


Definition 1.1. Let S be the class of all complex-valued functions f(q) 


on G which satisfy 
(1.7) f(kgk’) =f(g) for all g€ G, k and h’€ K. 


We shall call S the space of spherical functions. 

For any positive real number p, let 2° = L°(G@) be the space of equiva- 
lence classes of complex valued Haar-measurable functions f(g) on G whose 
p-th power is Lebesgue-integrable with respect to Haar-measure on (@. We 
put S°?’— SM; in particular, S* is a closed subalgebra of 2, which will 
be seen to be commutative. We shall study the spaces 8S? for p—1 or 2 and 
also the algebra S° of all spherical functions f(g) which are of compact 
support on G. 

We obtain an explicit characterization of S° by showing that, under the 
Fourier-transform on (, the algebra S° is mapped isomorphically onto the 
algebra of all even Fourier polynomials and the isomorphism is given 
explicitly. As far as S* is concerned, the situation is analogous to known 
properties of spherical functions on non-compact semi-simple Lie groups. 
In particular, it is again true that the Fourier transform of any function 
in S' is a function F(s), regular analytic in the strip 0 << Rs <1 and satis- 
fying the functional equation F(s) —F(1—s). We determine all maximal 
ideals of S*, showing that they correspond to points in the strip 0S Rs=1. 
For this purpose, it is useful to compute the elementary spherical functions 
explicitly. This is done in § 7; it seems remarkable that they are elementary 
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functions (in fact rational functions of g*). Thus the situation is in this 
respect more analgous to that of complex semi-simple Lie groups than to 
the real case. 

The results of this paper will be applied elsewhere to the analytic theory 
of quadratic forms, where it will be shown how they can be used to establish 
identities between certain of C. L. Siegel’s representation functions of quad- 
ratic forms and to obtain functions of q* associated with quadratic forms 
whose zeros are all on the line Rs = $ or on the intervals s + 2zin/log q real, 
)< Rs <1, also, functions of s whose zeros lie on the line Rs} or on 
the real interval O0<s<1. These functions can be developed into Dirichlet 
series absolutely convergent for Rs > 1, have a functional equation (s—>1—s) 
and an analogue of the Euler product; they are different from A. Selberg’s 
generating functions for the order of magnitude of the norms of the primitive 
elements in discontinuous groups of motion of the hyperbolic plane. Indeed, 
the coefficients in the Dirichlet series are given in terms of Siegel’s repre- 
sentation functions and a,(S,T) of quadratic forms. 


2. The groups GL(2,82) and PGL(2,8%). We put on the group 
§ =GL(2,Q) the topology which it inherits as a subset of the four-dimen- 
sional locally compact topological vector space of all 2 X 2 matrices over 2 
(the latter, of course, with the Cartesian product topology of OX: --X@Q). 
Clearly & is a locally compact topological group and K —GL(2,), a 
compact and open subgroup of 8. Hence the factor space 8/K is discrete 
in its natural topology. 

Using elementary divisors, one sees that every element g of % can be 
written in the form 

m 

(2.1) g=k; a ho, kj € K. 
To this, we apply the natural homomorphism §—G of % onto G, whose 
kernel is g (see (1.6) above) and note that there exists an element c of 3 such 


m 0 -m-n 0 
that c(* L 
nat ¢ ( 0 2 ( 0 Let 


under § OG. 


T 
y = image in G of (| 


Y 


We conclude that every element g of G can be written in the form 
g kyy"ko, k; € K, 


since K was defined to be the image of K under §—>G. 
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T 


mie 7a nh ano 0 0 
Now Ky"K = Ky"K 1s equivalent to K K = ¢ i)& 


Hence 
wut cr” 0 


By the uniqueness of the elementary divisors up to permutations and multi. 
plications by units, this implies —wur"c and with u,v€ U or ely 
™=—uc and 1=v"c. In the first case, we have ord(c) 0, hence m =n: 
in the second case, ord(c) —=—n, hence m==—n. This proves 


(2. 4) Ky"K = Ky"K if and only if m==+n. 
Thus G is the disjoint union 
(2.5) Ky"K. 

n=0 


Let @ be the subgroup of non-singular diagonal matrices of 9 and 8 


the subgroup of all matrices C ) so that 2B = BQ is the subgroup of 


non-singular triangular matrices. Let A be the image of GZ, B the imag 
of @ under the natural homomorphism (1.6) of 9 onto G. Then AB=Bi4 
is a closed subgroup of G, B a closed normal subgroup of AB, AM B= (1) 
and AB/B=A=0*. The restriction of the homomorphism (1.6) to 8B 
is clearly a topological isomorphism of @ onto B and @ is obviously topo- 
logically isomorphic to the additive group Q* of the field Q; hence B=0”. 
Using elementary divisors, one sees that 


(2.6) G= BAK. 
If g€ & has matrix-coefficients 2;;, then 
| det xij |-? du (@11) du(@12) du du (222) 


is easily seen to be a Haar-measure on § which is both left- and right- 
invariant. Hence the Haar-measure on @ is both left- and right-invariant, 
as follows at once from elementary properties of measures on homogeneous 
spaces. We denote the Haar-measure on @ by M and write often dg instead 
of dNg. 

We wish to compute the Haar-measure It(Ky"K) of the compact open 


subset Ky"K of G. Clearly, J) kgK is a compact subset of the coset space 
keK 
G/K; but G/K is discrete, so this is a finite subset of G/K. Hence there 


exist a finite number r of elements k; of K such that KgK =U kk. 
j=l 
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Choosing the k; such that kigK A~AkjgK for we see that Mt(KgK) 
=nn(K), since is left-invariant. Let be the subgroup of those 
elements k of K which satisfy kgK = gK for this element g. Then r= index 
of Ko in K. Now let gy"; then this index is easily computed to be 
gt(q+1). Thus 

M(Ky"K) for n>. 


Hence, for f(g) € S*, we obtain 


f(g) 4g = MK) FA) + 


Since K is a compact subgroup of G, there exists on the factor space 


G/K an invariant measure dg such that 


where dk refers to Haar measure on K. Now by (2.6), G/K is homeo- 
morphic to AB/K ) AB; under this homeomorphism there must correspond 
to the invariant measure dg on G/K the invariant measure on AB/K MAB 


to which we refer by d(ab). Hence 


2, = k) dk 
(2.8) f fag ) dk, 


where g=abk. It is convenient to normalize the measure d(ab) by putting 


(2.9) f h(ab)d(ab) -f h(ab)d(ad), 
AB/KNAB AB 


where d,(ab) refers to left-invariant measure on AB. With this convention, 


we have, formally, 
(2.10) dg =d,(ab)dk, where g =abk. 


Now one sees easily that d,(ab) —dadb, where da refers to Haar-measure 
on A, db to Haar-measure on B. It remains to find the relation between 
the Haar-measure on A, B, K and G. We normalize the measure on K by 
letting the measure on K be the restriction of the measure on G (noting 
that K is open in G@). 

Now let f,(g) be the characteristic function of K, so that fo(g) is a 
continuous function on G of compact support. Using (2.10), we have 


f fo(g)ag— f dk dy(ad), 
A ABYK 
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Now we use B=Q* and A = OX and see that 


where » is Haar-measure on 0*, »X Haar-measure on 2%. Thus we obtain 
= pX(U)p(O)M(K), 


2.11) —1. 


3. The principal series. We shall now introduce the principal series 
of representations of G as induced representations following the by now 
classical procedure of Frobenius, Schur, Bargmann, Gelfand, Naimark, Mackey 
and others. As above, let @ be the subgroup of § of non-singular diagonal 


0 
matrices and @ the subgroup of all matrices (: a} so that @B is the 


subgroup of triangular matrices. Let A be the image of @ in G@ under the 
natural homomorphism 9 > G, similarly B the image of B. Then AB isa 
closed subgroup of G, B a normal closed subgroup of AB, AM B= (1) and 
A=0%*. Now let a be a continuous homomorphism of AB to the multi- 
plicative group of complex numbers ~0 satisfying 

(3.1) a(ab) =a(a), i.e., «(b) —1 for all DEB. 

Since AB/B =A, the set of all @ satisfying (3.1) is in natural one-one 
correspondence with the group of all (not necessarily unitary) characters ol 
the multiplicative group 0%. 


Let us consider now the space of all complex-valued (measurable or 
continuous) functions y(g) defined on G which satisfy 


(3. 2) ~(abg) =a(a)¥(g) for all gE G, A, DEB. 


This is clearly a linear space, say Ua. For any y€ G, we define a linear 
transformation M(y,a) in by putting 


(3.3) [M(y,@)¥1(9) —w(gy)- 


Consider now the linear transformation ¥(a) of U, defined by 


(3.4) =f 
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or, formally, 
(3.5) F (a) 


Of course, (3.4) will exist only for suitably restricted functions f and y. 
Let us use the fact (elementary divisors) that every element g€ G can be 


written in the form g = bax with «€ K, and we obtain 
[F = f dy— 


— fr k bax) p (bax) dg = ff ba) de, 


where dx refers to the Haar-measure on K, d,(ba) to the right-invariant 
Haar-measure on BA —AB, normalized so that 
(3.6) dg =d,(ba)dx when g = bak. 
Hence, if we put 
(3.7) F(k, x) = f (k-*bax) a(a) d,(ba) 
AB 

and note that any function y¥(q) satisfying (3.2) is determined by its 
restriction to K, we see that the linear transformation ¥(a) (assuming it 
exists in a suitable sense) is an integral operator with kernel F'4(k,«) given 

(3.7). Thus 


[F(a)y] = (0) de 


If, for example, y is continuous and f continuous of compact support, the 
above integrals certainly exist. And our integral operator ¥(«) has a trace 


given by 


K K JAB 


In particular, if f(k-*gk) =f(g) for any g€ G, k€ K, we obtain 


(3.10) trace (a) ak f f(ba)a(a)d,(ba) = WK) f f(ba)a(a)d,(ba). 
K AB AB 


This well known formula goes, of course, back to Gelfand and Naimark who 
obtained it first for some of the classical groups over the field of complex 
numbers. 

Using (3.2) and g=—bak, we see that every ¥(g)€ Va is uniquely 
determined by its restriction to K. Let us now consider only those functions 
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W€ Y, for which y(k) € L?(K). They form a Hilbert space which we denote 
by &.. One sees easily that M(g,a) defines a unitary operator of Y, if 
and only if 

(3.11) a(y") == with ¢ real. 


Let us decompose #, with respect to the operators M(k,a) with k varying 
only over K. Since K is compact, we obtain a decomposition of HM, into a 
direct sum of finite dimensional pairwise orthogonal K-invariant K-irreducible 
subspaces. Let us introduce in each of them an orthonormal basis; their 
union is a complete orthonormal set in #,. With respect to this basis of 4,, 
we form the matrix coefficients of the operator #(a). Using the Schur 
orthogonality relations, one sees easily that if f(g) € 8°, then all matrix- 
coefficients of F(a) are zero except <F(%)Wa,Wa>, Where Wq is an element 
of &, satisfying M(k, «)Ye—yz for all KE K and <Wa,¥a> =1. It is known 
and easily verified that the subspace of M(k,a)-invariant elements of %, is 
either 1- or 0-dimensional according as a(k) =1 for all ke AN K or not. 
Hence, if f(g) € S°, we have trace F(a) = <#(«)wWa, a>, hence 


(3. 12) <F (2) Yu f(ba)a(a) 
AB 

Now let us write 

(3. 13) (9,2) 2) 


and we obtain 


(3. 14) trace F (a) = <F («) Wa, dg 


4. The mapping f>f. We wish to compute the integral f(a) 
=i. f(ba)db for integrable spherical functions f, where db refers to the 

B 
Haar-measure on the group B. The restriction of the homomorphism (1.6) 
% — G to the subgroup @ of § is a topological isomorphism onto B, so that 
B is isomorphic to the additive group Q* of Q, be>zx; hence db = dy(z), 
where » is Haar-measure on 0. 

Consider now the matrix C defined by 


» 
Let n= 0; using elementary divisors, one sees that C € where 


jn 4 if ord(xz) =—n 
n+ 2ord(z) if << —n. 


(4.1) 
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To this we apply the homomorphism (1.6) of & onto G and see that 
(4.2) by" € Ky"K, where box 


and m is given by (4.1). Let r be any non-negative integer and f,(g) the 
characteristic function of the double coset Ky’K, so that f,(g) is a con- 
tinuous function on G of compact support. We have 


(1 if r—|m| 
(4.3) (by ) = 0 if | m | 


Hence 


f(y") = f fr(by") db = { + 
B ord(#)=-n ord(z2)<-n 


Now 


aula) 
ord(z)=-n 


and 
0 if rn 
dp (2) f dp.(a) if r n 
ord(a#)=-(r+n)/2 
since ord(z) =—4(r-+n) <—n implies r>n. In particular, the last 


integral is zero if r-+n is odd since ord(x) takes on only rational integers 
as values. Therefore 

f 5 u(x) ( 0 if r<n or r+n odd 

sn+2ord (2) = * 
if r>n and n even. 


Hence 


if r—=n=0 
(4.4) fr(y" 0 if 0<r<norif r+n is odd 
if and r+ n is even. 


Now let f(g) be any integrable spherical function, then f(g) = Xf(y")fr(g), 
and we obtain for n=0 and any f€ S' a 


f(y") = f(y") f(y") 
=n(D){q"f(y") + A—1/q) & gh ™"F(y")} 


r>n 


u(D) {q"f(y") +. (1 1/q) q”*if 
j=l 


Thus 


(4.5) F(y") + 1—1/4) SH (y"*) 
j=l 
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Now consider by" for n=0. We have, again by elementary divisors, 
by "€ Ky"K where 
{—n if ord(z) 20 
ord(z) if ord(z) <0. 


Hence, if f,(g) is again the characteristic function of the double coset Ky’k 


m =min {—n,—n-+ 2 ord(z) } = 


with r= 0, we obtain for n 20 


B ord(z#)=0 


ord(z)<0 
Now 


du(x) if n—r is even and <0 
ord(2)<0 0 


otherwise. 


Thus for r=0 and n=0 


w(D) if r—n 
f(y") = | (1—1/q)q°*n() if n—r w even and < 0 


0 otherwise. 
We compare this with the above expression (4.4) for f,(y") and see that 
(4.6) fr(y") "fr(y")- 
We wish to invert the mapping f—>f. For this purpose, we note that 
(4.5) implies 


f(y?) — af(y") =H —F(y")}, 
hence 


f(y") = [f(y") —fy”)] + —fy"™*)] 
= —F(y"**)] + 
= w(D)*{F(y") + 1) Fy") + Fy") 
Thus 


(4. 7) f(y") +A — 


Let us note that f(g) € S° if and only if f(y”) is zero except for a finite 
number of n and that (4.5), (4.6) and (4.7) show that this is equivalent 
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to #(y") vanishing for a finite number of n. Hence, we obtain the following 


result. 


Proposition 4.1. The mapping f—>f maps the space S° of all spherical 
functions of compact support one-one linearly onto the space of all finite 
sequences f(y") which satisfy f(y") = q"f(y"). The explicit form of the 
mapping f—>f is given by (4.5), it inverse by (4.7). 


5. The mapping f= F(s). Now we consider 


F(a) = M(K) (a), 

A 

where pX is the Haar-measure on 0X = A and a(a) a (not necessarily unitary) 
character of A such that 

(5.1) a(ky") =a(y") for ke AN K. 

We write 

(5.2) a (yt) ge 

and F(s) instead of F(a): 


00 


since f(ky") =f(y") for ke AN K. Now we use (4.6) and obtain 
(5.4) F(s) = (MW) FA) + 
n=1 


= uX(U) {F(1) + VF (y") + 
n=1 
This proves 

Lemma 5.1. If f¢€ S81, then F(s) defined by (5.3) satisfies 
(5.5) F(s) =F(1—s) 
for any complex number s for which (5.3) ezists. 

Now let f vary over 8°; then we know by Proposition 4.1 that f(y") 
varies over all finite sequences satisfying f(y") =q"f(y") forn=0. Hence 
(9.4) shows that /’(s) varies over all Fourier polynomials which satisfy 
F(s) == F(1—s). It is clear that the mapping f—F(s) is linear. Since 
g— M(g,%) is a representation of G, it follows that to the convolution of 
any two elements of S° corresponds the ordinary product of the corresponding 
functions F(s). This proves 
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THEOREM 5.1. The mapping f— F(s) ts an isomorphism of the algebra 
S° onto the algebra of all polynomials F(s)=F(1—s) of the form 
d en(qgre + ge). Hence every maximal ideal of S° is given by a 
complex number c and is the set J. of all those f€ S° for which F(s) 
vanishes for this c. Two maximal ideals J,, Je are equal if and only if 


c’ =c-+ 2rin/logg or c’ =1—c-+ 2nin/log q. 


In (5.4), let s=4$-+it, where ¢ is real. We obtain 


(4+ it) —M(K) eX {F(1) + + 


n=1 
D(H) wX(U) {F(1) + 2 BF cos (nt log }. 
Hence, by Fourier series, 


log q 


2r/logq 
(5. 6) f(y") J, F(4-+ tt) cos(nt log q) dt 


q”’? log q 
it) c0s(nt log for n=. 


In (4.5), let us replace f(g) by f*(g) = f(g") and* note that f(q) 
=f(g") for f(g) We obtain 
f*(y") =n (O)gn{F(y") + A—1/q) SF 
j=l 
Hence, if we write h(y") —f(y"), we have 


P*(y") =h(y"). 


Now we put that in (5.4) and write F’*(s) f (a). 
A 
We obtain 
F*(s) =M(K)p* (U) {h(1) + Shy") + 
n=1 
Therefore 
P* (5) —M(K) FL) + + "I. 
n=1 
Hence 
(5.7) F*(s) =F(S5); 
in particular, 


F* (4+ it) =F (}—it) + it). 


* # denotes the complex conjugate of f, whereas f is defined at the beginning of § 4. 
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If we combine this with Proposition 4.1, we see that 7*(s) =F (s) for all 
fe S° if and only if Rs =} or s+ 2ain/logq is real. 


6. The dual measure. We shall now compute the value of f€ S° at 


the unit element 1 of @ in terms of F'(s). By (4.7), we have 


f(1) =p(D)F(1) + (1—4) 


Hence, using (5.6), we get 


q 
)pX(U)M(K) 


2m/log gq 
F(4+)[1+ A—q) cos(2nt log q) |dt. 
0 


n=1 


Now we use (2.11), —1, and get 


F(4A+it) [1+ (4Q—q) cos(2nt log q) 
(K) 0 n=1 
Noting that 
Neos 2 — 
cos (2nt log g) = 
we obtain 
1/log q 
(6.1) f(1) = f it) + it) dt, 


where 


logqg_ 


AM(K) 
In particular, for s=4-+ 7, 


thus 
2q(q +1) logg (¢ log q) 
6. M*(4 + it) — 
(3 +1) =~ 1 — 2q cos (2t log g) + 
Hence 
(6.4) M*(4 + it) =O for real t. 
We note that 
(6.5) —0 for 


a 
8) 
if 
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Lemma 6.1. The function Yt*(s) is a meromorphic function of s (in 
fact, a rational function of q*), regular in s except when qg§= + q or g@=+1 
(i.e., s=-ain/log or s=1-+ win/logqg) where it has a pole of order 1 with 
residue 

4M (K)x° 
It satisfies the functional equation Mt*(1—s) =Mt*(s). Moreover, M*(s) 
= 0 for Rs =}. 


(6.6) 


7. The Plancherel formula for S*. Let f(g) €S°, and put, as usual 
f*(g) =f(g"); then (f*f*)(g) € S°, where * denotes convolution on 
If to f corresponds F(4-+7t) in the sense of (5.3), then to f* corresponds 
F(4+ it), because g>M(g,4-+ it) is a unitary representation of ( if ¢ 
is real (see §3 or equation (5.7) above). Hence to f*f* corresponds the 
function * | it)|.?. To this we apply (6.1) and obtain 


Next we observe that (f*f*)(1) f(g) |e? (A+ it) is 
G 


even in ¢ and periodic with period 27/logqg. Hence 


(7.1) g) F (4 it) it) dt. 


Clearly S° is dense in S*. On the other hand, by Theorem 5.1, F'(4-++ it) 
varies over all even Fourier polynomials in ¢ with period 27/log q as f varies 
over S°. Hence (7.1) shows that the mapping f(g) > F($+ it) can be 
extended uniquely to a unitary mapping of S? onto the Hilbert space of all 


equivalence classes of complex-valued functions which are square integrable 
over the interval 0=¢=-7/logg relative to the measure (4 it) dl. 


8. The elementary spherical function ¢(g,s). Combining (4.7) with 
(5.6), we obtain 


fly )= (UW) (3 + it) {q cos (nt log q) 


+ (1-9) cos[ (n+ log q]} at 
j=l 


F (4 +it){q"” cos (né log q) 


*| |,, denotes the ordinary absolute value of a complex number. 
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using (2.11), w(D)pX (Ul) =1. Now 


cos(nt log g) + (1—q) cos[ (n + log g] 
j=1 


q— Gt q— qt 


q— q—qr it 


We divide this expression by M’*(4-+ it) and obtain 


q(q+1) logq —q* 


4 


-2it 


Hence 

0 


where, for n= 0, 


8.2 y",s)= > 


One sees at once that (y",s) is, for fixed n, an entire function of s 
(including at s = 4-4 7in/logq). Hence, we obtain, for each fixed complex 
number s, a spherical function ¢(g,s) on G by putting $(k,y"ke, s) = (y", s) 
for any k;€ K and using (2.3), (2.4) and (2.5). By putting n=0 in 
(8.2), one sees that 

(8.3) $(1,s) =1 for all s. 

By putting s=0 or 1 in (8.2), one sees that 

(8. 4) $(g,0) =¢(g,1) for all gE G. 

Moreover, (8.2) implies immediately the functional equation 

(8.5) $(9,8) =$(g, 1—s) for all G. 

Also, 

(8.6) 6(g,4 for real ¢. 


Hence, if we combine (7.1) and (8.1), we may conclude that 


(8.7) F(4-+it) =f $+ it)dg 


for all f(g) € S°, or for all f(g) € S? if one introduces the usual ].i.m. f. 
So we see that if f(g) € S°, then 
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(8.8) F(s) 


If we combine this with (3.14), we see that ¢(g,s) =¢(g,%) provided 
a satisfies (5.1) and (5.2). Now from (8.2), we obtain at once that 


(8.9) | $(9,8)| S¢(9,c), where o= Rs. 
Hence, combining (8.4) with (8.9), we obtain 

(8. 10) | o(g,it)|S1 and | $(g,1+i%t)|S1. 
It follows from this that, for all g € G, 

(8.11) |¢(g,s)|S1 for Rs=1. 


We now prove that ¢(g,s) is an unbounded function of g for any fixed 
s for which Rs >1 or Rs <0. Indeed, 


git? — gi*] qe 


as n— if Rs =o > 1, whereas 


as n—>-+o if Rs=o>0. Therefore ¢(y",s) is unbounded as n>+a 
for any fixed s with Rs >1, hence, because of (8.5), also for Rs < 0. 


On the other hand, if 0 << Rs <1, then 50 as 
Therefore 
(8.12) lim ¢(y",s) =0 if O0< Rs <1 


uniformly in s for eS Rs=1—e,¢«>0. This proves 


LemMA 8.1. (9,58) is an unbounded function of g for any fixed 
complex number s for which Rs >1 or Rs <0. 


On the other hand, | $(g,s)| 1 for all g€ G if O= Rs <1, and (8.12) 
holds. 


From this we deduce 


THEOREM 8.1. Let f(g) € S*, then F(s) = ff(9)¢(g,8)dg ts a regular 
analytic function in the strip 0 << Rs <1, continuous in 0S Rs =1, satisfying 


Qrin 


(8.13) 
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Any homomorphism of the commutative normed algebra S' to the 
complex numbers is of the form f(g)— ff(g)o(9,c)dg=F(c), where c 


| isa complex number in the strip 0S ReS1. This homomorphism maps 
f*(g) =f to F(c) if and only if Rc=4 or c+ 2mwin/logg is real. 
| Two homomorphisms f—>F(c) and f—F(c’) are identical if and only if 
=c+2rin/logg or =1—c- 2min/log gq. 


Proof. The regularity and continuity of F(s) follow immediately from 
the above properties of ¢(g,s), and so does (8.13). Now given any homo- 
morphism of S* to the complex numbers, its restriction to S° is, of course, 
a homomorphism of S° to the complex numbers, hence, by Theorem 5.1 above, 
is of the form f—F(c) for some complex number c. In order that this 
homomorphism can be extended to a homomorphism of S', it is necessary 
and sufficient that (g,c) be a bounded function of g for this number c. 
Hence, by Lemma 8.1, we must have O0=Rec=1. The assertion about the 
identity of two such homomorphisms follows from the corresponding assertion 
about S°® (see again Theorem 5.1) above). The assertion about f*(g) follows 
immediately from the last assertion in §5 above (see equation (5.7) above) 
and Theorem 5.1. 
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CHARACTERISTIC CLASSES AND HOMOGENEOUS SPACES, I; 


By A. Borex and F. HirzEBRucH. 


Introduction. It is known that the characteristic classes of a real or 
complex vector bundle may be interpreted as elementary symmetric functions 
in certain variables, which are 1, 2 or 4 dimensional cohomology classes. If 
we consider the tangent bundle of the coset space G/U of a compact connected 
Lie group modulo a closed subgroup, it turns out that these variables may 
be identified with certain roots of G (or their squares). Our first purpose 
is to establish this connection between roots and characteristic classes, which 
is the basis of this paper, and to compute the characteristic classes of certain 
well-known homogeneous spaces. These results are then applied in particular 
to G/T (T maximal torus of @), and to other algebraic homogeneous spaces, 
where they lead to relations between characteristic classes, Betti numbers, the 
Riemann-Roch theorem and representation theory; they are also used to dis- 
cuss multiplicative properties of the Todd genus and other genera in fibre 
bundles with G/U as fibre. As an application, we get a divisibility property 
of the Chern class of a complex vector bundle over an even dimensional sphere 
which yields some information about certain homotopy groups of Lie groups. 

We now give a summary of the different chapters. For the notions and 
notations used without further comments, the reader is referred to [2, 19]. 

Chapter I. The first three Sections give a survey of standard properties 
of roots and linear representations; § 4 gives two characterizations of systems 
of positive roots which will be used in Chapter IV. In §5 we introduce the 
roots of a Lie group with respect to a commutative subgroup of type 
(2, 2,- -,2), which will occur in the description of Stiefel-Whitney classes. 

Chapter II recalls those concepts of fibre bundle theory which are most 
often used in this paper, such as restriction and extension of the structural 
group (with respect to homomorphisms), integration over the fibre, to be 
denoted by 4, and the bundle of vectors tangent to the fibres of a bundle 
whose typical fibre admits a differentiable structure invariant under the 
structural group, to be called hereafter the “bundle along the fibres”. 


* Received January 29, 1958. 
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Chapter III starts with a review of the definition by means of symmetric 
functions of the characteristic classes of a bundle having a classical group 
as structural group (§9). In §10, we consider the A-extension 7' of a 
principal G-bundle 7 by means of a unitary representation A: G—>U/(n) ; 
the bundle 7’ is a principal U(n)-bundle, whose Chern classes are shown 
to be the elementary symmetric functions in the weights of A, suitably inter- 
preted as 2-dimensional classes; analogous statements are proved for the real 
' orthogonal representations and Pontrjagin classes (10.3). Now, the real tan- 
| gent bundle to G/U is the c-extension of the principal U-bundle (G, G/U, U), 
with respect to the linear isotropy representation . of U in the tangent space 
Fata point of G/U fixed under U (Proposition 7.5). Applying 10.3 to this 
| situation yields the relation between roots and characteristic classes mentioned 
‘at the beginning of this introduction, which, in fact, holds more generally 
for the bundle along the fibres of (H/U,B,G/U), where (H,B,G) is a 
principal G-bundle. 

Chapter IV. The homogeneous space G/U admits an invariant almost 
- complex structure J if and only if the isotropy representation « can be fac- 
torized through the standard inclusion of U(n) in SO(2n), (2n dim G/U) ; 
we obtain in this case a unitary representation ..: U—U(n), whose weights 
_are certain roots of G, to be called the roots of J; they allow us to compute 
the Chern classes of J using 10.3 and to discuss the integrability of J using 
' the results of § 4; among the applications in §13 we give new proofs of some 
; results of H. C. Wang. 

The invariant complex structures of G/U (where U is the centralizer 
| of a torus in G), can be obtained directly by using the complexification of G; 
the space G/U is also homogeneous kihlerian [5] and even rational algebraic, 
'and there is a close connection between its projective embeddings and the 
linear representations of G. For later use, we include in §14 a short dis- 
cussion of some of these results; moreover, we prove (14.10) that the real 
cohomology classes of these algebraic homogeneous spaces are all of type 
' (p,p) and for p—1 describe those which are positive in the sense of Kodaira. 

Chapter V is devoted to some special cases; in particular, to projective 
spaces, 

Chapter VI.+ In § 20 a formula for the homomorphism 4 in the bundle 
| §= (Br, Bg, G/T, p(T,G)) is established (20.3); it shows, in particular 
| (22.2), that 4, applied to the total Todd class of the bundle along the fibres 
| of € endowed with the complex vector bundle structure defined by means of an 


} §§ 20 to 30 will be published in a later issue of this Journal. 
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invariant almost complex structure J on G/T, gives a zero-dimensional tern, 
which is 1 or 0, according to whether J is integrable or not; it follows that 
the Todd genus T(G/T)* of G/T with respect to J is 1 or zero respectively 
and that (22.5) in certain bundles (£,B,G/T), with almost complex F and 
B the Todd genus, “behaves multiplicatively,” i.e., that we have T(E) 
=—T(B)-T(F). These results are generalized to the Ty-genus and to 
homogeneous almost complex spaces G/U (rank U —rank@). 

In §23 we consider the A-genus of homogeneous spaces G/U with 
rank U =rankG and, in particular, prove it to be equal to 0 when the 
second Betti number of G/U vanishes; moreover, in a differentiable bundle 
(E/U,B,G/U) with A(G/U) =0, we also have =0. 

In § 24, G/U (rank U =rank @) is assumed to be algebraic. The value 
of the 7,-genus found in §22 and (14.10) yield a formula for the Betti 
numbers of G/U in terms of the action of the Weyl groups of G and U om 
the roots of G. The dimension of the vector space of holomorphic cross. 
sections of a complex line bundle F on G/U is computed by means of the 
Riemann-Roch theorem and is shown to be either zero or equal to the degree 
of the irreducible representation of G having the first Chern class of F as 
highest weight (24.7); (this fact has led to the results of [7a] and has been 
further generalized by R. Bott [7b]). The degree (in the sense of algebraic 
geometry) of the projective embedding of G/U given by this linear represen- 
tation, or equivalently, by the complete linear system of divisors belonging 
to F, is also explicitly calculated. 

Chapter VII. In § 25, the A-genus is proved to be an integer. More 
generally, we introduce, for a complex vector bundle y over a differentiable 
manifold X and for an arbitrary element d€ H?(X,Z), a rational number 
A(X,d,n), in analogy with the Riemann-Roch formula, and prove that it is 
an integer after multiplication by a suitable power of 2. It follows that the 
g-th Chern class of a complex vector bundle over the 2q-dimensional sphere 
S., is divisible by the greatest odd factor of (¢g—1)!; applications of this 
last fact to the homotopy of Lie groups are given in § 26. 

As is well known, the index of a differentiable manifold X equals the 
L-genus of X, which is a linear combination of Pontrjagin numbers [19]. 
It was recently proved [12] that the index “behaves multiplicatively” } 
differentiable bundles. This fact has certain consequences for the Pontrjagin 
classes of the bundle along the fibres of a differentiable bundle, from which 


1'We allow ourselves to denote by T the Todd genus as well as a maximal torus, 
since this is unlikely to bring any confusion. 
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we conclude that the sequence of LZ-polynomials is essentially uniquely charac- 
terized by the property of giving rise to a genus which behaves raultiplicatively 


in differentiable fibre bundles. 

In Appendix I, we compare the different definitions of Chern classes 
known to us, with particular emphasis on the signs. 

In Appendix II, it is first proved that the torsion coefficients of 
H*(Bowny, 2) and H*(Bsoiny,Z) are all of order 2. This allows us to 
characterize the universal integral Pontrjagin class p; by its canonical images 
in H*'(Bowny), R) and H**(Bow, Zz), the latter being equal to the square of 
the universal 27-th Stiefel-Whitney class. It is also shown that, up to 2- 
torsion, the integral i-th Pontrjagin class of a principal O(n)-bundle é can 
be defined by means of the transgression in a certain bundle 7; associated 
with €; in particular, »; has the typical fibre O(n)/O(2i1—1) when n is odd. 
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Chapter I. Compact Lie Groups. 


1. Generalities. 


1.1. Coset spaces. Let G be a Lie group, U a closed subgroup of 6, 
G/U the space of left cosets of Gmod U, x the natural projection of ( onto 
G/U, and g, u the Lie algebras of G, U identified as usual with the tangent 
spaces at the neutral element. Left translation by g€ G induces a homeo- 
morphism of G/U which will be denoted by the same letter; if u€é U, it 
leaves 0=7(e) invariant and induces an automorphism @ of the tangent 
space (G/U), of G/U at 0. The homomorphism 4,:u—% is called the 
isotropy representation and its image the linear isotropy group U. For 
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connected G, its kernel is the subgroup of those elements of G which act 
trivially on G/U or, also, the largest subgroup of U invariant in G. 

Adg or Adgg will denote the automorphism of g induced by the inner 
automorphism #—> garg of G. If ze is the differential of + at e, we have 
clearly 

Adg ti (we U); 
in particular, since the kernel of ze is u, we allows us to identify (G/U)> 
| with any subspace m of g supplementary to u, invariant under Ad,w, in 
such a way that @ is carried over to the restriction of Adgu tom. Ifo is an 
automorphism of G and o, its differential at e, then 


(1) Ado(g) =o,° Adg°a,". 


1.2. From now on, @ is a compact Lie group. We recall that its 
maximal toral subgroups are conjugate to each other by inner automorphisms 
and are maximal abelian subgroups of @ if G@ is connected; their common 
dimension is the rank of G, to be denoted here by J or 1(G). The letter T 
will be reserved for a maximal torus of G, and S for an arbitrary toral sub- 
group; Vg will be the universal covering of S and Is the “unit lattice”, i.e., 
the inverse image of the identity element of S. The latter is a free commu- 
tative group of rank k (k=dimS), which spans Vs. A real valued linear 
form on Vg is said to be integral if it takes integral values on Is. 


1.3. Roots, diagram. The representation s— Adgs of 8 in g is fully 
reducible and there is a direct sum decomposition 


() g=a+:::ta+b+8 (dim a; = 2) 


of g into subspaces invariant under Ad, S, where b+ 8 is the largest sub- 
space on which S operates trivially. We may then write, for s€ 8, 


cos 27a;(s) —sin 2za;(s) 
sin 27a; (s) COS 27a; (S) 


(3) Ad, s | 


where a;(p(x)), p the projection of Vs onto S, is a non-zero integral linear 
form. The linear forms + a; are the roots of G with respect to S. We shall 
be concerned mainly with the case where ST is a maximal torus. Then 
b=0, and the 2m linear forms + a;, (i -,m; dim.G@=1-+ 2m), are 
simply the roots of G2 Clearly, if S C 7, the roots relative to S are the 
restriction to Vs of the roots of G which do not vanish identically on S. 


*In the sequel, there will be no notational distinction between a(p(a#)) and a(t). 
3We call them roots in spite of the facts that the roots in the sense of the 
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An element ¢€ T is singular if its centralizer has dimension > /(@), 
regular otherwise; in V7 the singular elements are represented by the points 
of the hyperplanes a,=0mod1, (1[t=™m), which form the diagram of G. 

In case § is a toral subgroup of U, the decomposition (2) may be chosen 
in such a way that u is spanned by a subspace b, of b, § and some of the gq, 
say the a; will be called the roots of G relative to 
S complementary to those of U, or simply the complementary roots if there 


is no danger of confusion. 


1.4, The Weyl Group. We choose once and for all a positive definite 
metric on g invariant under Ad G, and consider on Vr the metric which is 
induced by it in the obvious way; it allows us to define in the standard way 
a canonical isomorphism between Vy and its dual space V7* and a metric 
on V7*; the scalar product on Vr or V7* will be denoted ( , ). An element 
a€ Vy* is called singular if there exists a root a; such that (a,a;) =0; its 
image in Vy under the canonical isomorphism is then singular in the above 
sense. Finally, we remark that the symmetry 8S, of Vy with respect to the 
hyperplane a0 induces a symmetry of Vr*, to be denoted also by S,, 
defined by 

Sa(b) = b—2(a, b) (a,a)-*-a. 

The Weyl group W(G) of G is the group of automorphisms of 7’ induced 
by inner automorphisms of G leaving T invariant; it is a finite group and 
a quotient of N7/T, where Ny is the normalizer of T in G; it may also be 
viewed as a group if isometries of Vz leaving ['y and the diagram invariant. 
For connected G, it is isomorphic to N7/T and is generated by the symmetries 


to the hyperplanes =0 


2. Standard properties of roots. G is a compact connected Lie group 
of dimension nm and rank 1, T a maximal torus, V its universal covering and 
ta, (1St=m,n=—1-+ 2m) are the roots of G. The proofs of the state- 
ments in §§ 2, 3 may be found e.g. in [8, 13, 23, 27, 28]. 


2.1. An element v€ V is in the inverse image of the center of @ if 
and only if a;(v) =Omod1 -,m); in particular, G is semi-simple 


if and only if it has 7 linearly independent roots. 


2.2. a; and a; are linearly independent if 1). 


infinitesimal theory (i.e., the roots of the Killing equation), are the forms + 27ia, 
and the zero form; the forms a, were called “ paramétres angulaires ” by E. Cartan [8]. 
Also, unless otherwise specified, the zero form will not be considered as a root. 
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2.3. The number 2(a,b)-(a,a)~? is an integer for any two roots a,b 
and the linear forms ) —k-a are also roots for k integral varying between 0 
and 2(a, b) (a, a 

2.4. Simple roots. Let (z+), (1SiSl), be a base of V*. We define 
a total ordering 3 on V* by saying that a—=a,z'+---+a,z' is >0 if 
its first non vanishing coefficient is > 0 and thata>b ifa—b>0. A root 
is simple, relative to &, if it is positive and cannot be represented as the 
sum of two positive non-zero roots. The simple roots are linearly independent, 
the scalar product of any two of them is =0, and every root is a linear 
combination, with integral coefficients of the same sign, of simple roots. It 
follows, in particular, that, when G is semi-simple, there are / simple roots; 
also, a simple root is not a linear combination with positive coefficients of 
other positive roots. 

2.5. <A set of elements of V or V* is said to be decomposable if it is 
the union of two non-empty mutually orthogonal subsets. A semi-simple 
group G is simple if and only if its root system or the system of its simple 
roots is indecomposable. Assume G to be simple, let a; (1SiS/) be the 
simple roots and let b =6,a,-+- +--+ ba; be the highest root with respect 


to an ordering 3. Then we have 


(0, ai) =, > 0, 


and 6; majorizes the coefficient of a; for all roots. 


2.6. The sign of an element of W(G). Let aj (1StS™m), be the 
positive roots with respect to 3d. Since W(G) leaves the diagram invariant, 
any w€ W(G) induces a permutation of the system (+a;) (1SiS™m), and 
transforms (a;) into a system of roots («a;) with ¢,—-+1. We shail denote 
by s(w) the number of ¢;’s equal to —1 and by sgnw the product of the «;’s. 
We contend that sgn w is equal to the determinant of w viewed as a linear 
transformation of V, and, in particular, does not depend on 3d. In fact, 
let e;, e., be the orthonormal base of a; with respect to which we have (3) 
of $1, and let g€ Np belong to the coset of w. It follows from 2.2 that w 
permutes the a;, and then from (1) §1 that if w(a;) = ja;, then Ad g(e A eu) 


=«e; \e_;; moreover, the natural isomorphism of t on V carries the restric- 
tion of Adg to t over to w; our contention follows readily from this and from 


the fact that, G being connected, we have det Adg=—1. 


The Weyl chambers. Wet a,,- - -,a, be the simple roots belonging 


to the order 3. A Weyl chamber in V or V* is a connected component of 
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the set of regular elements. In particular, the set of points v€ V (resp, 
x€ V*), such that aj(v) >0, (resp. (z,a;) >0) is one and 
will be called the positive Weyl chamber with respect to d. The Weyl group 
acts simply transitively on the Weyl chambers, and, in particular, the integer 
s(w) defined in 2.6 is zero if and only if w is the identity; it is generated 
by the symmetries to the hyperplanes a =0 (1SiSr). 


2.8. Remark on orderings. Let a€ V* be such that (a,a;) 40 for all 
t (1=i=™m), and let us say that a root is positive if (a,a;) >0. Then the 
order relation thus obtained between roots is induced by an ordering on V* 
as considered in (2.4) and has, therefore, the properties (2.4), (2.5). To 
define 3, one takes a base (z‘) of V* dual to a base (e) (1LSiSl), of V 
where e; (t= 2) is contained in the hyperplane a= 0. 


2.9. Classification. We recall that a compact connected Lie group G 
has a finite covering G which is the direct product of a torus S by a seni- 
simple and simply connected group G’; the group G@ is uniquely determined, 
up to an isomorphism, if we require, moreover, that the kernel of the 
projection of G onto G@ intersects S only at the identity. The image of 6 
in @ is the derived group G’ of G and is also its largest semi-simple sub- 
group; the image of S is, of course, the connected identity component of the 


center of G. 


The semi-simple groups are locally isomorphic to products of simple 
non-commutative groups. For the classification of the Lie algebras of compact 
simple Lie groups, we refer to [13, 23]. For a list of their roots, see for 
instance [25a]. For the simple Lie groups and the classical linear groups 


we follow here the standard notations. 


3. Linear representations. a; (1i<m) are the positive roots of 
the compact connected Lie group G of rank 1, with respect to an ordering 4. 
a is the sum of the a,’s and a,,- - -.a, are the simple roots, r being the rank 


of the semi-simple part G’ of G. 
3.1. Lemma. We have (a,a;) = (a;,a;), (l1SjSr). 
Let S; be the symmetry with respect to a;—=0. We have 


S ja; = A — 2 (ai, a;) (aj, a;)~* * Aj. 


Hence S,a; and a; (j 7), when expressed as linear combinations of simple 
roots, differ at most by the coefficient of a;; thus, if a;~a,, Sja; has at least 
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one positive coefficient, and is a positive root by (2.4); this means that 8S; 
permutes among themselves the positive roots different from a;. But we have 


(a;, Sja; + ai) = 0, 
whence the lemma. 


3.2. To abbreviate, we write H(b), (b€ V* or bE V*@C), for 
(sgn w)exp(2rV —1-w(b)) 
w W(Q) 

and (b,x) for the value of this function on z€ V. If 6* and z, are the 
images of 6 and x under the canonical isomorphism between V and V* 
defined by a metric invariant under W(G), we have clearly E(z,,b*) 
=H (b,z). 

By a standard result of representation theory, we have 


(1) E(a/2) —TI2V—1sin xa, 


The computation of the m-th orders terms on each side yields the equality 


(2) 3S (sgn w)-w(a/2)™. 


we W(G) 


Let us denote by #7,“ (6,0) the value at 0 of the m-th derivative of E(b, y) 
in the direction x; then we have 


(3) (a/2,0) = m1(2nV—1)" TI <a, 2). 


It follows directly from the definition that H(b) vanishes identically when 6 
is singular. Conversely, the equality H(zr,,b*) —=H(b,zx), recalled above, 


and (3) imply 

(4) Eqea™(b, 0) = m1(2eV—1)" TI b> = m!(2rV—1) "TI (a4, b) 
1 

hence, if #(b) =0, the element 6 must be singular. 


3.3. The weights. An element b€ V* is called a weight of G if it is 
integral on the unit lattice of the connected identity component of the center 
of G and is such that 2(b,a;) - (a;,a;)~“1 is an integer (jm). The weights 
form a free commutative group of rank 1. The previous condition may also 
be expressed by saying that a weight is a linear form which is integral on 
the unit lattice T, corresponding to the covering G of G which has the form 
SX @ where S is a torus, G’ is semi-simple and simply connected, and such 
that the kernel of the projection G— G intersects S only at the identity (2.9). 

For V*, let us put g(b,c) =2- (b,c) Let Sq be the sym- 


and 
Troup 
ated 
all 
the 
. 
To 
of V 
PG 
ned, 
he 
sub- 
act : 
ups 
ank 
ple 
ast 


468 A. BOREL AND F. HIRZEBRUCH. 


metry to the hyperplane d=0. We have (0, Sac) = (Sab,c), (Sac, Sac) 
= (c,c) and Sab —b—q(b,d)d, and therefore 


(5) q(b, Sac) = 9(b, c) —q(b, d)q(d,c). 


Proposition. Let b be an element of V*. Then q(b,a;) ts an integer 

9 
for1 jm if and only if tt ts so for 1SjSr. In particular, a/2 is a 
weight. 


The Weyl group W(G) is generated by the symmetries S; to the hyper- 
planes a;=0 (1Sj=r), and every root is the image of a simple root 
under some transformation of W(G) (this follows from 2.7). Since q(d,c) 
is an integer when c and d are roots (2.3), the equality (5) shows that 
q(b, Sja,) is integral if q(b,a,) and q(b,a;) are, and our first assertion 
follows by an obvious induction. The second one is then a consequence of 
(3.1) and of the fact that a is zero on the identity component of the center 
of G. 

3.4. Characters. It follows from the results of H. Weyl and from 
standard facts about direct products, that the characters of the irreducible 
representations of the group G introduced in 3.3, restricted to the maximal 
torus 7, are the functions 


(6) x(t) = E(b) - E(a/2)-, 


where }b runs through the weights contained in the positive Weyl chamber 
defined by 3. In other words, the b’s are the weights which verify 


2 (a;,b) = k;(aj;, a;), (k; > 0, integral, j—1,---,r). 


By dividing out in (6), one may write x(t) as a finite sum of exponentials 
exp 1c, where the c¢,’s are weights. The highest one is b— (a/2); 
it has multiplicity one and characterizes the linear representations up to an 
equivalence. In view of the foregoing, the highest weights are those which 
satisfy 


(7) 2(a;,c) =k; a;), (k; = 0, integral, 7 —=1,- - -,7). 


Assume now G@ to be semi-simple, hence r—=I—rank@G. Let o; be the 
linear form defined by q(@i,a;) =8; (t=1,---,1). By (3.3), the ois 
are weights, to be called the fundamental weights, and form a basis of the 
group of weights. By (7%), the highest weights are the linear combinations 


of the w;’s with integral non negative coefficients. 


Let again G be compact, not necessarily semi-simple. The degree d 01 
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the representation with highest weight b— (a/2) is x(0). In the right hand 
side of (6), this appears in the form 0/0, but by taking suitable m-derivatives 
at the origin, and using (2), (3), (4), one arrives easily at the formulas: 


d-(m!)-Tla—= (sgnw)w(b)™ 
weéeW(G) 


(8) 
d= II (ai, b) (ai, 
1 
Finally, we remark that the representation of G with highest weight b — (a/2) 
is single-valued on G if and only if 6 — (a/2) is integral on the unit lattice 


corresponding to G. 


4. Two characterizations of systems of positive roots. We assume 
here G to be semi-simple, and denote its rank by 1, but otherwise follow the 
notations of §3. We discuss here two conditions under which given roots 
are positive relative to a suitable ordering; the first one is the object of 
(4.3), which will be preceded by two lemmas. 


4.1. Lemma. Let u; be the integers such that the sum a of the positive 
roots is equal to uya,+-+--+ ua, Then the only solution of the system 
of inequalities 
(1) = (a,a;); OSajSu, 
is a itself. 

That a is a solution follows from (3.1). 

Let y= yid, +: +--+ ym be a solution of (1) for which the sum of 
the y; is minimum; such a y clearly exists. The y;’s are >0, because if, 
e.g., then we would have (a,,y) S0 by (2.4). 

Put r;= (a;,y). Since the as (1jS/) form a base, it is enough 
to show that 7;— (a;,a;). Suppose otherwise; then there exists a k such 
that 7, > (a@x,a,). Consider z—y—c-a,, where c is a small positive 
constant. Then 

a= (4 = IY (JAK) 

(a;,2) = (a;,y) —c(a;, Ax) 
Since (a;,a,) <0 for jk by (2.4), z is, for suitably small c > 0, a solution 
of (1) for which the sum of the coefficients is strictly smaller than for y, 


contradicting the latter’s definition. 


4.2. Lemma. Let («&), (t=1,:--,m), be a sequence of integers of 
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absolute value 1, and let a*=— Sea; If (a*,a;) >0 for j7—1,- - -,1, then 
a*=a and (lSi=m). 


Let +--+ ++ ca, (resp. d=d,a,+- +--+ d,), be the sum of 
the a; for which ¢,=1 (resp. ¢——-—1). We have 


(2) a*=c—d;a=c+d; ¢,d,=0, 
By assumption, 
(a;,c) — (a;,d) = (aj,a*) > 0, 
and by (3.1), 
(a;,¢) + (a;,d) = (aj,a) = (aj, (j= 1,--- 
2(aj,c) > (a;,4;), (j—1,--- 


whence 


But it follows from (2.3) that 2(a;,c) - (a;,a;)-! is an integer; therefore the 
preceding inequality implies that 


(a;,c) = (aj, 45), 


which, together with (2), shows that c is a solution of (1). By (4.1), this 
gives c—a, d=0, a=a* and d=0 implies (2.4) that no « equals —1. 


4.3. THroreM. Let («&), (i —=1,---,m), be a sequence of integers 
of absolute value 1. Then the set («a;) ts the system of positive roots with 


respect to some ordering 3’ if and only if a* => ea; is a regular element. 
i 


Necessity: Suppose that («a;) are the positive roots with respect to some 
ordering; by (2.7), there exists w€ W(G@) which sends the «a; onto the a; 
and, therefore, a* onto a. Since the Weyl group leaves the set of regular 
elements invariant, it suffices to show that a is regular; but this follows 
from (3.1). 


Sufficiency: Suppose a* to be regular, and let »;—-+1 be such that 
(a*, > 0. Then, as remarked in (2.8), is the system of positive 
roots with respect to some ordering 3,, and it will therefore be enough to 
show that (t—=1,---,m). 


By (2.7), we may find we W(G) carrying (pa;) onto (a;) and, there- 
fore, a* onto a** = S\emidoiy, where o is a permutation of (1,2,- - -,m) 
i 


since (a*, »,a;) > 0 for all i and sitice w preserves the scalar product, we have 


| 
1 
(j= 
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(a**,a;) > 0, (j= 1,-- -,l), and (4.2) gives then a**—a and 1, 


",m). 


4.4. Corottary. Let J be a non-empty set of integers belonging to 
the interval [1,m]. Suppose we have signs «, (7€ J), such that Zi. 


m 
Then for any choice of the remaining signs «, the form 2 «its is a ere 


element. 


Suppose otherwise; then by (4.3), the (¢a;) are the positive roots in 
some suitable ordering, but, obviously, a sum of positive roots cannot vanish. 


4.5. Derrinition. A set B of roots of G is said to be closed tf it 
contains the sum of any two of its elements whenever this sum 1s a root 


of G. 
Our main purpose will be to show that a closed system containing one 


root from each pair + a; is positive for some ordering. 


4.6. Lemma. Let B be a closed system which for noi (l1SisSm), 
contains both a; and —a; Then tf a linear combination b of elements of B 
with positive integral coefficients is a root, it belongs to B. 


Proof by induction on the sum k of the coefficients of b. For k =2, it 
is an assumption ; assume the lemma to be true for k —1, and let 
b=c¢,b, +: > 0, integer, =k, b,€ B). 
We distinguish two cases. (a) For some jq, 6,-+ 0; is a rovt; it is then 
in B by definition, and we have 
b = + + —1) bi + —1) by Chard jus 
Therefore, 6 may also be written as 
b=c’,b’, +---+ (ci > 0, integral, =k —1,b%€ B), 
and is in B by the induction assumption. (b) No element b, + b; is a root; 


then (6, b;) for j =2,- - -,q, (see 2.3), whence (b,,0) >0, and 
isa root. By induction, it is in B, and b then belongs to B by definition. 


4.7. Lemma. We keep the same assumption on B. Then any sum 
(bi € B, ci > 0, integral) is 0. 
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Otherwise, we would have 
—b,= (c, —1)}, + ¢.b,+- + 
contradicting (4.5) and (4.6). 


4.8. A sequence (b,,-- -,b,) of elements of B such that b;—);,,€B 
for 1=1,- - -,k—1 will be said to be decreasing of length k. The height 
h(b) of b€ B will be the maximal length of decreasing sequences starting 
with b. By Lemma 4.7, any two elements in a decreasing sequence are 
different, and hence h(b) is always finite. Let k—=h(b) and b,),,- - -,b, 
a decreasing sequence. If we add to b a decreasing sequence for b, or for 
b—b., we clearly get a decreasing sequence starting with b. Therefore 
h(b) =k implies that h(b.), h(b—b6.) are Sk—1; thus an element of 
height k=2 is sum of two elements of heights = k—1. 


4.9. THroreM. Let B be a closed system of roots which, for each i, 
(1=i=™m), contains exactly one of the two roots +a; Then B is the set 
of positive roots for a suitable ordering. 


Let b,,: - -,bs be the elements of height 1 in B. By induction on the 
height, it follows from the last assertion in (4.8) that every element of B 
is a linear combination of the b,s (1—1,---,s) with positive integral 
coefficients. Therefore, it suffices to show that the b,’s are linearly independent. 
Since they span all roots, their rank is 1; assume that 0,,- - -,b;, are 
independent and that, contrary to our contention, s~/. We have then a 


relation 


(3) bur = - (c real, not all zero). 
The c;’s are also a solution of the linear system 


(j =1,- - -,l), whose determinant is, up to a positive factor, the determinant 
of the products (6;,b;) and is therefore 40. Thus the ¢;,’s are the unique 
solution of (4) and are rational numbers since the coefficients are rational 
by (2.3). The given relation is then equivalent to a relation 


dyb, ++ dibi+ =0 (d; integers, 540). 


By (4.7) the coefficients do not all have the same sign, and, after a change 
in numeration of the b; (i1), we arrive at an equality 
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(5 ) €,b, CpDp C9110 911 ++ + C1410 141 =b 


(¢, 20, integral, -,@p) On the other hand, we have 
(b;,b;) SO for (1Si<jSs); because otherwise, by (2.3), the elements 
+ (b;—};) would be roots, one of them would belong to B and either 0; or 
b; would have a height =2. Therefore we have 


(b, b) = ++ epbp, +° + SO 
and b= 0, in contradiction to (4.7), which proves that 


4.10. Corottary. Let B be a closed system of roots which for each 4, 
(1<isxm), contains at least one of the roots +a; Then B contains the 
set of all positive roots relative to a suitable ordering.* 


Let us number the roots in such a way that B consists of + a,,° + +, +g, 
(Gee 1). Then the system B’ consisting of the a, 
(1SiSq) and the ea; (¢q< jm) is closed; in fact, if a,ta; (s,tS@q) 
is a root, it is positive and in B, hence in B’. If a; + ea; = — dy (8, p Sq < 2), 
then d)——ea; and B would not be closed; if esas + 
(pSq<s,t), then ay + ea;——ea, and B is again not closed. Therefore, 
by the theorem, B’ is the set of positive roots for some ordering. 


4.11. Remark. Using complex semi-simple Lie algebras, one can also 
prove more generally than 4.9 that a closed system of roots B which for each 
icontains at most one of the roots + a; is positive for some ordering. In fact, 
in the notations of (12.2), it follows readily from (4.7) that the subspace 
of g° spanned by t¢ and the b,, (b€ B), is a solvable subalgebra. It is then 
conjugate by an inner automorphism «@ to a subalgebra of the algebra spanned 
by t¢ and the bg, by a result of Morosow (C. R. Acad. Sci. U.R.S.S. (N.S.), 
36 (1942), pp. 83-86), also proved in A. Borel, Annals of Math., 64 (1956), 
pp. 20-80, §16. Moreover, by the conjugacy of Cartan subalgebras in solvable 
Lie algebras, we may assume that a(t*) =t* which means that B is trans- 
formed onto a subset of the a,’s by an element of the Weyl group. 


5. The 2-roots of a compact Lie group. We define here certain linear 
forms with values in Z,, analogous to the roots, which are useful in the 
study of Stiefel-Whitney classes. 


5.1. Let G be a Lie group. We denote by Q or Q, a subgroup of G 


* Another, completely different, proof of this corollary has been given by Harish- 
Chandra, American Journal of Mathematics, vol. 77 (1955), pp. 743-777, § 2, Lemma 4. 
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isomorphic to the product of s copies of Z,. The real irreducible linear 
representations of Q are 1-dimensional, being defined by a character which 
may be viewed as an element of Hom(Q,Z,). Let us now decompose the 
Lie algebra g of G into a direct sum 


g=—b,.+---+h, (n = dim g) 


of 1-dimensional subspaces invariant under Ad, @Q; the characters },,- - -,b, 
corresponding to these subspaces will be called the 2-roots of G with respect 
to Q. In case Q is contained in a maximal torus, these are just the restrictions 
to Q of the roots of G and the zero form with multiplicity / = rank (@), but 
otherwise, they represent different elements of the group-theoretical structure 


of G and have a “global” character. 


5.2. Let U be a closed subgroup of G containing Y. Then we can 
choose a decomposition into subspaces 6;, such that the n—k last ones 
generate the Lie algebra u of U. The 2-roots b; (11k) are then the 
complementary 2-roots; or, more explicitly, the 2-roots of G with respect 
to Q which are complementary to those of U. 


Examples. 

5.38. G=—O(n), SO(n). We consider in O(n) the subgroup Q of 
diagonal matrices; it is a maximal commutative subgroup of type (2, 2,--- ,2), 
and any subgroup of this type is conjugate to a subgroup of Q. We take 
in g the usual basis consisting of the antisymmetric matrices having only 
two non-vanishing entries, equal to +1. Let av (1Si1S7n) be the diagonal 
matrix all of whose coefficients are equal to 1, except for the 1-th one which 
is equal to —1, and let (y;) be the dual basis of Hom(Q,Z.). A straight- 
forward computation shows that the basis of g mentioned above is invariant 
under Ad, @Q and that the 2-roots relative to Q are 


Yi— Yip 


In SO(n), the diagonal matrices also form a maximal commutative sub- 
group Q’ of type (2,2,- - -,2), isomorphic to (Z,)"*. It is convenient to 
consider it as a subgroup of Q, and, therefore, Hom(Q’,Z,) as a quotient 
of Hom(Q,Z,); it is then generated by n elements y; subject to the rela- 
tion ¥,+-:--+4n.—=0, and the 2-roots are again the differences y;—4j 


(lSi<jSn). 


5.4. G=—=U(n),SU(n). In U(n), all maximal commutative subgroups 
of type (2,2,- - -,2) are conjugate to the subgroup @ of diagonal matrices 


inear 
rhich 
the 
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with coefficients +1, and are therefore contained in maximal tori. The 
y.roots are then obtained from the usual roots and, with respect to the 


standard basis of skew-hermitian matrices, are the zero form with multi- 
ylicity m and the differences y,—y; (1St1<jSn), each with multiplicity 


two. 
The 2-roots of SU(n) with respect to the subgroup of the elements of 


Q having determinant 1 will be the same, the y;’s being subject to the relation 
nt: the zero form having multiplicity n—1. 


5.5. G=—=Sp(n). Here again, all maximal commutative subgroups of 
type (2,2,° are conjugate to the subgroup of diagonal matrices 
with coefficients + 1 (G@ being considered as the group of unitary matrices 
with quaternionic coefficients) and are isomorphic to (Z,)". Since the usual 
rotsare t+yty; (1Sti<jsn) and + 2y; (1SisSn), we get as 2-roots: 
the root zero, with multiplicity 3n and y,—y; (1St<jSn), with multi- 
plicity 4. 

In §17, we shall also discuss the 2-roots of the exceptional group G, 
with respect to a subgroup not contained in a maximal torus. 


Chapter II. Topological Preliminaries. 


6. Fibre bundles. 


6.1. Notations. p denotes a prime number or zero, Ky, a field of 
characteristic p, Zp (p~0), Zo, R, C, the fields of integers mod p, of rational, 
teal, complex numbers respectively. 

Hi(X,A) (resp. Hi(X,A)) is the 1t-th singular cohomology (resp. 
homology) group of the space XY with coefficients in the commutative group 
A, H*(X,A) (resp. H,(X,A)) the direct sum of the cohomology (resp. 
homology) groups; for all spaces considered in this paper, H‘(X,Z) will be 
finitely generated and equal to the i-th Alexander-Spanier cohomology group. 
The map of cohomology (resp. homology) groups induced by a continuous 
map f is denoted by f* (resp. f,). 

When dealing with classifying spaces, it will sometimes be convenient 
to consider formal infinite sums of cohomology elements, and to this effect, 


f we also introduce the direct product H**(X,A) of the H‘(X, A) ; an element 


r€ H**(X,A) may be identified with a sum a+---+a;+---, with 
t%j€ H*(X,A) possibly 40 for infinitely many values of 1 When A is a 
ting, H**(X,A) also becomes an associative ring under the cup product. 
The homomorphism of H**(Y,A) into H**(X,A) induced by f:X¥—Y 
will be denoted by f**. 


ions 

but 

ture 

can 

ones 

the 

pect 

) of 

, 2), 
ake 

only 

nal 

nich 

iant 

sub- 

to 

lent 

ela- 

ups 

ices 


A. BOREL AND F. HIRZEBRUCH. 


A{X,,° + +,X;} will denote the ring of formal power series in the X,s 
with coefficients in the commutative ring A. 

Let U be a closed, connected subgroup of maximal rank of the compact, 
connected Lie group G, and let 7’ be a maximal torus of U. We have they 
H** (Br, A) H?(Br,A), 1StsSl—rankG). Th 
results of [2, §§ 26,27] imply that p**(7,G) maps H**(Bg,Z,) isomor. 
phically onto the ring of invariants of the Weyl group, and that it is isomorphic 
to a ring of formal power series in / indeterminates; moreover, H**(G/U,Z,) 
is the quotient of H**(By, Z,), regarded as a subring of H**(By, Z)), by the 
ideal (I*g)* generated in H**(By,Z,) by the (finite or infinite) sums of 
homogeneous invariants of W(G) with strictly positive degrees. Similar 
translations in cohomology over R, Z, or Z of the results of [2,§ 29] are lett 


to the reader. 


6.2. Fibre bundles. The fibre bundles occurring in this paper will 
be locally trivial; we follow the definitions of [19, 26]. We do not require the 
structural group to act effectively on the fibre [19,§3.2c)]. A fibre bundl 
is denoted by (£,B,F,7) or (£,B,F), where EF is the total space, B the 
base space, / the typical fibre, z the propection, or just by one symbol, mostly 
n, 9; in the latter case, we often write Hg, Bg, Fg,7z, Ge, re for B, F, 7, the 
structural group and the transgression in € respectively. A bundle with 
structural group G will also be called a G-bundle. 

Let € be a principal G-bundle and U a closed subgroup of G. The 
space of the cosets x-UmoduloU (xr€ Eg), is denoted by H¢/U; it is the 
base space of the principal fibering (Hg, fs/U,U) and the total space of the 
G-bundle (£/U,Bz,G/U). Let F be a space operated upon by G. We 
denote by He the quotient of He xX F by the equivalence relation 
(x, f) = (x-g,g%-f). As is well known, it is the total space of a G-bundle 
(é,F) over Beg, with fibre F. 


6.3. Representations of fibre bundles. Let &,y be two fibre bundles. 
A representation of € in 7 is a continuous map ¢: Hg—> Ly which sends fibres 
into fibres; it induces then a map ¢:Bs— By such that gomg~—ay°od. We 
shall use without further comment the fact that ¢@ commutes with trans- 
gression and, more generally, induces a homomorphism of the spectral 


sequence of y into that of € (see e.g. [2], §4). 


6.4. Homomorphisms of fibre bundles. Let G, G’ be topological 
groups, 4: G—> G@ a homomorphism, and F (resp. F’), a space on which 6, 
(resp. G’), operates. A A-map of F into F” is a continuous map y such that 
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(or if GG operate on the 
right). Let é and » be principal G- and G’-bundles respectively. A homo- 
morphism of é into » is a representation induced by a A-map of E¢ into Ey; 
clearly every A-map defines a homomorphism. A homomorphism of (é, F) 
into (y, #’) is a representation defined by two A-maps of Hz and F into £, 


and F” respectively. 
Let U, U’ be closed subgroups of G and G’ such that A(U)C U’. 


| Then we have a commutative diagram 


E;—— E;/U —— B; 


p pi 
E,——> E,/U’ —— By 


defines A-homomorphisms (Hg, £g/U,U) (Ey, Ey/U’, U’) and Eg, Bg, G) 
> (Ly, By, G’) ; the map ¢, is a A-homomorphism of (;/U,Bg,@/U) into 


6.5. Restriction and extension of the structural group. Let € and y 


be two principal bundles over the same base space B, and let A be a homo- 
morphism of Gg into Gy. Assume that there exists a A-homomorphism of 
into 7 which induces the identity of B. Then we say that 7 is a A-extension 
of € and that € is a A-restriction of 7. We recall that, given € and A, there 
always exists a A-extension which is unique up to equivalence, and which 
will be denoted by A(é); whereas given 7 and A, a A-restriction does not 
always exist and, if it does, is not necessarily unique. The A-extension 7 
of € is defined as follows: Hy—KHg XG G’, where G operates on G’ by 
=A(q)-g’; if w is the projection of Le G’ onto Ly, then ry is induced 
by p(x, 9’) > we(x), and the A-map ¢:Hg— EF, is defined by (2, e), 
where e is the neutral element in G’; finally, the principal bundle operations 
on My are introduced by Eesy,g’€ G’). These 
notions are defined in the same way for associated bundles; they generalize 
the standard concepts of extension and restriction of the structural group, 
to which they reduce when A is the inclusion map of a closed subgroup. 
Clearly they can also be formulated for equivalence classes of bundles; if 
these are identified with the elements of the cohomology sets H*(B,G,) and 
H*(B, G’,), in the notations of [19, § 3], then the A-extension of é€ H*(B, Ge) 


ls Its image under the natural coefficient map induced by 4. 


6.6. Characteristic map. Eg (resp. Bg) is a universal bundle (resp. 


classifying space) for the compact Lie group G ({26],§19, [2],§18; as in 
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[6] they will usually be taken as universal or classifying for all dimensions), 
Any principal G-bundle € over a base space B belonging to a suitable class of 
topological spaces is induced from the universal bundle by a map o: B= B,, 
defined up to homotopy as the “characteristic map” for € [26,§19]. 

To a homomorphism A of G into a compact Lie group G’ corresponds a 
map p(A) of Be into Bg, defined up to homotopy, called the characteristic 
map for the A-extension of (Eg, Bg, G) (see [6],§1). It follows immediately 
from the definitions that a A-restriction of a principal G’-bundle 7 exists if 
and only if the characteristic map o of y can be written as o = p(A) °o’ where 
o is a map of B into Bg; when A is an inclusion, p(A) reduces to the map 
p(G,G’) introduced in [2]. 


6.7%. Fibre bundle over a fibre bundle. We discuss here a generalization 
of the “bundle along the fibres” (see §7), which allows us to put in its 
proper setting a useful fact about characteristic maps. 

Let é, 7 be fibre bundles, €, 7 the corresponding principal bundles. We 
assume that F:— By and that Gz is also a group of automorphisms of 7; 
the latter condition means that there is a homomorphism g—g of G¢ in 
the group of those homeomorphisms of £; which commute with the operations 
of Gy, and, of course, such that the induced homeomorphisms of By are those 
which define G¢ as structural group for é. In particular, the homeomorphism 
g X Id of Ey X Fy is compatible with the equivalence relation which defines 
n, hence G¢ is also a group of homeomorphisms of Fy commuting with 7. 
By means of these operations, we define first a bundle p= (F,, Bg, Ey) with 
structural group Gg, and typical fibre Ey, associated to €; its total space is then 


== Xa¢e E>. 


Since Gg commutes with zy, this map induces a map d of E, onto Ez Xa; By 
=z. Since Gg, operating on H;, and Gy commute, the space Ez Xa; Hy can 
be considered as a principal G,-bundle over E¢, the operations of the group 
being defined by means of its action on the right factor, and moreover, we 
have the “associativity law ” 


X az Ly) Xen Py, = Xae (£5 Fy). 


From this, it follows immediately that A is the projection in a fibre bundle 
(£,, Ez, Py) =v, in which G» is the structural group, and whose corresponding 
principle bundle has total space Ee XazHy. Therefore, we have obtained a 
bundle over H¢ with fibre Fy. It is clear that the inclusion map of a fibre 
of » in HL, may be viewed as a homomorphism of 7» in v; it induces a map 
t:By— H¢ of their base spaces which is the inclusion map of a fibre of é. 
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Therefore, if « is the characteristic map for v, then o°% is characteristic for 
,, and the characteristic ring of 7 is the image of 1*oo*. This proves in 


particular the following: 


6.8. Proposition. Let é, » be two bundles with Fg—=Bn, satisfying 
the conditions of 6.., and let 1 be the injection of a fibre of € Then the 
image of 1*:H*(Ez,A) > H*(F¢,A) contains the characteristic ring of ». 


Let G be a topological group, U be a closed subgroup and @ be a 
principal G-bundle. Then é= (E,/U,B,,G/U) and y= (G, G/U, U) satisfy 
the assumptions of 6.7, » being considered as a principal U-bundle, and 
Gg=@ (resp. G;—U) acting by means of left (resp. right) translations 
on G; in this case, » may be identified with 6 and v with (Hy, £,/U,U), 
and 6.8 reduces to the corollary to Prop. 18.3 of [2]. The application to 
differentiable bundles will be mentioned in § 7. 


7. Vector bundles. 


7.1. <A real (resp. complex) vector bundle is a fibre bundle with an n- 
dimensional real (resp. complex) vector space as typical fibre, the structural 
group operating by means of linear transformations. Most often, we shall 
identify the typical fibre with R or C", and the structural group with a 
subgroup of GL(n,R) or LG(n,C). We refer to [19] for the notions of 
sub-bundle, quotient bundle of a vector bundle, of Whitney sum €@ 7 and 
tensor product €®7 of two vector bundles €, ». We recall that a principal 
bundle with group GL(n,R) or GL(n,R)* or GL(n,C) has a unique restric- 
tion (up to isomorphism) with group O(n) or SO(n) or U(n) [26, § 12]. 


7.2. Orientable real vector bundles. A real vector bundle is orientable 
if its structural group can be reduced to GL(n,R)* or SO(n). If such a 
restriction has been made, we then endow each fibre with the orientation 
which is carried over from a fixed given orientation of the typical fibre V by 
the allowable homeomorphisms of the bundle structure; the bundle is then 
said to be oriented; if V has been identified with R", we always take the 
natural orientation of R”. 


7.3. Almost complex structures. A complex vector bundle (£, B,C‘) 
defines in a natural fashion a real vector bundle (E’, B, R*2), its A-extension 
relative to the standard inclusion 4: GL(q,C) > GL(2q,R) ; it is oriented. 
Conversely, if a real vector bundle (EZ, B,R*2) has a d-restriction, we say 
that it admits a complex structure and that- such a complex restriction is 
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a complex structure of the given bundle. A differentiable manifold admits 
an almost complex structure (resp. is almost complex) if its tangent bundle 
admits (resp. has been given) a complex structure.° To a complex structure 
of = (F,B,R*") there is attached a section J in the real vector bundle 
é*@é— Hom(é,£), where the value of J, of J at b€ B is the linear map 
defined by multiplication by fans conversely, given a section J of linear 
maps such that J,7——JId for all D€ B, we introduce on each fibre a 


complex structure by putting 


which gives a complex structure for the given real vector bundle. 


7.4. The bundle along the fibres. Let € be a fibre bundle whose fibre 
is a differentiable manifold F of dimension n, Gg being a group of differen- 
tiable homeomorphisms of F'; the group G¢ is then also a group of auto- 
morphisms of the tangent bundle »—T7(F¢) to Fe and of the bundle of 
frames 7 = B(F¢) which have GL(n,R) as structural group. We may apply 
6.7, and the bundle corresponding to v of 6.7 will be called the bundle 
along the fibres. It is a real vector bundle over Eg, whose fibres are the 
tangent spaces to the fibres of é, and will be denoted by é& If F has an 
almost complex structure which is invariant under (¢, in other words, if 
of then 


Gz is also a group of automorphisms for a complex structure 7’ 


the construction of 6.7 may also be applied to € and 7’ and yields a complex 
structure on é which will then be called a complex bundle along the fibres 
of €. Also, if Fg carries an orientation invariant under G¢, then the structural 
group of é may also be reduced to GL(n,R)*. Applying 6.8 to the basic 


elements of the characteristic ring of a O(n), SO(n) or U(n)-bundle (see 


§ 9), we obtain the 


Proposition. Let é be a fibre bundle whose typical fibre Fg has a differ- 
entiable structure invariant under Gg, and let 1 be the inclusion map of a 
fibre in Ez. Then the Pontrjagin and Stiefel-Whitney classes of Fe, tts 
Euler-Poincaré class with respect to an orientation invariant under Gg, and 
its Chern classes with respect to a Geg-invariant almost complex structure are 
in. the image of 

(A similar remark has already been made in A. Borel, Jour. math. put. 


appl. (9) 35, 127-139 (1956), proof of 3.2.) 


*In this terminology therefore, an-almost complex structure on a manifold corres- 
ponds to a complex structure of its tangent bundle. 
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é is said to be differentiable if Hg, Bg, Fg are differentiable manifolds, 
7 is a differentiable map, and the coordinate functions are differentiable ; 
it follows then that G¢ is a group of diffeomorphisms of Fs. In this case, 


the fibre of € over x€ Hg may be identified with the subspace of the tangent 
space of Hg at x which is tangent to the fibre of € passing through a. 


7.5. Proposition. Let G be a LIne group, U a closed subgroup, 
:U>GL(n,R) the isotropy representation (1.1), and let € be a principal 
G-bundle. Then the principal bundle y along the fibres of (E¢/U, Bz, G/U) 


is the extension of (Hz, 


We have to show the existence of a -map: Hg— Fy inducing the identity 
on /U. 

We recall first that (H¢/U, Bg,G/U) may be considered as the bundle 
with typical fibre G/U associated to €; more precisely, there is a commutative 
diagram 

Ey —— xX G/U 


B 
E;/U —— Ez: Xa G/U 


where y and § are the natural projections, « is defined by r— (2,0), the 
point o€ G/U being the image of U under the projection, B is determined 
by the other maps and is a homeomorphism. This also allows us to attach 
to each 2 € He a homeomorphism oz of G/U onto the fibre y(z-G@) of y(z) 


in He/U, defined by 
ox(y) =y'at(x-g,0), (ye G/U, g€ G such that g*(y) =o). 


We have 
or(0) 


All this is well known and easily checked. Let now R, be a fixed base of the 
tangent space to G/U at o. Then o,(R,) is a base of the tangent space to 
the fibre of (He/U,Bz,G/U) at y(x). We define by =o2(Ro); 
from the relation it follows readily that =¢(@) 
in other words, that ¢ is a map. Since by construction, ¢ induces the 
identity on He/U, our contention is proved. 

(7.5) shows in particular that the structural group of the tangent bundle 
to G/U may be v-restricted to U. Finally, we mention the following well 


known elementary fact: 


16 


nits 

idle 

ure 
idle 
lear 

bre 
to- 

of 
ply 
dle 

an 

if 
en 
lex 

ral 

(l 
vd 
re 


A. BOREL AND F. HIRZEBRUCH. 


7.6. Proposition. Let é be a differentiable bundle. Then the quotient 
of the tangent bundle to Ez by the bundle along the fibres & ts equivalent to 
the bundle induced by wg from the tangent bundle to Be. 


In fact, rg induces a bundle map of this quotient onto the tangent bundle 
to Bz, and the proposition follows then from [26,§ 10.3]. 


8. Integration over the fibre. 


8.1. Let A be a commutative group, (#,B,F,7) a fibre bundle with 
connected fibres such that (i) there exists an integer q for which H’(F, A) 
=0 for r>q and that (ii) the cohomology groups of the different fibres 


form a constant sheaf over B. 


We want to define, in terms of the spectral sequence of the bundle, a 


homomorphism 
bh: H*(E,A) H*9(B, H9(F,A)) 


the so-called “integration over the fibre”. We put, of course, 4 0 for 
k <q and assume from now on that k=q. By (i), no non-zero element 
of L,*%4, (r=2), is a coboundary, hence the subgroup of the elements in 
E£,*-%4 which are cocycles for all differentials is canonically isomorphic to 
E,*-%4, and we get a natural inclusion map 


hy: B,k-09 = Ht-a(B, H9(F,A)). 


Let now J* (a=0,1,- - -), be the decreasing sequence of submodules defining 
the filtration of H*(,A) attached to the fibration, and let us put, as usual, 
A). Since =0 for b > q, we have H*(H, A) =J*%, 
whence 


and a natural projection 
he: H*(L,A) > E,*-%4, 


4 is then defined by 4 =h, °h,; by linearity it extends to an additive homo- 
morphism of H*(H,A) into H*(B,H%(F,A)) and of H**(H,A)_ into 
H**(B, H%(F,A)). Whenever H4%(F, A) can be identified with A, for instance, 
when F is an oriented g-dimensional manifold, we consider it as a map from 
H*(E,A) or H**(H,A) to H*(B,A) or H**(B, A), lowering by q the degree 
of homogeneous elements. 


482 
(k==0,1,- - -), 
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8.2. Proposition. Let A be a commutative ring, é a bundle satisfying 


conditions (i), (ii) of (8.1), 4 the integration over the fibre. Then 
(me*(b) (b€ H*(B,A),2€ H*(H,A)). 

(Here b- (x)? means the product of b and (x)? under the natural 
pairing of A and H7(F',A) to H4(F¢,A).) For the proof, we may assume 
h and z to be homogeneous of degrees s,¢. We identify b with its image in 
under the canonical isomorphism with H*(Bz, H°(F¢,A)) = H*(Bz, A). 
Then we have 

hy (ka? (0) = (hy 
because L, is the graded ring associated to H*(H;z,A) filtered by the J%, 


and 6 is a cocycle for all differentials. 


8.3. Proposition. Let &, » be two fibre bundles satisfying the condi- 
tions (i), (ii) of (8.1) and let be a representation of € in yn. Let yp: 
H* (By, H9(Fy, A)) > H* (Be, be the homomorphism which 1s 
induced by the map ¢: Bg—> By defined by ¢, and by the map v: H*(Fy, A) 
> H*(F:,A) defined by the restriction of to a fibre.®. Then the following 


diagram is commutative 
H* (Hy, A) A) 


H'-0(By, H4(Fy, A)) ——> H*9(Be( A)). 
This follows from the fact that ¢ induces a homomorphism of the spectral 
sequence of » into that of €, reducing to y on the #, terms [2,§ 4]. 


Remark. For another discussion of the integration over the fibre, see 
[11]; it is also proved there, but we shall not need this fact, that in case 
I, B, F are oriented compact connected manifolds, then 4 is equivalent to 
the Gysin homomorphism defined by means of z [11, Theorem 3]. 


8.4. Let € be a fibre bundle satisfying (i), (ii) and: (iii) A is a 
principal ideal ring, H*(Fe,A) is a free A-module of finite rank, H4(F¢, A) 
=A, and F¢ is totally non-homologous to zero in LF. 

As is well known, these conditions have the following consequences for 
the spectral sequence of é: 


*Note that, by assumption (ii), the latter homomorphism has an invariant 
meaning, independent from the particular fibre to which we restrict ¢. 
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E,, = E,—H* (Be, A) H*(F¢, 4), 


and zg* is injective; if H*(H¢,A) is considered as a H*(Bz,A)-module by 
means of the rule b- 7z*(b) Uz, (b€ H* (Bz, A), H* (He, A)), and if 
h; ASisSm=rank H*(F;z,A)) are homogeneous elements of A) 
inducing a module basis of H*(Fz,A), then H*(K¢,A) is a free H* (Bg, A)- 
module with base (h;). 

Assume that h, induces a generator h, of H4(F,A), and use h, to 
identify H2(F¢,A) with A. Then we have clearly 


2 


and this characterizes x7 completely. 

Let », v be two fibre bundles with the following properties: HL, = Ez, 
B,=E,, By=Bg, re=7,°7,, and the restriction of z, to a fibre of € is 
the projection map in a fibre bundle 6= (F¢, F,, F,,). Assume that &, p, v, 6 
satisfy (i), (ii), (ili), (with of course g depending on the fibre bundle); 
let hy, hy be homogeneous elements of H*(#,,A), H*(E,,A) whose restric- 
tions to a fibre generate the highest non-vanishing cohomology groups. Then 
ay (hy) -hy=he has the same property in €. If these elements are used to 
identify the corresponding cohomology groups of the fibres with A, then it 


follows immediately from (1) that 


When &, », v, 6 are fibre bundles satisfying (i), (ii) whose total spaces, fibres 
and base spaces are compact oriented manifolds, then (2) follows directly 
from the equivalence with the Gysin homomorphism mentioned in 8.3; it 
was shown to us to be true in general by Puppe, but since this is not needed 


here, we shall not reproduce the somewhat longer proof of this fact. 


Chapter III. Roots and Characteristic Classes. 


9. Characteristic classes. We recall here the definitions of Chern, 
Stiefel-Whitney and Pontrjagin classes to be used in this paper, i.e., mainly 
the definitions which use universal bundles and flag manifolds. ,<n) 
is the ring of symmetric polynomials in the 2;’s, with respect to a ring of 
coefficients which the context will make precise. S{zx,- - -,2,} is the corre- 


sponding ring of symmetric formal power series. 


9.1. Chern classes. Let € be a principal U(n)-bundle. Its i-th Chern 
class is denoted by c; or ¢:(€), (c;€ H?‘(Bz,Z)), and c or c(é) is the sum of 


c 
484 
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the cs. It may be defined as follows: let dj (1Sj=n) be the complex 
lines spanned by the canonical basis vectors of €" and let T be the group 
of diagonal matrices in U(n); the group T is a maximal torus of U(n), its 
largest subgroup leaving the d;’s invariant. In the universal covering V of 
T, we introduce coordinates 2; such that «= (2,,- - +,%,) operates on d; by 
22 z:exp(2ziz;) ; in other words, z; is such that, for small positive values 
of z;, the product z A x(z) defines the natural orientation of dj. The restric- 
tions of the x; to the unit lattice define a basis of Hom(H,(T,Z),Z) and 
thus a basis of H'(T,Z), and they are, moreover, permuted by the Weyl 
group W(U(n)) of U(n). Let y;—=—7(2;), where +r is the transgression 
in (Hg, H¢/T,T), and let p be the projection of E/T onto Bg. Then 
H?(He/T,Z) and c(é) is defined by 


p*(c(€)) 


To legitimize this, we have to know that the right hand side is in the 
image of p* and that p* is injective. It suffices to prove the first point in 


the universal bundle, in view of the commutative diagram 


p 
OF — B; 


, 


p 
Eu (ny — Euin)/T — Buy 

where o is a characteristic map, but there it follows from [2,§29] since p 
is by definition p*(T,U(n)). As to the second point, H*(U(n)/T,Z) is 
equal to its characteristic subalgebra [2, Prop. 29.2]; hence U(n) /T is total! 
non-homologous to zero in any fibre bundle of the type (He/T, Bg, U(n)/T), 
where € is a principal U(n)-bundle ([2], Cor. to Prop. 18.3), and this 
implies, in particular, that p* is injective. 

Let us call here a flag or, more precisely, a complex flag an ordered 
system of nm mutually orthogonal 1-dimensional subspaces of €". Then 
U(n)/T is the space of flags and H/T is the total space of the bundle of 
flags in the complex vector bundle é, associated to €; the bundle » induced 
from €, by p, with base space Eg/T, decomposes into a Whitney sum of n C?- 
vector-bundles with characteristic classes y; Thus the present definition of 
e(€) is quite analogous to that of [19,§4] and, in fact, will be shown in 
Appendix I to be equivalent to it. 

From the properties of p* quoted above, it follows that p**: H**( Bz, R) 
—> H**(E~/T,R) is injective and has an image containing the formal power 
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series in the y;’s which are symmetric. Thus we may introduce the Chery 
character ch(é) of € as an element of H**(Bz,R) by 


Clearly, ch(é) and c(é), both regarded as elements of H**(Bzg,R), deter. 
mine each other; ch(é) is denoted by ¢(é) in [19]. 


9.2. The Stiefel-Whitney classes mod 2. Let é be a principal O(n). 
bundle; its i-th Stiefel-Whitney class mod 2 is denoted by w; or w;(é), 
(wi € Hi(Bz,Z.)), and the sum of the w; by w or w(é). By naturality, it is 
enough to define it in the universal bundle. Let @ be the subgroup of 
diagonal matrices in O(n) ; we have H*(Bagn), 42) Un], where 
the wu;’s are 1-dimensional classes, which may be assumed to be permuted 
among themselves by the normalizer of Q in O(n), and p*(Q,O(n)) maps 
H* (Bon), 22) isomorphically onto Then w is defined by 


p*(Q(n),O(n)) (w) =II 


(see [3]). This can also be expressed by means of flags. In fact, O(n)/Q 
is the space of flags (i.e., of ordered systems of n mutually orthogonal lines) 
in R” and (£z/Q, Bz,O(n)/Q) is the bundle of flags in the vector bundle 
associated to €& Let wu’; be the image of u; under the characteristic map of 
(Lz, Fe/Q,Q), and let p be the projection of Hg/Q on Bg. Then 


)) 


and this characterizes w(é) since p* is injective by [3], Remark on p. 177%, 
and [2], Cor. to Prop. 18.3. 

For an SO(n) bundle, the Stiefel-Whitney classes mod 2 are defined as 
those of the extension to O(n). 


9.3. The Pontrjagin classes. Let é be a principal O(n)- or SO(n)- 
bundle. Its 1-th Pontrjagin class p; or p;(é) is the 2i-th Chern class of the 
unitary extension of € multiplied by (—1)+, and p or p(é) is the sum of 
the p;’s. It may also be characterized in the following way: for n= 2m, 
2m +- 1, let d; be the 2-dimensional subspaces of R” spanned by the (2j—1)- 
th and 2j-th canonical basis vectors, and let T be the maximal subgroup of 
SO(n) leaving the d,s invariant; it is a maximal torus. We choose coordi- 
nates 2; in its universal covering such that z= (2, - +,%m) operates on d; 
by means of a rotation of angle Qna;; for n—=2m, we require that for small 
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positive values of the 2;’s, the exterior product vj (vj€ dj, 170, 
j=1,-+*,m) defines in d; the same orientation as the (2j7—1)-th and 


| 2j-th canonical basis vectors of R". This determines the 2;’s completely. 


Let us consider the z;’s as a basis of H'(T,Z) and put y;—=—7(a;), where 
; is the transgression in the universal bundle. It follows from the definition 
and from the computations made in [2], proof of Prop. 31.4 (see also 9.4), 


that 
(1) pz* (T, G) (p) (i +94). 
In §30, we shall see that 


(2) p2*(T, G) (pi) = Wai’, (G=SO(n),O(n)), 


and that p is completely characterized by (1) and (2). The Pontrjagin 


classes mod p (p>42), may also be defined by going over to a bundle of 
flags. In R" (n=2m,2m-+1), we call a 2-flag an ordered system of m 
mutually orthogonal 2-dimensional oriented subspaces. Then the space of 
2-flags in R" is O(n)/T for n even or O(n)/T’ for n odd, where T’ is an 
extension of T by Z,. Let € be a principal O(n)-bundle and p be the pro- 
jection of g/T or E¢/T’ on Be. Then we have 


e* (p(é)) +7(a)’), 


where + is the transgression in the canonical principal T-bundle over F/T 
or Eg/T’ respectively. This is valid over the integers; however p* is injective 
in general only for the cohomology mod p (p~2), (again by [2], §29 and 
Cor. to Prop. 18.3, since SO(n) and O(n) have no p-torsion for p2). 

The (2i1-+1)-th Chern class of the complex extension will be denoted 
pix; it is an element of order 2, equal to the square of the integral (27 -+ 1)-th 
Stiefel-Whitney class (see Appendix II); p or p(é) will be the sum of the p; 
and pisy. We have pz*(T, G) (p)=pz*(T, G) (p). 

9.4. Remark on the complex extension. For computational convenience, 
we shall take as a complex extension of an O(n)-bundle the A-extension, 
where A= S0y is the product of the injection y:O(n) U(n) and of the 
inner automorphism §:z—> grg-1, the element g being a direct sum of 2 X 2 


matrices 
‘) 
V2\1 


and of (1) for odd n; since it is equivalent to the y-extension, this does not 
alter the Chern classes. The maximal torus T of O(n), previously described, 
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is then mapped onto the diagonal matrices with coefficients exp(=+ 2v7iz;), 
and 1 for odd n. We have 


A* —A* (2'2j) = (13735 [n/2]) 
=0, (n odd), 


where (2z;), (2’;) are the bases of the first integral cohomology groups of 
the standard maximal tori of O(n) and U(n) described before. 


9.5. The Euler-Poincaré class. Let € be an oriented vector bundle with 
2m-dimensional fibre, structural group SO(2m), and let y be the associated 
bundle of unit spheres. The Euler-Poincaré class Wom(&) or Wem of & is 
equal to —7(x), where z is the generator of H?"-*(Som1,Z) defined by the 
positive orientation, and 7 is the transgression in y. In the universal case, 
it is also characterized by the two properties: 

(i) Wom, reduced mod 2, is equal to Wem, 

(ii) p2*(T,SO(2m) ) (Wom) =91°* 

For the tangent bundle to a differentiable, compact, connected, oriented 
manifold, We, is the fundamental class multiplied by the Euler-Poincaré 
characteristic. 

9.6. Symplectic Pontrjagin classes. Let € be a Sp(n) bundle and 7 its 
extension under the standard inclusion of Sp(n) in U(2n). Its i-th sym- 
plectic Pontrjagin class e;(é) or e; is by definition 


= (—1) *ca(€), 


and its total symplectic Pontrjagin class e(é) or e is the sum of the ¢;%. 
The computations made in the proof of Prop. 31.3 in [2] show then that 
the universal symplectic Pontrjagin class satisfies 


(3) pz*(T, Sp(n)) (e) (1+ y?), a maximal torus of Sp(n)), 


where the y;’s form a base of H*?(B7,Z) whose elements are permuted, up 
to sign, by W(Sp(n)). Moreover, it follows from ([2], §9, 29) that 
H*(Bspin),4) is the ring of polynomials in the e,’s and that pz*(T,Sp(n)) 
is injective. 

9.7%. The multiplication theorem. Finally, we recall the Whitney 
multiplication theorem. Let 
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be an exact sequence of real (resp. complex, resp. quaternionic) vector bundles, 


| with structural group G—O(n) (resp. U(n), resp. Sp(n)) for three suitable 


values of n. Then we have 
w(é) = w(é’) -w(é") (G=Ol(n)), 
p(é) = - (G=O(n)), 


=c(&) (G=U(n)), 
e(é’) (G—=Sp(n)). 


(4) and (6) are classical; (5) and (7) follow from (6) and the definitions. 


We note that, in view of (5), we also have 
(8) p(é) =p(é’)- p(é”) modulo 2-torsion. 


These formulae imply, in particular, that w or p (resp. c, resp. e) is invariant 
under an extension relative to the standard inclusion O(k) C O(m) (resp. 
U(k) C U(m), resp. Sp(k) C Sp(m)), (mZE). 


10. Representations and characteristic classes. 


10.1. Integral forms as cohomology classes. Let T be a torus, V 
its universal covering, [T the unit lattice, and [T*—Hom(T,Z). Thus 
= 7'(T,Z), and, for any commutative group, We 
shall make this identification and, in particular, identify H'(7T,R) with V* 
and H1(7,Z) with the integral linear forms on V. Also, the roots discussed 
in Chap. I will be considered in this way as elements of H1(T,Z) or H!(T,A). 

Let € be a principal 7-bundle. Then zg maps all of H‘'(T,A) in 
H*(Bg,A). Unless this may lead to a confusion, we shall denote by the 
same symbol w€T*@A, the corresponding element in H'*(T,A), and 
—te(w) € H? (Bz, A). 

Let G be a compact connected Lie group and let 7 be a maximal 
torus of G. First assume G to be semi-simple and simply connected. Then 
the transgression in (G,G/T,T) is an isomorphism of H'(T,Z) onto 
H*(G/T,Z) since G/T is simply connected. Thus the previous conventions 
identify H?(G/T,Z) and H'(T,Z) with the weights of G (see 3.3). Let G* 
be the quotient of @ by a finite invariant subgroup and 7* the image of T 
under the natural map of G onto G*. Then G/T is homeomorphic to G*/T™*, 
as is well known (see e.g. [2], $26); however the transgression in 
(G*, G*/T*, T*) will be an isomorphism of H1(7T*,Z) onto the subgroup 
of H*(G/T,Z) corresponding to the weights which are integral on the unit 
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lattice of G*. In the general case, let G, be the greatest semi-simple sub- 
group of G (2.9); since maximal tori are maximal abelian subgroups, 
T,=G,T is a maximal torus of G,, and moreover (2.9), G/T may be 
identified with G,/T,. Since a toral subgroup of a torus is always a direct 
factor, the map H1(T,Z) —> H'(T,,Z), induced by inclusion, is surjective, 
and the map: p= (G,, G1/T1,T1) ~v= (G,G/T,T), defined by inclusion, 
shows then that 7,(H'(T,Z)) =7,(H'(T1,Z)). 

Let now G’ be the quotient of G by a closed subgroup of the center, 
7:G—G’ the projection, U a connected subgroup of maximal rank in G, 
U,=G,NU, U’=2(U). Then rank U,—rank G,, rank U’ =rank 
and it follows from 2.9 that G/U =G,/U,. Also, the argument of [2, § 26] 
referred to above shows that U is the full inverse image of U’ in G, and, 
consequently, that G/U =G’/U’. Therefore, when we deal with coset spaces 
G/U (rank G=—rank U), there is no loss in generality in assuming that ¢ 


is semi-simple and simply connected. 


10.2. The weights and the character of a homomorphism. Let G,@’ 
be two compact Lie groups, A: G—>G’ a homomorphism, T and 7” toral 
subgroups of G and G’ such that A(T) C T’, and (2’;) a base of H'(T,Z). 
Then A induces homomorphisms of H*(7’,Z) and V’* in H1(T, Z) and V*, both 
to be denoted by A*. The elements w;—A*(2’;), viewed either as elements 
of H'(T,Z) or as integral linear forms, will be called the (7, 7’) -weights 
of A, or simply the weight of A when T and 7” are maximal.’ The formal 
power series 
considered as an element of H**(B7,R) or of H**(Bz,R), where & is a 
principal T-bundle, will be called the character of X. 

Assume now T, 7” to be maximal and G’=U(n). Then for ¢€T7, 
the matrix A(t) is diagonal with the coefficients exp(2ziw;) ; in other words, 
the w; and the sum of the exponentials of the 2iw; are, respectively, the 
weights and the character of the representation A in the usual sense. 

In the case G’=O(n), i.e., of a real linear representation, we have 


analogously 
D (270) 
0 
A(z) = A(z) = 0 
0 


D(2rwm 
(270m) 


D (22m) 


7 More precisely, with respect to the basis («’,), which is always supposed to be 
chosen as in § 9 when @’ is a classical group. 
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for n=2m and n=2m--1 respectively, where D(a) is a 2-dimensional 
rotation of angle «; the weights of A, considered as a representation in U(n), 
are then the forms + o;, together with the zero form for odd n. 


10.3. TuHrorrem. Let G, G’ be two compact Lie groups, A:G—>G’ a 
homomorphism, T, T’ maximal tori of G and G’ such that A(T) CT’, and 
(w;) the weights of X. Let € be a principal G-bundle, y tts r-extension, p the 
projection of E¢/T onto Bg. Then 

(a) If G’=U(m), then 

p*(c(n)) =I1(1 5 p**(ch(n)) =chd. 
If G’ =SO(m) or O(m), the Pontrjagin class p(n) satisfies 
e*(p(n)) =e* (p(y) ) = ILC. + 
If G’=SO(2m), the Euler-Poincaré class Wem(n) satisfies 
p* (Wom (7) ) = [[ 


We have a commutative diagram 


p 
Ez—> E:/T —> 


| 


where ¢ is a A-map. By (9.1), putting c’ for c(n), we have 
where 7’ is the transgression in (Ly, H,/T’,T’) ; and therefore 
Since ¢ commutes with transgression, this gives 
p*(c) = TI (1 


and our assertion follows from the definition of the weights and the notation 
convention of (10.1). The proofs for (b) and (c) are similar. 


10.4. Corottary. Let G=U(n), =U(m),T the standard maximal 
torus of G, wj—= d\aia; the weights of X expressed in terms of the canonical 


basis of H°(T,Z), Then 
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where the y;'s are formally defined by c(é) =][(1 +4). The class is 
a polynomial with integral coefficients in the classes ¢;(€). 


By (9.1), we have p*(c(é)) =[[(1—r(a)), and our first assertion 
follows from 10.3 and the fact that p* is injective when G is the unitary 
group. Moreover, the Weyl group W(U(n)) operates in a natural way on 
the fibration (E/T, Bz,U(n)/T,p) and induces the identity on Be (se 
[2],§27). Therefore the image of p*, and in particular, p*c(), is made 
up of invariants of W(U(n)); since the latter is the group of permutations 
of the z;, or equivalently, of the 7(2;), it follows that c(m) is a symmetric 
function in the y,’s, whence our second assertion. 

10.5. Corottary. Let G=O(n) or SO(n), G be O(m) or SO(m), 
Then p(n) reduced modp (p2), ts a polynomial in the pi(&), and i 
G—=SO(2m), in Wam(é). If r» can be extended to a homomorphism of 
U(n) into U(m), then p(n) is a polynomial in the classes pi(€), piss(6), 
and, in particular, p(n) reduced modp (p32), ts a polynomial in the 
classes pi(€). 

The first assertion is proved in the same way as 10.4, using 9.3, 9.5 
and the properties of the invariants of W(G@) recalled in 30.2. The second 
one follows from 10.4 by considering the Pontrjagin classes as the Chern 
classes of the complex extension. 

10.6. Examples. (a) Let € be a complex vector bundle, é* the dual 
bundle. Then, if c(é) =[](1+2;), we have c(é*) =J[](1—~2;). In fact, 
the principal bundle 6 associated to é* is the A-extension of the principal 
bundle of é, where A is the contragredient representation, whose weights are 
obviously the forms — qj. 

(b) Let G=U(n), j be a positive integer <n, and A the natural 
representation of U(n) in the j-th exterior power A/C” of C. Let (¢i) 
be the canonical base of C”. Then the products 

At A>**At, Sn) 
form a base of A/C", and we have 

i.e., the weights of A are the sums 


Here 7 is the principal bundle associated to the bundle of contravariant p- 
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vectors in the complex vector bundle associated to é. This bundle has, 
therefore, as Chern class 
(c) In the same way, the Chern class of the bundle of contravariant 


symmetric tensors of degree j will be 


SisSn 


(d) Let & (t=1,2), be two complex vector bundles over B and let 


C(i) (1+ 2;) 


be formal decompositions of their Chern polynomials. Then 


1a +2 +2,). 
4=1 j=1 
To see this, we take ¢ the principal bundle with group U(n,)X U(nz) 
associated to the sum , whose Chern class is ¢(1) * ¢(2) by the multipli- 
cation theorem (9.7), as the representation of U(n,)x U(n2) in 
U(n,-nz) defined by (91,92) considered as an automorphism of 
(«@C~, The products e;@f;, where (e;) and (f;) are the canonical bases 
of €™ and Cv”, form a base of Cu ®C; hence the weights of A are the forms 
ri) + 2;%, and our contention follows from (10.3) and from the fact that 


the A-extension of € is the principal bundle of €, @ é. 


(e) To compute the Pontrjagin classes of real vector bundles, it is 
often more convenient to look at the Chern classes of the complex extensions ; 
as an illustration, we take the case where G—SO(2n) and dX is the repre- 
sentation in A?R*". Let pw, v denote the complex extensions of & y (as 
defined in 9.4), let T, T’ be the standard maximal tori of SO(2n), U(2n), 
and let (a;), (a) be the canonical bases of H1(T,Z) and H'(T’,Z). We 


have a commutative diagram 
p 
E;/T — B; 


$1 Id 


E,—> E/T’ — Bz, 


and it follows from (9.4), (10.3) that 
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= A* = 


n 


e*(p(é)) = IT +2’), 


1 


o*(o(u)) =H (1 +2). 


Now, v is clearly the extension of » corresponding to the “complexification 
of A,” i.e., to the natural representation of U(2n) in A*C*"; therefore, by 


example (b), 
o*(c(v))= TT 


1Si<jSen 
This gives 
I (1— (a + 2;)?) (1— (%—2;)?), 
Si<jSn 


1SicjSn 


and finally 


(f) It may be shown in the same way that if &,, & are two real vector 
bundles over the same base space B with Pontrjagin classes reduced mod p 


(p 2), equal to 
then 
@ &2) II (1+ 25)?) (1+ (41 —2;)?). 
t= j=1 

10.7%. Tueorem. Let G be a compact connected Lie group, U a closed 
subgroup of G, S a maximal torus of U, and (+b;) (17k), the roots 
of G with respect to S which are complementary to those of U. Let & bea 
principal G-bundle, p the projection of Ez/S onto Ezg/U, and » the bundle 
along the fibres (7.4) of (Hz/U,Bz,G/U). Then p*(p(n)) =[1(1 +397); 
if, moreover, U is connected and dimG/U =m is even, then p*(W»(y)) 
II b;. 

By (7.5), 7 is the c-extension of (Hg, Fg/U,U), where is the isotropy 
representation ; according to the definitions in (1.3) and (10.1), the js 
are the weights of « (up to a certain number of zero forms, but this does not 
alter our formulas), and (10.7) follows then from (10.3). The sign for 
the Euler-Poincaré class will be determined by the conventions made in 9.5, 
once the bundle along the fibres has been oriented. 
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10.8. We keep the previous notations. Let J be an invariant almost 
complex structure on G/U and 7’ be the complex vector bundle structure of » 
constructed by means of J (see 7.4). J is defined by a complex structure 
on the tangent space (G/U) >, invariant under U; this complex structure 
gives rise to a linear representation t, of U in €"/? (m = dim G/U), which 
| goes over to « by taking real and imaginary parts. The weights of « are 
some of the forms + );, and (10.3) also implies: 


THEOREM. We keep the notations of 10.7%; assume, moreover, that G/U 
has an invariant almost complex structure J, and denote by v the complex 


vector bundle structure of associated to J. Then p*(c(m’)) (1+ 6);), 


(;—=-+1), where «jb; runs through the weights of the complex isotropy 
representation 1; defining J. 

The weights of «, will be discussed in detail for the case where rank G 
=rankU in Chapter IV. 


10.9. In order to study the tangent bundle to G/U it is usually con- 
venient to consider the bundle 6 along the fibres of (By, Bc, G/U, p(U, G)) =8 
and restrict to a fibre of 0, since this allows one to make use of known results 
about classifying spaces. We consider here, in particular, the case where 


U=—T is a maximal torus and show the 


Proposition. Let T be a maximal torus of G. Then the total Pontrjagin 
class p(w) of the tangent bundle » to G/T is 1. 


Let 6=(Br,Bce,G/T) and let i be the inclusion map of a fibre. 
H*(G/T,Z) is torsion free ([5], or R. Bott, Bull. Soc. Math. France 84, 
(1956) 251-281), and therefore the subgroup S of invariants of W(G) in 
H*(G/T,Z) is a free abelian group; since by a lemma of Leray (see [2], 
Lemma 27.1), H*(G/T,R) is the space of the regular representation of 
W(G), it follows that S—H°(G/T,Z) and that the kernel of 7* contains 
the subgroup J,* of invariants of W(G@) in H*(By,Z) having strictly positive 
degrees, 

By (10.7) we have 

p(6) =T1(1 + 3,7), 


where the + 0,’s are the roots of G. Since W(@) permutes the b,*, it leaves 


invariant, whence 


B(m) = i*(p(6)) =1. 
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11. Representations and Stiefel-Whitney classes. In this section, ¢), 
Q’ denote commutative groups of type (2,2,---,2). The following discus. 
sion applies to any arbitrary compact Lie group, but has an interest only 
for groups in which maximal commutative subgroups of type (2,- - -,2) are 
conjugate and play in cohomology mod2 the role of maximal tori in real 
cohomology. We therefore assume tacitly that G, G’ are products of copies 


of O(n), SO(n), U(n), SU(n), Sp(n), G, (see [3]). 


11.1. Characters of Q as cohomology classes. Q being discrete, H*(Bo, A) 
is the cohomology ring of Q in the sense of Hopf-Eilenberg-MacLane, and, 
in particular, H1(Bg,A) =Hom(Q,A). Thus Hom(Q,A) may be con- 
sidered as a 1-dimensional cohomology element in Bg or, via the characteristic 
map, in the base space of any principal bundle (£, B,Q), which will be usually 
denoted by the same symbol («¢€ H'(B,A)) in particular, the 2-roots intro- 
duced in §5 will be considered as elements of H1(B,Z.). We note that if 


A: VQ’ is a homomorphism, then 
p(A)*: H* (Be, A) H'(Be, A) and »’: Hom(Q’, A) Hom(Q, A) 
are carried into one another by the previous identification. 


11.2. The 2-weights of a homomorphism. Let A: G—>G’ be a homo- 
morphism, Q, Q’ maximal and such that A(Q) C Q’, and (a;), (2:) bases 
of Hom(Q,Z.) and Hom(Q’,Z.), considered as Z.-modules. - Then *: 
Hom (Q’,Z.) > Hom (Q,Z.) is characterized by elements o;=A*(2’)) 
= > aijx;, to be called the 2-weights of A. Here, also, we assume, in case of 


an orthogonal group, the basis to be chosen as in (9.2). 

11.3. THroreM. Let G be a compact Lie group, Q a maximal commu- 
tative subgroup of type (2,° A: O(n) a homomorphism, (;) tts 
2-weights, Ea principal bundle, & its r-extension, and p the projection of L/Q 
onto B. Then p*(w(é’)) =[[(1 + ¢)). 

The proof is the same as for (10.3), except that instead of (1) § 10, we 
use the commutativity of the diagram 

, 
Ee/Q —— 


, 
Co 


Big, 


where o and o’ are characteristic maps, and the end remark of (11.1); 


therefore, we shall not reproduce it here. 
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Remark. For the groups mentioned at the beginning of §11, p* is 


injective [3]. 


11.4. CoroLLary. Assume, moreover, that G=O(n). Then w(é’) 
=J[(1+ Saiz), where the x; are the formal roots of w(é). In particular, 
w(é’) ws a polynomial in the classes w;(€). 


Same proof as for (10.4), except that instead of using the Weyl group, 


| we take the quotient by Q of its normalizer in O(n) ; its inner automorphisms 


also induce the group of permutations of the 2;’s. 


Examples. Computations paralleling those of 10.6, (b), (¢), (d) will 
lead to the same formulas for the Stiefel-Whitney classes of bundles of p- 
vectors, symmetric tensors, and for tensor products, the 2; and y; standing 
now for 1-dimensional classes mod 2. Details are left to the reader. 


11.5. THrorem. Let G be a compact Lie group, U a closed subgroup, 
and Q a maximal commutative subgroup of type (2,---,2) of U. Let & 
bea principal G-bundle, p the projection of E¢/Q on E¢/U, and 7! the bundle 
along the fibres G/U. Then 


p*(w(n’)) +4), 
where the as are the 2-roots of G with respect to Q, complementary to 
those of U. 


The a;’s are the 2-weights of the isotropy representation; hence (11.5) 
follows from (7.5) and (11.3). 
Applications will be given in Chapter V. 


Chapter IV. Roots and Invariant Almost Complex Structures. 
In this chapter, G is a compact, connected, semi-simple, Lie group, / its 


rank, U a proper closed connected subgroup of the same rank, and 7 a 
maximal torus of U. If wy is a set of roots, we put —y=— {—a,a€ y}. 


12. Integrability of invariant almost complex structures. We recall 
here some known facts in a form convenient for the sequel. 


12.1. Let V be a real 2n-dimensional vector space, endowed with a 
complex structure defined by a linear transformation J, and let V° be its 
complexification. Then 
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where 7* (resp. T-) is the eigenspace of the extension J¢ of J to V© corres. 
ponding to the eigenvalue +1 (resp. —1) and where the bar denotes complex 
conjugation with respect to V. Conversely, given such a decomposition of V«, 
we define by J°(xz) =1-27 T*), J°(x) (x€ T-) ; then J¢ leaves 
V invariant and induces there a complex structure such that r>2+ 7 isa 
complex isomorphism (x€ 7*). In particular, given a linear transformation 
A without real eigenvalues, we define 7’* (resp. J-) as the sum of the eigen- 
spaces of its semi-simple part corresponding to eigenvalues with positive 
(resp. negative) imaginary parts, and thus attach to A a complex structure 
on V. 

12.2. The roots of G with respect to T define linear forms on the Lie 
algebra t of 7, and it follows from (1.3) and standard facts about the adjoint 


representation that 


ad la, —( 0 (x€ t), 


(x) 
ada being defined by (adz)(y) =[2,y], (a, y€q). 
We have then, superscripts denoting complexification, that 
] == + € Vea,) 3 
since any two roots are different from each other, the 1-dimensional eigen- 


spaces ., are well determined by t. We recall that if a, B are two roots, 


we have 


[ Da, Dg] = 0 if a+ 8 is not a root and not zero, 
(1) [ Da, Dp] = Darg if «+ 8 is a root, 
[Da, b-a] C [Da, AO. 


12.3. Assume now that G/U has been endowed with an invariant almost 
complex structure and let + b; (1=j Sk) be the complementary roots. The 
almost complex structure is characterized by a linear transformation J, 
(J? ==—TId), of (G/U), which commutes with the linear isotropy group 
(1.1). Since 6:0); for ij, J must also leave the subspaces 6; invariant 


and it induces complex structures on them which characterize it completely. 


Now on each 6; there are two complex structures commuting with the isotropy 
representation of 7 in b;, differing by the orientation they induce; to each }; 
we attach a sign ¢;, equal to +-1 (resp. —1), according to whether the 
ordered pairs (e,Adt(e)) and (e,/(e)) define the same orientation or not 
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(e€ bj,e~0,t€ T such that 0<b;(t) <<}$). The ejb; will be called the 
roots of the almost complex structure, which they describe completely. 

We extend J to a linear transformation J of g by putting it equal to 
zero on u, and to a linear transformation J° of q°; it is readily seen that 


The space 7* of (12.1) may be identified with the space spanned by the 
Which, by the foregoing, is invariant under AdgU. Since is 
a complex isomorphism of T* onto (G/U) o, the previous identification carries 
the restriction of Adg U onto the complex isotropy representation «, defined 
in §10, and, therefore, the «jb; are the weights of tc. 

The almost complex structure is integrable, i.e. (since we are in the 
real analytic case), derives from an automatically invariant complex analytic 


structure, if and only if 


n= Uo + Ven, + 


isa Lie algebra [14,§ 20]. In view of the properties of the bracket recalled 


above, this proves the first assertion of: 


12.4. Lemma. Let @ be an invariant almost complex structure on 
G/U, y the system of its roots, and & the system of roots of U. Then @ ts 
integrable if and only if 3 Uw is closed in the sense of §4. In this case, 
v is closed and contained in a system of positive roots. 


As to the second assertion, we remark that by 4.10, we have 3 —6 U —4@, 
where 9Uy is a system of positive roots for some ordering. Since 3Uy 
and 6U wy are closed and since yM—y=4q, it follows immediately that y 
is closed. 

More precise statements about y will be given in 13.7. 


13. Applications. 


13.1. The following known facts will be used in this section. A compact 
connected Lie group K is semi-simple if and only if H'(K,R) 0, and then 
H?(K,R) =0 (see, e.g., Chevalley-Kilenberg, Trans. Amer. Math. Soc., 63 
(1948), 85-124). A simple spectral sequence argument then shows that, if 
kK is compact and semi-simple and LZ is a closed connected subgroup, the 
transgression is an isomorphism of H'(L,R) onto H?(K/L,R), and, in 
particular, that H*(K/L,R) 0 if and only if Z is semi-simple, too. 


13.2. Coset spaces with second Betti number zero. As a first application 
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of §§ 4 and 10, we prove anew a theorem of H. C. Wang [31, Theorem (] 
to the effect that a coset space G/U with rank G=rankU and second Betti 
number zero 1s not homogeneous complez. 

Assume that G/U has an invariant almost complex structure with roots 
(eb;), (17k); let c, be its first Chern class and p be the projection 
of G/T onto G/U. By (10.8) and (12.3), 


p*(c,) —=—r(ebi +: 


(r transgression in (G,G/T,T)). Since H?(G/U,R) =0, c, must be a 
fortiori zero as a real cohomology class, and hence, by (13.1), Seb;=0. 
But then, by §4, the system (¢;b;) does not satisfy the condition of 12.4, 
and thus the almost complex structure is not integrable. 


13.3. Examples of (13.2). Now let G be simple and U be a maximal 
connected subgroup of maximal rank. A complete list of such inclusions 


is given in [7]; to discuss it, we assume, moreover, the center of G to be 


reduced to the identity, which is no loss in generality. These inclusions 
may then be divided into three classes: 


(a) U is the connected centralizer of an element of order 2, which 
generates its center. 

(b) U is the centralizer of a one dimensional torus S, and S is the 
identity component of the center of U. 

(c) U is the connected centralizer of an element z of order 3 or 5, 


which generates its center. 


The coset spaces G/U corresponding to the classes (a), (b) are irreducible 
Riemannian and hermitian symmetric spaces respectively. In the class (c) 
we find seven spaces, namely G./A,—S,, As, Az X As, 
E,/A, X As, Es/As, Es/A, for z of order 3 and E,/A, A, for z of 
order 5. 

U being the connected centralizer of z, its algebra u is the set of fixed 
points under Adz; consequently, Adz has no real eigenvalues on the comple- 
mentary subspaces b,;, and we may attach to it a complex structure on (G/U), 
as recalled in (12.1), which will be invariant under U, since the latter 
commutes with Adz, and defines, consequently, an invariant almost complex 
structure on G/U. Here since U has a discrete center, it is semi-simple, and 
H*(G/U,R) =0 (see 13.1). Therefore, by (13.2), we have the 


Proposition. The seven coset spaces of the class (c) above are homo- 


geneous almost complex but not homogeneous complex. 
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This generalizes a known result for S, (Ehresmann Libermann, C. RP. 
Acad. Sci. Paris 232 (1951), 1281 [14,§10]). 


13.4. Proposition. Let G/U be homogeneous almost complex, and let 
r=ut: stu be a decomposition of the isotropy representation into real 
irreducible representations; then the uy are unique, each one has the complex 
numbers as commuting field, and G/U admits exactly 2% invariant almost 


CO mplex structures. 


Let (G/U), = +--+ W, be a direct sum decomposition of (G/U), 
such that the restriction of « to W; is y. Since these subspaces are invariant 
under 7, they are direct sums of subspaces b;, and the corresponding roots 
+b; are the weights of 4; since any two roots are different, the complex 
irreducible components of the 4 will be pairwise inequivalent, from which 
follows the uniqueness of the y and of the W;. Also, a straightforward applica- 
tion of Schur’s lemma shows that any linear transformation commuting with 
1 leaves the W,’s invariant. Since, by assumption, there is at least one 
transformation without real eigenvalues commuting with ct, we see that the 
commuting field of 4; is either the field of complex numbers G or of quater- 
nionie numbers K; in any case y is not complex irreducible and its exten- 
sion to W;®@€ decomposes into y;-+ 7, where y; is complex irreducible and 


yi is the complex conjugate representation of y;; the weights of y; are opposite 
in sign to the weights of y;. Since the roots of G are pairwise distinct (§ 2); 
yi is not equivalent to 7, and it follows from Schur’s lemma again that the 
commuting field of 4 is the field of complex numbers. Thus we have on 
each W; exactly 2 invariant complex structures, from which our contention 


follows. 


Remark. Let o be an automorphism of G leaving T and U invariant, 
do the induced automorphism of g; let y be the root system of an invariant 
almost complex structure @ on G/U, and y’ the transform of y under do. 
From the formula (1) in §1, it follows readily that the homeomorphism o’ 
of G/U defined by o carries @ onto the invariant almost complex structure 
with roots y’. If, in particular, =g X with g€ NrN U, then o’ 
reduces to the left translation defined by g and leaves @ invariant; hence the 


element of W(U) represented by g must leave y invariant. 
13.5. Centralizers of tori. The following proposition is due to H. C. 
Wang [31]: 


Proposition. G/U (with rankU =rankG; U connected) ts homo- 
geneous complex if and only if U is the centralizer of a torus in G. 
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Proof. Let U be the centralizer of a torus S, which we assume, as we 
may, to be in 7, and let s€ S generate an everywhere dense subgroup of J. 
Then U is the centralizer of s, u the space of vectors fixed under Ads, and 
we have 6;(s) s£0(1) if and only if 6; is complementary. Let ¢; = sgn (b;(s)) 
(1=j=k); since s centralizes U, the «;b; are the roots of an invariant almost 
complex structure; moreover, being characterized by ¢jb;(s) > 0, these roots 
satisfy the criterion of 12.4, and the structure is integrable. 


Assume now, conversely, that G/U has been endowed with a homogeneous 
complex structure and let (eb;) (1SjSk), be its roots. By (2.9), the 
group is locally isomorphic to the direct product of its largest semi-simple 
subgroup U’ and of a torus 8; moreover, by 13.1 and 13.2, SH {e}. Now 
let W be the centralizer of S. We have W=S,:W’, where S, is a torus 
containing S and W’ a semi-simple subgroup containing U’ and W’NS, is 
finite. The equalities 


rank G = rank U’ +- dim S = rank W’ + dim S, 


show then that S=8,, that rank W’—rankU’, and that W/U is to be 
identified with W’/U’ ; since W’ and U’ are semi-simple, we have H?(W’/U’, R) 
= and W/U is not homogenous complex (13.1, 13.2). 

Let J C [1,%] be such that the + ),’s, with j€ J, are the complementary 
roots of U in W. The roots («b;) (j€ J), define a complex structure on 
(W/U), which is invariant under the linear isotropy representation ’ of U 
in (W/U), since v is nothing but the restriction to an invariant subspace of 
the isotropy representation of U in (G/U) ); moveover, since the system 
(1SjS4), satisfies the condition of 12.4, so does (¢b;) (j€J). 
Therefore, if WAU, then we get on W/U an invariant integrable almost com- 
plex structure, in contradiction to what has already been proved. Thus U =W 
and U is the centralizer of the torus S. 


13.6. For the sake of completeness, we recall the proof of the following 
well-known lemma. 


Lemma. Let U be the centralizer of a torus in G, S the connected 
center of U and k=dimS. Then, for a suitable ordering 3, there are 1—k 


simple roots a, (1St1=I1—k) vanishing on S and such that the roots of 


U are exactly the roots of G which are linear combinations of the 4 


The roots of U are those of G which vanish on S; since the semi-simple 
part of U has rank 1—k, U has 1—k independent roots. We consider in 
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the dual space V7* of the universal covering V7 of T the lexicographic order 
which is associated to a base whose first * elements span the covering Vg 
of S. It is then clear that if a sum of positive linear forms }; with strictly 
positive coefficients vanishes on Vg, so does each 6;; the lemma follows readily 
from this and from the fact that U has 1—#& linearly independent roots. 


Remark. In the ordering 3, the complementary roots are linear com- 
binations of the a;’s with at least one of the & last ones appearing with a 
non-zero coefficient. Therefore, if the sum a-+b of a root a of U and of a 
complementary root b is a root, then it must be a complementary root. Also, 


the set of positive complementary roots is closed. 


13.7%. Number of invariant complex structures. In this section, we 
assume G/U to be homogeneous complex; U is then the centralizer of a torus 


by 13.5, and we keep the notations of 13. 6. 


Proposition. Let © be a system of positive roots of U. The roots of 
an invariant complex structure form a closed system W such that OUW ts a 
positive system of roots for G. Conversely, a closed set Y of complementary 
roots such that @ UW is the set of positive roots of G for a suitable ordering 
is the system of roots of an invariant complex structure of G/U. 


Let © be the root system of an invariant complex structure @. Then 
(12.4) W& is closed and is contained in a system ® of positive roots of G. 
® is necessarily of the form ©’U, where ©’ is a system of positive roots 
for U. There exists, therefore, w€ W(U) which carries ©’ onto ©; since w 
leaves W invariant (remark in 13.4), it carries @’ UW onto @U ¥W, and the 
latter is also a positive system. 

Let now © be a closed system of complementary roots such that OU W 
is the set of positive roots relative to an ordering 3’. The remark in 13.6 
and the fact that © is closed show that if a€ @ is a sum of two positive 
roots for 3’, then these two roots also belong to @; this means that the simple 
roots of @, considered as a positive system for U, are also simple for 3’. 
Let then aj (1 Sj 1) be the simple roots of 3’, with a;€ © for j=1—k; 
the elements of © (resp. YW) are then linear combinations with positive 
coefficients of a,,° - (resp. * where at least one a; (j >1—k) 
has a non-vanishing coefficient). This implies first that @ U —® U © is closed 
and second that there is an s€ S such that 0 < b(s) <4 for all DE W; thus 
the map of (G/U), =g/u onto itself, defined by Ads, has no real eigenvalues 
and the complex structure attached to it by the rule of 12.1 has the root 
system W. Since s commutes with U, this structure is invariant under the 


& 

We 

and 

s)) 
nost 
oots 
the 
iple 

ow 

rus 

is 

be 

t) 

ry 

on 

ot 

m 

n- 

d 

f 


504 A. BOREL AND F. HIRZEBRUCH. 


isotropy representation, and hence, by (12.4), gives an invariant comple, 


structure on G/U. 


13.8. Proposition. Let G/U be homogeneous complez, let k be the 
dimension of the center of U, and let | be the rank of G. If k=1 (resp, 
k=l, t.e., U=T), then the number of invariant complex structures is equal 
to two (resp. the order of W(G)). Given two of them, there is a homeo. 
morphism of G/U induced from an (resp. nner) automorphism of G leaving 
U invariant and carrying one onto the other. 


Let k=l. Then in the notations of 13.7%, © is empty and the invariant 
complex structures are in 1-1 correspondence with the different systems of 
positive roots of G, by 13.7 (or directly by 4.9 and 12.4). Since W(G) 
operates transitively on the set of systems of positive roots, it is obvious by 
the remark of 13. 4 that the inner automorphisms of G defined by the elements 
of the normalizer of 7 induce homeomorphisms of G/T which permute 
transitively the invariant complex structures. 


Now let k=1. We first take an ordering 3 having the properties 
mentioned in 13.6. Then the set of positive complementary roots © defines 
an invariant complex structure by 13.7. Let W’ be the root system of another 
invariant complex structure. As in 13.7, we denote by © the set of roots of 
U which are positive for 3 and by a; the simple root of 3 not belonging to @; 
v’U ® is the set of positive roots for some ordering 3’, and the proof of 
Proposition 13.7 shows that a,,- - -,@;, are also simple for 3’. If a,€ ¥, 
then ¥’U ® contains all simple roots of 3’, and hence ¥V=wW’. Let now 
—a,€ W’ and let a’, be the I-th simple root of 3’; —a, is a linear combina- 
tion with positive coefficients of a,,: - -,@:1, a, and therefore, if we express 
a’, as a linear combination of a,,- - -,a), then the root a; must have coefficient 
—1. But then the elements of ¥ which are combinations with positive 
coefficients of a,,: °° ,@,,@;, where the last coefficient is 40, must also 
have at least one negative coefficient when expressed as linear combinations 
of a,,° * *,@,; this means that they are negative for 3, and therefore that 
wy ——wW, Thus we have only two invariant complex structures. 


It is known (see [23] or Gantmacher, Rec. Math. Moscou 47 (1939), 
101-144) that any automorphism of t permuting the roots extends to an auto- 
morphism of g. In particular, there is an automorphism o carrying each 
root into its opposite; since we may assume here G@ to be simply connected 
(10.1), o also defines an automorphism of G leaving T invariant; it maps 
¥ onto —W and leaves invariant the set of roots of U. Therefore o leaves U 
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invariant and defines a homeomorphism of G/U carrying the complex struc- 
ture with roots © onto the complex structure with roots — ¥. 


Remarks. 1) The argument which ends the preceding proof shows more 
generally the following: let ¥, ’ be the root systems of two invariant 
complex structures @, 6’ on G/U. If there is an automorphism of Vr 
carrying YW onto W’ and leaving the root system of U invariant, then @, @’ 
are equivalent under a differentiable homeomorphism of G/U, which is 
induced from an automorphism of G leaving U invariant. 


2) If © is the set of roots of an invariant complex structure @, then 
—wW is clearly the root system of the “bar structure” or conjugate of W, 
that is, of the structure in which the vectors of type (1,0) are those of type 
(0,1) for @. Thus the last part of the above proof shows that on G/U an 
invariant complex structure and its conjugate are equivalent under an auto- 
morphism of G. In the case P,_,(C) =U(n)/U(n—1)X U(1), the auto- 
morphism may be taken as complex conjugation and therefore has to be an 
outer automorphism for n= 3. 


3) The case k —1 in 13.8 includes the hermitian symmetric spaces for 
which our assertion has already been noticed by I. Satake, “A remark on 
bounded symmetric domains,” Sci. Papers Coll. Ed. Gen. Univ. Tokyo 3 
(1953), 131-144). 


13.9. Haxamples of inequivalent structures. There are cases in which 
(/U carries at least two invariant complex structures which are not equiv- 
alent under a differentiable homeomorphism. For instance, take G—U/(4), 
U=U(2)x U(1) x U(1), embedded in the standard fashion. With respect 
to the standard maximal torus, the roots of U(4) are +(aj—2;), (lSi<j 
<4), and those of U are +(x,—2.). Let 3, (resp. 3.) be the ordering 
defined by 2, >2, (resp. %>22>%3>2,>0). Then by 
13.7, the set (resp. formed by 2,—2,, %—a2, 
2X3 (Tesp. — Xs, Ly —X4, — 3, Lz — 14, —X,) is the root system of 
an invariant complex structure @, (resp. @.). The image in H?(U(4)/T,Z) 
of the first Chern class of @, (resp. @2) is, by 10.8, equal to 3(a,— 23) (resp. 
22, + Now U(4)/T =SU(4)/T’ where T’ =T SU(4) 
is a maximal torus of SU(4). The inclusion map of 7’ in T identifies 
H'(T’,Z) with the quotient of H1(T,Z) by Z-(2,+22.+ 2; + 2,4); since 


SU (4) is simply connected, the transgression is an isomorphism of H*(T’,Z) 
on H?(SU(4)/T’,Z). It follows then that the first Chern class of 4, 
(resp. @2) is divisible (resp. not divisible) by 38. Hence @, and @, are 
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not equivalent under a differentiable homeomorphism of G/U. Moreover it 
will be shown in Section 24.14 that the Chern numbers c,° of @, and @, 
are equal to 4860 and 4500 respectively. 

The following observation leads to other examples: 


Proposition. Assume that G/U carries two imvariant homogeneous 
structures 6, 6’ with root systems ¥, ¥’, and that G¢ is the greatest con- 
nected group of automorphisms of @ and of @’. Then @ and 6’ are 
equivalent under a differentiable homeomorphism of G/U if and only if 
there is a linear transformation « of t leaving the root system of U «invariant 


and carrying © onto WV’. 


The “if” part follows from Remark 1) in 13.8. 

Let now B be a differentiable homeomorphism of G/U carrying @ onto 
6’. By the assumption on G°, 8 defines an automorphism of G*. Using 
homogeneity and the facts recalled in 14.3, it is then seen that @ and @’ 
are also equivalent under a homeomorphism y which is induced from an 
automorphism of G° leaving U*, T¢ invariant. Since y permutes the roots 
of g° with respect to t°, and since t is characterized as the subset of t* on 
which the roots are real valued, y leaves t invariant, and its restriction to t 
is the desired a. Q. E. D. 


According to Bott (unpublished), G¢ satisfies our assumption, for instance, 
if G=E,,E,. Moreover, E;,E; have no outer automorphisms, hence the auto- 
morphisms of t keeping the root system of G invariant are just those of the 
Weyl group. Let now a, b be two different simple roots with respect to an 
ordering 3 and let w€ W(G@) be a transformation carrying b onto a. (This 
exists because the roots of E, or E, all have the same length and W(G) is 
known to be transitive on a set of roots of the same length.) 

Let ® be the set of positive roots for 3, and ¥=6—a, W’—w(&—b)). 
The symmetry to a0 carries ® onto —aUwW (see the proof of 3.1). 
Therefore, if there existed an a carrying +a onto itself and © onto ¥, 
there would also be a w’€ W(G) carrying a onto b and leaving ® invariant, 
but this contradicts the fact that W(G@) is simply transitive on the Weyl 
chambers (2.7). Now +a is the set of roots of the centralizer U of the 
singular torus defined by a0. Thus, by our criterion, ¥ and W’ are the 
root systems of two invariant complex structures on G/U which are not 


equivalent under a differentiable homeomorphism. A similar discussion 
would also show that the complex structures on U(4)/U(2) XK U(1) xX U(1) 
discussed above are not equivalent. 
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14. Complex Lie groups, embeddings, representations, invariant dif- 
ferential forms. We collect here some results to be used in the sequel. For 


more details about the facts mentioned without proofs in 14.3, 14.4 or about 
related questions, see [5], [Ya], Goto “On algebraic homogeneous spaces,” 
dmer. Jour. Math. 76 (1954), 811-818, J. Tits, “Sur certaines classes 
espaces homogénes de groupes de Lie,” Mém. Acad. Royale Belgique 29 


(1955), Chapitre ITT. 


14.1. Notations. G is semi-simple and simply connected, 3 is an 
ordering of the roots with respect to 7’, and a;,- - -,a, are the simple roots 
for d. If J is a (possibly empty) proper subset of [1,1], we denote by Uy; 
the centralizer of the torus S; defined by (1€7,t€T) and put 
M;=G/U;. We consider it to be endowed with the invariant complex 
structure @, defined by the set &, or © of positive complementary roots 
(whose existence follows from 13.7). U/’ is the semi-simple part of U;. Thus 
we have U;=S,-U/’ with 8;N U/’ finite. 


Remark. Let G be a compact connected Lie group and G,, G’, U, U;, U’ 
beasin 10.1. Then G/U =G’/U’=G,/U,. By a result of Hopf (see e.g. 
(28, Exp. XXI]), the centralizer of a toral subgroup in a compact connected 
Lie group is connected; hence, if one of U,U’,U, is centralizer of a torus, 
so are the other two. Thus the assumption G semi-simple and simply con- 
nected made in §14, which allows one to avoid some slight irrelevant 
technical complications, is no real restriction, and the results of this para- 
graph are valid, with little or no modification, in the general case. In 
particular, in 14.4 one has to consider then the representations of the group 


mentioned in 2. 9. 


14.2. The natural map v;: G/T — G/U, is the projection in the fibering 
(G/T, G/U, U1/T) ; the spaces G/T, G/U1, U1/T have no torsion and have 
vanishing odd dimensional Betti numbers ([5] or R. Bott, Bull. Soc. Math. 
France 84 (1956), 251-81). Therefore [2,$4], for any commutative group 
A of coefficients, the fibre is totally non homologous to zero, v;* is injective, 
*(H?(G/U;,, A)) is the kernel of the map of H?(G/T,A) into H?(U,/T,A) 
induced by inclusion. It follows that v;*(H?(G/U;,A) is a direct summand 
ob H*(G/T,A); also, since the transgression in (G,G/U7,U1) is an iso- 
morphism of H'(U;,Z) onto H?(G/U;,,Z), the former group is free abelian. 


Lemma. Let A be a principal ideal ring. Then v;* ts an isomorphism 
| of H?(G/U;,A) onto the submodule of H?(G/T,A) formed by the elements 
orthogonal to the a;s (1€ I), that is, which is spanned by the fundamental 
weights w,’s I). 
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By the above and the universal coefficient formula, it is enough to prove 
the lemma for A=Z. The fundamental weights (11S rank@), form 
a basis of H*(T,Z), (see 3.4), hence of H?(G/T,Z), and the subgroup B, 
spanned by the w,’s (i¢J) is a direct summand whose rank equals the 
dimension of 8S). 

The group T’—=TNU/’ is a maximal torus of U;,’, whose covering in 
the universal covering Vy of T is spanned by the contravariant images of the 
a; (1€ I). Since U/’ is semi-simple and U;, is locally isomorphic to the product 
S; xX U/, the map H,(S8;,,R) H,(U1,R), (resp. H,(7’,R) > H,(U,R)), 
induced by inclusion, is an isomorphism (resp. has zero image). Since 
H'(U;,Z) is free, it follows immediately that «*:H*(U;,Z) H'(T,Z) is 
injective, with its image contained in B;, and of finite index in B;, where g 
is the inclusion of T in U;. 

The projection v; defines a representation of the fibering (G, G/T,T) 
into (G, G/U;1, Ur), whose restriction to a fibre is «. Therefore, using trans- 
gression, we see that the image of v;* is a subgroup of finite index of B). 
But we have already shown that it is a direct summand, whence the lemma. 


Remark. By transgression, we also see that a* identifies H*'(U;,Z) 
with 


14.3. Complezxification. G* denotes the complex Lie group containing 
G, with Lie algebra g°, whose existence and uniqueness up to an isomorphism 
is well known. We use the notation of §§1, 12 and, moreover, put 
pr=ur+ dp 


It is a subalgebra which generates a closed, connected, complex analytic sub- 
group P, of G*, equal to its normalizer, such that P; 1 G=U,;; it follows 
then that @ is transitive on G°/P; and that there is a natural identification 
of G/U, with G°*/P; which carries @; onto the quotient complex structure, 
as defined in the theory of complex Lie groups (see e.g. [Ya]). If, in 
particular, J is empty, then b = p; is solvable and G°/B = G/T, where B =P. 


14.4. Representations and embeddings. Let 3- be the ordering of the 
roots which is opposite to 3, that is, which has the negative roots of 3 as 
positive roots. The highest weights of the irreducible representations of 
with respect to d- are then the opposite of the highest weights in the order 0. 
If T has highest weight m for 3 and I” highest weight —o@ for d-, then 
I’ is the contragredient representation to I, and its weights are the opposite 
of those of I. 
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Let [ be an irreducible representation of degree g+-1, 


C0) 


its highest weight in the ordering 3, [ the contragredient representation, 
i’ and I” the associated representations by means of projective transforma- 
tions in P,(C). Let V be a representation space for f and w be the 
projection of V—0O on P,(C). There is in V exactly one 1-dimensional 
subspace W which is invariant under B, and we have 


f(t) (x) =exp[— 2miw (t)] -2, 


1’ =2(W—0) is then the unique point of P,(C) fixed under IY(B). 

We say that M, is associated (resp. strictly associated) to T if ¢.=0 
for i€ I (resp. and, moreover, if c; 40 for 7¢ J). If M; is associated (resp. 
strictly associated) to I’, then the map ¢: g—>I”(g) - 2’ induces a holomorphic 
(resp. bijective and bi-holomorphic) map £; of M; onto a projective non- 
singular variety My. In particular, each irreducible representation yields a 
holomorphic map £, of G/T into some projective space. Since a given M, 


is strictly associated to infinitely many representations, it therefore admits 


projective embeddings. 


The cone z-!(Mr) over Mr is, in the obvious way, a C*-bundle y over Mr; 
on the other hand, let N be the subgroup of B whose Lie algebra over C is 
spanned by the b, (a<0 for 3). WN is the commutator subgroup of B, and 
B/N=T°. The quotient G°/N can be considered as the total space of a 
principal T°-bundle = (G°/N, G°/B,T°). If y is the representation of T° 
with character exp(—2ziw), it is then easily seen that 8. induces a y- 
homomorphism of € on y. Therefore, by 10.4, o =— B.*(c,(y)). It follows 
from this and from 14.2 that if M; is associated to T, then —@ may be 
identified with an element of H?(M;,Z) which is the Chern class of the 
bundle over M; induced from » by By: Mi Mr. But c,(y) is —e*, where 
e* is the dual of the homology class containing a hyperplane section of M; 
(see §29). Thus @ is the dual of the homology class of a divisor on My, 
namely, the inverse image of a hyperplane section of Mr. It may be shown 
[7a] that the inverse images of the hyperplane sections of Mr form a complete 
linear system on M;, and that this system is the only one on which the 
natural representation of @ is I’. 


14.5. Positive classes. Since we want to use some facts about complex 
Lie algebras, we now identify Vr with its tangent space t at e, and assume 
the invariant metric to be the restriction of —K, where K is the Killing 
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form. The roots of g° with respect to t° in the sense of infinitesimal theory 
are then the forms 2zta, where a runs through the roots as defined in this 
paper (or, more precisely, through their extensions to t*, since they wer 
originally defined on V7 or t). Ifa is a linear form on t*, we denote by jh, 
its contravariant representative with respect to —K ; if a is real valued on t, 
then h,€t. It is known (see, for instance, [23], Exp. 10, 11) that we can 
find @¢€ Dg with the following properties: 


(1) [ ea, = K (ea, ea) 


g is spanned over the reals by t and the vectors eg + eg, 1(€g — eq), and the 
Killing form is the direct sum 
K = K,— 28-1, 
a>o 
where K, is the restriction of K to t° and the 2g, zg form the dual base to 
(€a, 
Finally, we recall that if XY, Y are left-invariant vector fields and wo is a 


left-invariant 1-form on a Lie group H, then 
(2) dw(X, Y) =—o([X, Y]) ((X,Y] =X-Y—Y-YX) 


(see e.g. Chevalley, Theory of Lie groups I, Princeton, Chap. V, § 4; it is 
there stated for real Lie groups, but the proof is also valid in the complex 
case). 

Let us denote by o, the left-invariant 1-form on G* whose restriction to 
g° is annihilated by t° and which is such that w,(e,) =1 if a=b and is zero 
if a~b. A straightforward computation using (1), (2) and 12.2 yields 
then the 


Lemma. Let np be the left-invariant 1-form on G¢ whose restriction to 

g° ws zero on dq and which induces the linear form b on t*. Then 
(3) Any = — (b,a) A wo. 

a>0 
We are interested only in the case where b is real valued on t; then (0,a) 
is also real valued. Assume now that b is orthogonal to the roots a; (i€ J), 
i.e., that hy, € $;. Then 
(4) dny = S A w-¢. 

The restriction y»)q of m to @ is left-invariant. By (4), dy is zero on 4, 
and hence, by invariance, it vaniShes on U; thus m»)y and, a fortiori, »)r ate 
closed. Since qr is clearly in the class b€ H'(T,R), it follows by 14.? 
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that n»jv Tepresents the element of H*(U,R) which we have identified with b. 
We want to show that dnp\q is the inverse image of a 2-form on M,; for this, 
it is necessary and sufficient that the 2-form defined by dy, on g vanishes 
whenever one of the arguments is in u, and is inva:‘ant under Ad, U; (see 
e.g. Chevalley-Eilenberg, Trans. A. M. S. 63 (1948), 85-124, Theorem 13.1). 
The first property is obvious from (4); as to the second, we may argue as 


follows: by (4), we have only to show that the restriction of dy, to > 6 is 
bev 


invariant under the linear isotropy group U. From the properties of the 
Killing form recalled above, we see that if we take in b the real and imaginary 
parts of a» as coordinates, then the Killing form is the negative unit form, 
and therefore, the isotropy group U is orthogonal; this means that dn» is 
invariant under U if its matrix commutes with U. But it follows from (4) 
and 12.2 that this matrix is equal to the restriction of the matrix of adg hp. 
Since hy € $7, it centralizes u, and adgh, does commute with Ad, U. 

By the foregoing and by the definition of transgression, dy»jq@ may be 
identified with a closed 2-form on G/U, belonging to the image of b € H1(U, R) 
under transgression; in view of the conventions made in 10.1, this form 
represents the cohomology class which has been identified with —b. More- 
over, by the definition of the complex structure @; on M,, the vy (a€ Wz), 
span the subspace of M,;@€ which contains the differentials of local holo- 
morphic functions, and we have wg, in the standard notations. Thus 


we have shown the following: 


14.6. Proposition. We keep the notations of 14.1, 14.2. Let b bea 
linear form on Vy orthogonal to the simple roots a, (t€I). Then the 
element of H?(G/U,,R) identified with b in 14.2 contains the invariant 
2-form of type (1,1) 

(5) w= (b,a)0g A 
aeWr 


w is the imaginary of the hermitian form 


(b,a) wg: (symmetric product). 


A 2-dimensional complex cohomology class on a complex manifold M is 
positive in the sense of Kodaira if it contains the imaginary part of a 
positive non-degenerate hermitian metric, which is then necessarily kihlerian. 
From (5), (6) and the remark in 13.6, we get: 


14.7. CoroLuary. is positive in the sense of Kodaira if (b,a)>0 
for a€ W,, that is, if (b,a:)>0 for i¢ I. 
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This is in agreement with the fact (14.4) that when 6 is the highest 
weight of an irreducible representation [ to which M; is strictly associated, 
then it is dual to the class of a hyperplane section in the projective embedding 


provided by the representation I. 


14.8. Corottary. The first Chern class c, of the tangent bundle to 
1s positive. 


c, is the sum of the positive complementary roots (10.7) and, by 13.6, 
these are the linear combinations of the simple roots in which at least one 
a, with i¢ J has a strictly positive coefficient. Thus, if a€ ;, its transform 
by the symmetry to the plane a; =0 (1€ J) belongs to ¥;. Since (a;, S;a +a) 
= 0, it follows that (a;,c,) =0. This is also a consequence of 14. 2. 

In view of (5), (6), we have to show that if a€ W, then (a,c,)>0. 
Let 6€ W and assume that (a,b) <0. Then (§2) 


(7) b,b-+ a,b + 2a,---,b+ ka = — 2(a,b) (a,a)*) 


are roots of G and, in fact, belong to W, since the latter is a closed system 
(13.7). We have (a,b-+ ka) = (a,a)k/2>0 and 


= (k+1) (a,b) + (a,a)k: (k +1)/2=0. 


From this we deduce readily that we may represent © as a union of 
disjoint subsets ¥;, where ; consists either of one root b with (a,b) =0 
or of a string of type (7), whose sum is orthogonal to a; in the first category 
we have the set consisting of a itself, and hence, finally, (a,c,) > 0. 


14.9. Using some properties of the constants of structure of g°, one 
can show that 14.6 gives all invariant 2-forms on M,;, as indicated in [5]; 
this implies that the condition of 14.7 is also necessary for b to be positive 
as will also follow from § 24. 


14.10. We recall that for a kihlerian compact manifold M, the d- and 
the d-cohomology are identical, and that H‘(M,C) is a direct sum of sub- 
spaces H?4(M), (p-+-q=1t), where H?4@ is the space of i-dimensional co- 
homology classes which can be represented by exterior differential forms of 
type (p,q). This applies, in particular, to the projective variety G/U1. 


Proposition. In the previous notations, we have H?‘*1(M,,C) =0 
and H?*(M;,C) = H*i(M,) for all i=0. 


For the first assertion, see [2; Théoréme 26.1]. 
As remarked in 14.2, the projection v; of G/T onto G/U; induces an 
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injective homomorphism of H*(G/U;,C) in H*(G/T,C). This map is also 
holomorphic with respect to the complex structures on G/T and G/U; defined 
by the positive complementary roots, because, in the notations of 14.3, it can 
be identified with the projection of G°/B onto G¢/P;, both spaces being 
endowed with the natural quotient complex structures. Thus v;* identifies 
Hea(Mr) with a subpace of H»4(G/T,C), and it suffices to prove our con- 
tention for G/T. Since H*(G/T,C) is generated by the unit and its 2-dimen- 
sional classes [2,§ 26], it is enough to show that H?(G/T,C) = H')(G/T), 


but this follows from 14. 6. 


Chapter V. Special Cases. 


15. Projective spaces. 


15.1. Complex projective spaces. We wish to apply Theorem 10.8 to 
the case where G=U(q) and U=U(1)xX U(q—1) and G/U=P,.(C). 
(g=2). The imbedding of U in G is the usual one; namely, as follows: 
U(q) is the group of unitary matrices and U(1) x U(q—1) is the group of 
q X q-matrices of the form 


a’ 


where a’ € U(1) and A” € U(q—1), which is a subgroup of maximal rank 
of G. Let T be the standard maximal torus of diagonal unitary matrices 


0 


0 


T is contained in U(1) x U(q—1) and plays the role of S in Theorem 10. 7. 
The coordinates 2,,- - *,%q are integral linear forms on Vp (see 1.2 and 
10.1), and the roots of U(q) with respect to T are + (a;—2,), where 
The roots of U(1)K U(q—1) are + with 25] 
<hkSq. Hence the roots of U(q) complementary to U(1) x U(q—1) are 
+(7,—2;) with 

The usual invariant complex structure of P,_,(C) is given by regarding 
P,,(C) as the space of the lines passing through the origin of C7, Let 
GL(q,.C) operate in the usual way on C4 and thus on P,,(€). Let 
GL(1,qg—1;€) be the subgroup of those elements of GL(q,C) which keep 
the point (1,0,- - -.0) of fixed. Then 
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U(q)/(U(1) U(g—1)) =EL(q,C)/GL(1, y—1;C) =P, 


Thus P,.(€) is represented as a quotient of complex Lie groups and is. 
therefore, endowed with an invariant structure which is just the usual one 
The complex isotropy representation «, of this complex structure has the 
weights 7;— 2, (j =2,°- -.q), which can be seen as follows: The element 
(e?tim,. of when operating on the point - -.2,) of 
P,..(C), gives the point 


of P,.(C), which proves the desired result. We may remark here that 
P,.,(C) admits exactly two invariant complex structures and these are 
complex conjugate to each other (see 13.8). 

Let € be a principal U(q)-bundle. We consider some associated fibre 
bundles and their projections according to the following diagram: Let p, o be 


the natural projections 


p 
(1) ——> E;/(U(1) k U(qg—1)) ——> Bg 


and r=o°p. Let 7 be the real vector bundle along the fibres (7.4) of 
U(q—1), endowed with the complex structure 7/ 
coming from the usual invariant complex structure on P,4(C); i.e., 7 is 
defined by the complex isotropy representation «, considered above. Then 
we have for the total Chern class of 7’ 


Now let c,;€ H**(Bg,Z) be the Chern classes of €. Then we have (9.1) 

(‘onsidering z as an indeterminate over H*(Hz/T,Z), we have the equation 

teplacing z by 1— 2, gives 

q 
p*c(7’) = (1 +2;—2,) = 2 (1 —2,)%in* (cj). 
j=l i= 

T1,22, * *,%q are the first Chern classes of the gq principal U(1)-bundles 
é,,: *,&, into which the principal bundle splits. The 
principal bundle Fg/(U(1) X-U(q—1)), U(1) U(q—1)) splits into 
a principal U(1)-bundle & and a principal U(qg—1)-bundle &’. Obviously. 


p*c(n’) (1 +a;—4). 
j=1 
W 
W 
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»*(é’) is equivalent to €, and p*(y:) =, where y, denotes the first Chern 
class of &’. Since +* = p*oo* and since p* is injective for integral coho- 


mology, we get 


\ 
= 2 (44). 
i= 


Since Cg(7’) =0, we have 


q 
(3) > (—y1) (c;) = 0. 
i=0 


Once y, is defined, the Chern classes of € are characterized by (3), a fact due 


to Hirsch (compare [11]). 

To calculate the Chern class of P,.(C), we now specialize to the case 
where Hg==U(q) and where Bg is a single point. Then 7’ is the tangent 
hundle of P,.(C). Since =0 for 0, we get 


= (1 —y1)4. 


Now we observe that & corresponds to the Hopf bundle; i.e., (€%— {0}, 
P,,(€C),C*) is the extension of & with respect to the natural imbedding 
of U(1) in C*. Thus —y, = e*, where e* € H?(P,,(€C),Z) is dual to the 


hyperplane of P,,(C) (see §29). Therefore 
= (1+ e*)4. 


15.2. Complex projective bundles. In Sections 15.2 and 15.3, all 
cohomology groups are taken with real coefficients. The projective unitary 


group is defined by 


PU(q) =U(q)/D. 


where D is the 1-dimensional torus of scalar matrices of U(q). Let T% be 
the maximal torus of diagonal matrices of U(q). Then T¢1=T9/D is a 
maximal torus of PU(q), and we have the commutative diagram 


0—D— T1 — Tr —>0 

| Id 

0—> D—> U(q) PU (q) — 0 
which induces a commutative diagram for the classifying spaces (6.6) 
Id 


Bop Bug —— Brug) 
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where the two horizontal lines come from the fibre bundles (Bye, By, Bp) 

and (Bui), Beuig), Bo), see [2]. Then, in the commutative diagram 
H*(Bys) 


(6) | 
p(a)* 


H* (Bu(q)) H* (Bruiq) 


which is induced by (5), all arrows indicate injections. If we denote by é 


the universal principal U(q)-bundle and by é the universal principal PU (q)- 


bundle, then p(a)*€ is (up to equivalence) the a-extension of € Let 
Ij," * *,%q be the first Chern classes (with real coefficients) of the q principal 
U(1)-bundles into which x*é splits. Then 


Using the Weyl group of PU(q) (which is isomorphic to that of U(q)), it 
follows easily from diagram (6) that 7*p(«)*H*(Bpy,q)) is the subring of 
those polynomials in R[z,,- - -,2,] which are symmetric in 2,,- - -,2, and 
invariant under the substitution ¢: 7;—2;-+ 0, where b is an indeterminate. 
Roughly speaking, for a PU(q)-bundle the Chern classes c; (i.e., the elemen- 
tary symmetric functions in the z;) make no sense, but the polynomials in 
the c; invariant under ¢ do. 

Now let (L,X,P ¢,(€C),o) be a bundle with PU(q) as a_ structural 
group. It is known that o* maps H*(X) isomorphically in H*(L) (real 
cohomology) and that, for every element y€ H?(L) whose restriction to the 
fibre equals the generator e* of H*(P,,(€)), there is (8.4) a relation 


with uniquely determined elements d;€ H?'(X) depending only on y. Let 
7 be the complex vector bundle along the fibres of LZ. We recall that 
P,_.(C) = PU(q)/((U(1) X U(qg—1))/D) and that the complex structure 
7 comes from the complex isotropy representation 1, considered in 15.1 (u Is 
trivial on D). 


15.3. THeroreM. The Chern class (with real coefficients) of the com- 
plex vector bundle y’ along the fibres of a fibre bundle (L,X,Py1(C).¢) 
with PU(q) as structural group is given by the formula 

q 


(8) =¥ (di), 


i-0 
where y€ H*(L) ts an arbitrary element whose restriction to the fibre gives 
the generator e* and where the d,€ H*(X) are defined by the relation (7). 


(y= 1). 
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For the proof, we introduce an indeterminate z. The polynomial 


q 
F(z) = (see (7)), 


i=0 
is then the unique element of o*H*(X)[z] which is a polynomial of degree q 
in 2, has the unit 1 as the coefficient of 2%, and for which F(—y) vanishes. 
lf y=y-+o*(b), where b€ H?(X), then F(z) = F(z+0%*(b)) is the 
analogous unique polynomial with F(—¥) =0. Since F(i—y) =F(i—}7), 
the right side of (8) is independent of the choice of y. Taking this into 
account, (2) and (3) of 15.1 yield our theorem for bundles whose structural 
groups can be a-reduced to U(q). Furthermore, we see that it is enough to 
prove the theorem for the universal principal PU(q)-bundle € Since the 
theorem is true for p(a)*é (see (5)), it follows easily in full generality. 

Theorem 15.3 was announced in the first note of [16]. 

15.4. Real projective spaces. In Section 15.4, all cohomology groups 
are taken with Z, as coefficients. Let € be a principal O(q)-bundle and 
the vector bundle along the fibres of (Hz/(O(1) XK O(q—1)), Be, Pgi(R)). 
Let Q be the group of all diagonal matrices of O(q). Consider the maps 


p 
——> E;/(O(1) X O(q—1)) Bg, 


(9) w(n) = (1— y1) (w;), 
iz 

where y, is the 1-dimensional characteristic class of the O(1)-bundle over 
f:/(O(1) x O(qg—1)). The class y, induces on each fibre the generator 
of its cohomology ring. The proof uses 5.3 and 11.5 but is otherwise 
formally identical to that given in 15.1 (except that the z;’s are now 1-dimen- 
sional classes), and is therefore left to the reader. (9) implies the well- 
known fact that the Stiefel-Whitney class of P,.(R) equals (1-+-a)4, where 
« is the generator of H*(P,,(R)). 


15.5. The Pontriagin classes of the quaternionic projective spaces. The 
treatment of the quaternionic projective spaces 
P,..(K) =Sp(q)/(Sp(1) X Sp(q—1)), x, 


is similar to the discussion in 15.1. 
Sp(q) is the group of all unitary quaternionic q X q-matrices. Sp(q) 
contains U(qg), and U(q) contains the maximal torus T of 15.1 which is 
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also maximal in Sp(q). When applying Theorem 10.7, we let € be the 
universal principal Sp(q)-bundle. Putting 
G=Sp(q) and U=—Sp(1) xX Sp(q—1), 


we have the diagram 


p 
(10) By = E;/T >By > Be, 


and the integral cohomology ring of P,.(K) has to be identified with 
H**(By,Z) (see 6.1) modulo the ideal (Ig*)*. As in 15.1, we have the 
elements 2,,° * °,%q€ H'(T,Z) which, via the negative transgression, are to 
be regarded as elements of H*(By,Z). 

By means of (10), the cohomology ring H**(Be,Z) will be considered 
as a subring of H**(By,Z), and H**(By,Z) as a subring of H**(B7,Z), 
The latter ring will be identified with Z{z,,- --,xrg}. Thus H*(P,.,(K),.Z) 
is the quotient of 
modulo the ideal (Jg*)* which is generated by the symmetric power series 
in 2,°,- - -,2q? without constant terms. (We use here essentially, that ( 
and U have no torsion, see [2].) 

We restrict ourselves to the calculation of the Pontrjagin classes oi 
P..,(K), i.e., of its tangent bundle. The more general case of the bundle 
along the fibres is left to the reader. 

We do the calculations following a schema which will also be used in 
other cases. 

coots of Sp(1)K Sp(q—1): xj, + 2x, (2QS1<jSq) 
Complementary roots: 

+ (4%, — Lo, 71 + Lo, + + 


We have 

ae?) (1 2g?) = (14-22)? mod (Ie*)*. 
This shows that the 7-th elementary symmetric function in the 7° (2=j 4) 
equals (mod and that represents an element 
u€ H*(P,.(K),Z) which generates H*(P,1(K),Z); in particular, wu is a 
generator of the infinite cyclic group H*(P,.(K),Z). 


Introducing an indeterminate z, we have 


IE (2 +23) = 2% mod (Io*)*. 
j=1 
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Setting z=1-++2,, this yields 
| 2. € +\% 
(12) (1+2,-+ = (1+ 2,)74(1+4 201)? mod(J¢*)*. 
j=2 


Theorem 10.7 shows that the (integral) Pontrjagin class of Py.(K) is 
represented by the element 


(1+ (a + 2y)2) (1-4 (11 —ay)?2). 


Taking into account that we are dealing with graded rings and that .,° 
represents the generator u of H*(P,,.(K),Z), we obtain from (12) 


(13) = (1 + u)*4(1 + 4u)*. 


15.6. Application. Formula (13) implies, in particular, for the first 


(i.e., four-dimensional) Pontrjagin class of P,..(K) that 
pr = (2q—4)u. 


p, is different from 0 for g—1>1. 

Since ¢*(p,) =p, for all diffeomorphisms ¢ of P .(K) onto itself, 
we see that, for g—1> 1, there does not exist a diffeomorphism ¢ with 
6*(u) =—u; i.e., for all ¢, we have In particular, all diffeo- 
morphisms preserve orientation (ut!) 

This fact on the orientation is obvious for g—-1==0(mod2) and 
aribtrary homeomorphisms of P,,(K) onto itself, since then 

= + u implies (ut?) =u. 

15.7. The Stiefel-Whitney class of the quaternionic projective spaces. 
We keep essentially the preceding notations and denote by @ the subgroup 
of elements of order 2 in T. For suitable (1-dimensional) generators u; of 
H*(Bg, Z2), we have [4,§11] 

p2*(Q,T) (x) =u? 
where here the z; are elements of H?(By,Z.), namely, the reductions mod 2 
of the a; of 15.5. Thus the images of p2*(Q,Sp(q)) and p2*(Q,Sp(1) 
Sp(q—1)) are, respectively, S(u,*,:- -,ug*) and ug*), 
and H*(P,.(K),Z.) may be identified with the quotient of the latter ring 
by the ideal J generated by the symmetric functions in the u;* of strictly posi- 
tive degrees; in particular, u,* represents the generator a of H*(P,,(K), Z2). 


By (5.5), the complementary 2-roots are (t= 
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each counted with multiplicity 4, and therefore, 11.5 gives for the Stiefel- 
Whitney class of P,_,(K): 

q q 
(1+ 4,—u)* (1 + u,4—u;*) mod] 
i=2 


i=1 


which, modulo J, is equal to (1-+ u,*)%, and hence, finally, 
w(Po.(K)) = (1+ %)4% 
where @ is the generator of H*(P,,(K),Z.). 


The characteristic classes of P ,,(K) were calculated in [17] by a 
different method. 


16. Hermitian symmetric spaces. 


16.1. We consider here first the homogeneous spaces of the form (/U. 
where U is the centralizer of a 1-dimensional torus S, has a 1-dimensional 
center, and G is semi-simple. As was shown in 13.8, such a space admits 
exactly two invariant complex structures; they are conjugate to each other 
and equivalent under an automorphism of G. 

We may assume that S is defined by a, =- - = 0, where a,,- 
are the simple roots with respect to some ordering 3. Then (see 13.6. 
13.8), the roots of U are the linear combinations of the a,;’s with 1 [1 =/—1. 
and the set ¥ of positive complementary roots is closed and is the root system 
of one of the two invariant complex structures on G/U, to be denoted by 6. 
Moreover, a root b is in © if and only if, when expressed as a linear com- 
bination of the simple roots, the term containing a, has a strictly positive 
coefficient. (The space G/U is irreducible hermitian symmetric if and onl\ 
if G is simple and U is maximal connected. In this case, the coefficients 
of a; in the complementary roots are all equal to one and the sum of two 
elements of W is never a root of G.) 

By 14.2, H?(G/U,Z) is infinite cyclic and has a generator g such that 
v*(g) =), where v is the natural projection of G/T on G/U and @, is the 
l-th fundamental weight. If c,(G/U) denotes the first Chern class of G/U 
with respect to @, we have then, necessarily, that 


(G/U) =x(G/U) (A(G/U) € Z). 


By 14.7 and 14.8, both g and c,(G/U) are positive classes, and hence 
A(G/U) >0. By 10.8, v*(c,) is equal to the sum of the positive comple- 


mentary roots, and hence 
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A(G/U) = 2(b, a1) / (a1, a2), (b= Sa). 
acy 
since the invariant complex structures on G/U are equivalent, A(G/U) 
does not depend on the choice of the invariant complex structure. Among 
the spaces considered here are the compact irreducible hermitian symmetric 


spaces Which are divided into six classes, see, e. g., A. Borel, Bull. Soc. Math. 


Frances 80 (1952), 167-182) : 
I. U(m+n)/(U(m)X U(n)) 
SO(2n)/U(n) 
Sp(n)/U(n) 
SO(n + 2)/(SO(2) xX SO(n)), 
E,/Spin(10) T? 
E,/E, 
By the preceding formula, we get for A(G@/U) the following values 
I. m+n, IT. 2n—2, IIT. n+1, IV. n, V. 12, VI. 18. 


In the following sections 16.2 to 16.5, we study the non-exceptional 
types I.-I[V. and give formulas for their Chern classes. We also obtain 
in these cases the values of A(G/U) in a different way. 'To describe the 
complex structure on G/U, we choose an ordering having the properties of 
13.6. The maximal torus is always chosen in the standard way, i.e., in the 
cases I, IT, III, it is the maximal torus of U(m-+n) or U(n) respectively, 


used in 15.1. 
16.2. The Grassmannian W(m,n) =U(m-+n)/(U(m) xX U(n)). 
As a system of positive roots of U(m +n), we take 
(see 15.1). 
H*(W(m,n),Z) has to be identified with the quotient of 


(1) S{2,,° Lm} @ Leva} 


by the ideal J generated by the symmetric power series in 2,° * -,2msn Without 
constant term. The (total) Chern class of W(m,n) is given by 
c(W(m,n))= [TIT (1—x%+2;) mod J. 


m+1Sj=m+n 
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In the tensor product (1), we have 


(1+2;) mod /, 


1<i=m 
The r-th elementary symmetric function in the 2; (11m) represents an 
element o, of H*(W(m,n),Z). The preceding equation shows that the o, 
(l=r=m) generate H*(W(m,n),Z). (Recall that we are dealing with 
graded rings.) The element o; generates the infinite cyclic group 
H?(W(m,n),Z). Using an indeterminate z, we have 


(2) (¢+2;)=2"" JI (24+ mod /. 


m+1Sj=m+n 


By replacing in the preceding formula z by 1—2z, (1s ™m), respectively. 
we obtain m equations; multiplying all of these together yields 


m 


i=1 


We recall that o, is the 7-th Chern class of the canonical principal U(m)- 
bundle over W(m,n). Formula (3) expresses c(W(m,n)) by the o,; for 


example, 
¢,(W(m,n)) =— (m+ 
Co(W(m,n)) = + + (n—m)oz. 


The formula for the first Chern class gives us the value of A(W(m,n)) and 
shows that —o, is a positive generator of H?(W(m,n),Z) in the sense oi 
16.1. For m1, the Grassmannian W(1,n) is the complex projective spac 
P,,(C) discussed in 15.1. 


16.3. The space F,=SO(2n)/U(n), (n22). Asa system of positive 
roots of SO(2n) we take {+ 2,+2;|1Si<jSn}. We rogard the 2; as 
elements of H?(Byz,K,). If p42, then H*(F,, K,) may be identified with 
the quotient of S{z.,- --,%,} by the ideal Z generated by the symmetric 
power series without constant terms in 2,7,- + +,2,? and by the element 
I4%* * ‘Xn. All power series under consideration have coefficients in K;,. 
The total Chern class of F, is given by 


(4) c(F,) mod J. 


1<j 


The preceding formula expresses the Chern classes of F, as polynomials 


in the elementary symmetric functions of the 2;. The coefficients are integral. 
Let o, € H?"(F,.Z) be the r-th Chern class of the canonical U(n)-principal 
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bundle over F,,. If we reduce a, to coefficients K, (p72), we get the r-th 
elementary symmetric function in the 2; (modJ). Since F, has no torsion, 
(4) gives a formula for integral cohomology if we replace the r-th elementary 


symmetric function in the a by o,. For example, we get 


¢,(F,) = (n—1)o,. 


y, is not a generator of the infinite cyclic group H?(F,,Z), but o, equals 24g, 
where g is a generator. This is true for n= 2, since F, is the complex 
projective line for which c,(F,) is twice a generator. It follows then for 
all n by induction, using the natural imbedding of F,, in F,,, and the fibre 


bundle (Fri, Son, Fn), see [26,§ 41.18]. Thus we have 
= (2n—2)g; 

moreover, g is a positive generator of H?(F,,Z) and A(F,) =2n-—2 (see 
16.1). 

16.4. The space G,=Sp(n)/U(n). As a system of positive roots of 
Sp(n) we take 

The integral cohomology ring of G, has to be identified with the quotient of 
S{z1," + *,2n} by the ideal J generated by the symmetric power series without 


constant terms in 2,°,- + -,2,°. The (total) Chern class of G, is given by 


c(G,)= [TI] (1+24:+2%;) mod J. 
1<i<j<n 
This formula expresses the Chern classes of G, by the Chern classes o, of 
the canonical U(n)-bundle over G,. The element z,-+- - -+ 2, represents o;, 
and o, is a generator of the infinite cyclic group H?(G,,Z) ; we have 

¢1(Gn) = (n+ 
Thus o, is a positive generator and A(G,) =n+1 (see (16.1)). 


16.5. The complex quadric Q, =SO(n + 2)/(SO(2) xX SO(n)). We 
distinguish the two cases (a) n is even and (b) n is odd. 
(a) n + 2 = 2k. 


We have the natural imbedding of U(k) in SO(2k) and take for the 
maximal torus T of SO(2k) the maximal torus of U(k) considered in 15.1. 
As a system of positive roots of SO(2k), we choose 


{a+ jSk}. 
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The a; are to be regarded as elements of H?(By,K,). If p32, then 
H*(Q,, Kp) may be identified with the quotient of the ring V generated by 
- +,2,7} and by the elements 2% in 
by the ideal J generated by the symmetric power series without constant 
terms in - and by 


H*(Q,, Kp) =V/I. 


Using an indeterminate z, we have 


(5) (2— 2%) (z+ %) = mod J. 
We have also 7 
(6) (1 + (1+ (1 + 2%?) = (14+ 2,7)” mod J, 
From (6), we see easily that the elements 


constitute an additive base of H*(Q,,K,). The Chern class of Q, is given by 


c(Q,) (1+ 2,—2;)(1+4,+2;) mod J. 
Replacing in (5) the indeterminate z by 1-+ a, yields 
(Ya) c(Q,) = (1+ 2,)"*7(1 + 22,)7? mod J. 
(b) n+1—2k. 

We have the imbedding of U(k) =U(k)X1 in SO(2k+1) and take 
for the maximal torus T of SO(2k-+-1) the maximal torus of U(k) con- 
sidered in 15.1. As a system of positive roots of SO(2k +1), we choose 

{a 
lf pA 2, then H*(Q,, K,) may be identified with the quotient of 
K, © 8{2,*,- -, 27} 
by the ideal J generated by the symmetric power series without constant terms 
in 2,°,- + -,a,?. As in the case (a), we see that 
constitute an additive base of H*(Q,,K,). The Chern class of Q, is given 


by 


= (1 (1 + (1+ 21 + 25), mod J. 
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\s in (a), we get 


(tb)  ¢(Qn) = (1+ a1) (1-21) - 2a) 
mod I. 


Now we combine again the two cases (a) and (b). Let g be the Kuler 
class of the canonical principal SO(2)-bundle over Q, = SO(n + 2)/(SO(2) 
x SO(n)), 

€ H?(Q,,Z). 


If we apply the coefficient homomorphism Z— K,, the element g goes over 
into 2; (mod/J). Since Q, has no torsion, we get from (7a) and (7b) 


(8) c(Qn) = (1+ (1 + 2g)". 
For the Pontrjagin class, we obtain 
(9) P(Qn) = (1+ (1 + 497). 


The Euler number /(Q,) equals n+ 2 in the case (a), resp. n-++1 in the 
case (b). An easy calculation shows that (8) implies 


2Cn (Q,) E(Qn)g". 


Therefore g” is twice a generator of H"(Q,,Z) and it follows that g is a 
generator of H*(Q,,Z) for n >2. Formula (8) shows that g is the positive 
generator g of 16.1 and that, for n >2, A(Q,) equals n. For n=1 the 
quadric Q, is the complex projective line; for n = 2 it is reducible, namely 
the product of two projective lines. For n+ 2, Q, is irreducible. 

(8) can, of course, be derived by other methods (see, e. g., F. Hirzebruch, 
Proc. Intern. Congress Math. 1954, Vol. III, pp. 457-473). 


16.6. The homogeneous space Q, = SO(n + 2)/(SO(2) xX SO(n)) can 
he regarded as the space of oriented planes through the origin of R"*?. In 
this section, we assume n> 2. If one attaches to each oriented plane the 
same plane with the opposite orientation, one gets a one-one real analytic 
map o of Q, onto itself. o has no fixed points and is involutive (oo =Id). 
Identifying the points w and o(w) of Q, gives a manifold 


Here x denotes the covering map. @Q, is simply connected and is a twofold 
covering of O». The manifold 0, is the space of all (non-oriented) planes 
through the origin of R"*?, or the space of all projective lines in Pn. (R). 
Por p 342, it is known that «* maps H*(Q,, Kp) isomorphically onto the 
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subring of those elements of H*(Q,,K,) which are invariant under o*. For 


the Pontrjagin class of On, we have 
(10) 7*(p(Qn)) = p(Qn) = (1+. 9*)™*(1 + 


where g is a generator of H?(Q,,Z). By (10), the Pontrjagin class of Q, 
with coefficients reduced to Ky, (p342) is completely given. 

Let a be the following element of SO(n -+ 2): a is a diagonal matrix 
which has the entry —1 at the first and third places in the diagonal and 
otherwise +1. Then a is in the normalizer of SO(2) x SO(n). The opera- 
tion of a by right translation on Q, is just 0. (We may remark here that ¢ 
is a map which carries one of the homogeneous complex structures into the 
other.) On the other hand, a induces the operation of the Weyl group 
which maps 2,22. in —-x,,— x, and keeps the other 2; fixed. Thus we know 
how o* operates on the additive bases of H*(Q,, Kp) given in (a), resp. (b). 
In either case, the ring of invariants of o* is generated by 2,°. If n is odd, 
then 0, is non-orientable. For n—2m, we see that 0, is orientable and 
that H*(P,,(K).K,) is isomorphic to H*(Q,,K,). The isomorphism 


H*(P»,(K), > H*(Qn, Kp) 
can be chosen such that 


0 ay) (Up) = g? (reduced to 


where u, is the reduction to coefficients K, of the generator u€ H*(P,,(K),Z) 
used in 15.5. Under the isomorphism @,, the Pontrjagin class (coefficients 
K,) of P»(K) is carried over into that of 0, (see 15.5 and (10)). The 
value of % (wu) on the fundamental cycle of 0. equals + 1, since g” takes 
the value + 2 on the fundamental cycle of Q,. Therefore, when using proper 
orientations, the Pontrjagin numbers of P,,(K) equal those of 0». 

The proof in [17] of the fact that P,,(K), for m 2,3, does not admit 
an almost complex structure, works also for Qom and thus shows that Oon 
(m5£2,3) does not admit an almost complex structure (compatible with 
its usual differentiable structure). 

16.7. Remark. Let us consider Q, as imbedded in P,,,(€) by the 
equation 


Zo? + 27> + 


The conjugation map 


- 


Z== (2,°- 2ns1) Z = (Zo, ° 
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induces @ map « of Q, onto itself which has no fixed point and which is 
involutive. If z€ @Q,, then the line passing through z, xz is a real line. If 
we attach to the point z this real line, then we get a homeomorphism between 
Q,,/x and the space of the projective lines in P,,,(R). The map « corres- 


ponds to 


17. The Stiefel-Whitney class of G./SO(4). 


17.1. We recall first some known properties of G, and of the Cayley 
numbers. The Cayley-Graves algebra of octonions over the real numbers 
will be denoted by 2. It is spanned by 1 and seven purely imaginary elements 
(1€ 2) satisfying 


(1) Cita 5 Cina Cina Cis Ci == Z;), 


and, of course, e;:e;==—1. Thus @, é;,1, @:,; generate a subalgebra isomorphic 
to the field of quaternionic numbers. 

G, may be defined as the group of automorphism of &. It is a compact, 
connected, and simply connected 14-dimensional Lie group of rank 2 and 
with center reduced to the identity; it leaves invariant the subspace Mt of & 
spanned by the e;’s and thus may be identified with a subgroup of SO(7), 
whose Lie algebra is the following: 


Let Gi; (1 =1,7 7) be the endomorphisms of I defined by Gi; and 


Gij(e;) = e1; (es) — Gij(ex) 
The Gi; («< 7) form a basis of the Lie algebra of SO(7%). We have 
= 0, [ G 5x, | Gix (a k), 


(2) 
[Giy, Gia] = 0 (i, j,k, 1 pairwise distinct). 


Using (1) and (2), it is readily seen that the Lie algebra g2 of G2, that is, 
the Lie algebra of derivations of 2, is the direct sum of the seven 2-dimen- 


sional commutative subalgebras * 
(3) Di = + + CGiss + b-+c=0} 
and that we have 


[vi Die] = Vis; [Disa =i; Dis Z;). 
8 For more details, see H. Freudenthal, ‘“ Oktavengeometrie,” mimeographed Notes, 


University of Utrecht. Freudenthal’s e,,- - -,e, are replaced here by &, €2, — 
€;, — €, respectively. On page 17, line 14 from the bottom, read Gi, instead of Ge. 
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The subspace u==b3;-+0,-++ 0, is therefore a subalgebra of rank 2 and 
dimension 6, and hence is isomorphic to the Lie algebra of SO(4), as can 
also be easily checked directly. Thus the subgroup U of G, generated by 
is a compact group locally isomorphic to SO(4), that is, having the product 
Sp(1)X Sp(1) as universal covering. It is, in fact, globally isomorphic 
to SO(4), as can be derived for instance from [7]. In fact, it is proved 
in [7] that G, contains exactly one class (relative to inner automorphisms) 
of subgroups locally isomorphic to SO(4); one of them, say U;, is the cen- 
tralizer of a vertex z of order two of a fundamental simplex, and z generates 
the center of U, ({7], Remarque II, p. 220). Looking at the diagram of 6,, 
one sees that the two invariant 3-dimensional subgroups of U, are globally 
isomorphic to Sp(1) ; since U7, has a center of order two, it is then isomorphic 


to SO(4). 


17.2. The subgroup Q. The relations (1) imply that the linear trans- 
formation S; (1€ Z;) of Mt which keeps fixed and changes the 
signs of the other e,’s is an automorphism of &. The seven elements Sj; and 
the identity form a commutative subgroup Q of G. of type (2,2,2). More- 
over, G, contains no commutative subgroup of type (2, 2,2,2) (see A. Borel- 
J-P. Serre, Comm. Math. Helv. 27 (1953), 128-129 or 17.5). 


Proposition. We keep the previous notations and denote by 2; the 
element of Hom(Q,Z.) defined by x;(S;) =8; (114,753). Then Qc, 
and the 2-roots of U (resp. Gz.) with respect to Q are x, + Ho, + 43, 
(resp. together with 21,22, 03,07; Each has multiplicity 2 and is 


the character of Q in one of the v;’s. 


It follows from the definition of U that this group leaves invariant the 
subspaces ©, D of Mt spanned, respectively, by e3, @4, and @s, @5, and 
that the restriction to D of the standard maximal abelian subgroup Q’ of 
type (2,2,2) of U consists of the diagonal matrices of determinant + 1. 
On the other hand, it is readily seen that this is also the restriction of Q to 
D; since by (1) an automorphism of @ leaving e,, es, és, e7 fixed must be the 
identity, we have @’ =@Q@ and @ CU. The other assertions follow from the 
fact that the inner automorphism Ad 8; defined by S; is the identity on 
Vist, Diss, and is —Id on the other b;’s. 


17.3. The cohomology ring mod2 of G./SO(4). The following facts 
are proved in [3]: H*(Bso,4),Z.) and H*(Beg,, Z,) are rings of polynomials in 
three variables of degrees 2,3,4 and-4,6,7 respectively ; the homomorphisms 


p2*(Q,SO(4)) and p.*(Q,G.) are injective. The ring H*(G./SO(4),Z:) 
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s the quotient of H*(Bso;is),42) by the ideal generated by the elements of 
strictly positive degrees in the image of p,*(SO(4),G.); the Poincaré poly- 
nomial mod 2 of G,./SO(4) is 


P.(G./SO(4),t) = (A (1 — ( /(1— 1— #) (1 — 


and hence 


Proposition. We keep the previous notations and denote by o; the i-th 
ementary symmetric function in the x;’s. Then the image of p2*(Q, U) equals 
Z,| Us, Us, Us] with + 0,7, Us = 03 + 0102, Uy = 0103, and the image of 
*(Q,G2) equals with + U4, + Us, and 
J; Consequently, H*(G./SO(4),Z.) ts generated by two elements 


uu; of degrees 2,3 with the relations u.* =u," and usu.” =0. 


We identify U with SO(4) by means of the representation in D. Let 
be the subgroup of diagonal matrices of O(4) and y» the inclusion of Q 
1 Q;. Then, for an obvious choice of a basis y2, ys, ¥s) Of Hom(Q, Ze), 
the image of po*(Qi,O0(4) is the ring of symmetric functions in the y; 


ci. {8]), and the homomorphism p»’: Hom(Q,,Z.) > Hom(Q,Z,) induced 


Is given by 
(ys) =a (t= 1,2,3), + 23. 


lerefore, annihilates y2-+ys-+ys and maps the i-th elementary 
‘ymmetric function in the onto u;, for t= 2,3,4. Since p.*(Q,O(4) ) 
ind p2*(@,SO(4)) have the same image (see [3]). this proves our first 
issertion. 

The image of p:*(Q,G.) is a subring of Z.[u.,us,u,! generated by 
ments of degrees 4,6,7 and its elements are invariant under the action 
' the normalizer of Q in G,, operating in the usual way [3]; therefore, in 
rder to prove the second assertion, it suffices to exhibit an automorphism z 
it H*(Bo,Z.) induced by an inner automorphism of 


waving @ invariant, and for which g; is the only non-zero invariant of degree 


(t= 4,6, 7). 


Let S be the linear transformation of 9? which sends e,,- - -,e; onto 
C4, C1, — Tespectively. It follows from (1) that S€ G,. 
Moreover, it is seen without diftieulty that 
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and, therefore, the automorphism « of H*(Bg.Z.) induced by Ad 8S satisfies: 
(5) a(z,)=—=2,, @(%) @(%,) —=2,+ 2o, 
(6) @(o,) &(o2) 2.03, a(03) +02), 
= + 7,7 + 
= 7s), 
+ 02) 04. 


An element h € H*(By,Z.) may be written in the form h=a-u,+)-u," 


(a,b€ Z,), and hence 


a(h) =ar,(x,* + 62) 0, + + + 254). 


The coefficients of 2,4 in h and a(h) are b and a respectively; therefore, if 
h==a(h) with h0 we must have a—=b=—1 and h=g,. That g, is in 
fact invariant under x can be checked directly, but this is not necessary 
since we know a priori that /7*(Be,,Z.) has dimension one. 


The proofs of the invariance of gs,g; under « are quite analogous: an 
element of degree six may be written 


h = + bus? + cu.g, (a, b, c€ 


Using (7), one sees that the coefficients of 2,° in kh and a(h) are a+ and 
zero respectively, while those of z,*-2.* area+6+candc. Thus a(h) =h 
and h=4£0 imply a=b=c=1 andh=g,. Finally, starting with a general 
element 

h =u; (au.” + bg,) (a,b Z,) 


of degree seven, we see by looking at the coefficients of 2,°-x, that h = (h) 
and h 0 imply a=b that is h 

The last assertion follows then from the results recalled at the beginning 
of 17.3. 

17.4. Proposrrion. The Stiefel-Whitney classes of G./SO(4) are non 


zero only in the dimensions 0, 4, 6, 8. 


sy 11.5 and 17.2, the image under p,*(Q, U) of the total Stiefel-Whitney 
class of the bundle along the fibres of (By, Be,,G/U) is 


w’ = (1 (1+ %)?; 


— 
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therefore 
and 1%.4 follows now from 17.3. 


17.5. Remarks. 1) The 2-roots of G. have been computed with respect 
to a particular subgroup of type (2,2,2). In fact, these subgroups are 
conjugate by inner automorphisms, and these 2-roots are therefore invariants 
of G.. To see this, one uses the fact that given three orthonormal purely 
imaginary Cayley numbers u,v,w with w also orthogonal to u-v, there exists 
exactly one automorphism of 2 which maps ¢;, és, e; onto u,v, w, respectively 
(see N. Jacobson, Duke Math. Jour. 5 (1939), 776-783). This implies easily 
that any commutative subgroup of type (2,2,2) of G@. can be put in the 
diagonal form by means of an automorphism of G.. Moreover, one deduces 
'rom (1) that @ contains all diagonal matrices of G,.; hence, G, does not 


contain commutative subgroups of type (2, 2, 2,2). 


(2) [t follows a posteriori from the proof of 17.3 that poo(Q, G2) 
maps H*(Be,.Z,) isomorphically onto the ring of invariants of the normalizer 
of Q@ in G,. Thus, the analogy between the role of Q in cohomology mod 2 
and that of a maximal torus in real cohomology, which is the basis of [3]. 


is also very complete for G,. 


18. Some manifolds with Poincaré polynomial 1 +-é* + #°. 


18.1. The quaternionic plane P,(K) is an 8-dimensional manifold 
with real Poincaré polynomial 1+ ¢*+¢%. We know (15.5) that the 


(integral) Pontrjagin class of P,(K) is given by 
p= (1+ + 
Thus p,;==2u and The Pontrjagin numbers of P,(K) are 
and p.[P.(K)]=7. 
Here we use the orientation defined by u?[P.(K)]—1. 


18.2. The manifolds G./SO(4) (see $17) and Q, (see 16.6) have 


the real Poincaré polynomial 1+ ¢*-+ ¢8. Their Pontrjagin numbers are 


(tor suitable orientations) the same as those of the quaternionic plane. For 


V,, this was proved already in 16.6. In the next section, it will be shown 
ior G./SO(4). We do not know whether all differentiable manifolds with 
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real Poincaré polynomial 1-+ ¢*-+ ?#* have the same Pontrjagin numbers, 
By the index theorem ([19], p. 85), we know for such a manifold X that 


(for suitable orientation) 
(1) pi?) [X] = 45, 


and therefore, it is sufficient to calculate one Pontrjagin number. But, as 
an example, we shall make the computations without the use of the index 
theorem in the case of G,/SO(4). 


Remark. Milnor has constructed an 8-dimensional combinatorial mani- 
fold with real Poincaré polynomial 1+ ¢*-+ ¢* whose Pontrjagin numbers 
(in the sense of Thom) satisfy (1), but are rational, non-integral numbers. 
This manifold of Milnor does not admit a differentiable structure compatible 


with its combinatorial structure. 


18.3. By the Hirsch formula, the manifold G./SO(4) has the real 
Poincaré polynomial (1— ?¢*) (1-—#?) (1— #)* =1+4 We 
caleulate the Pontrjagin class of G./SO(4) by the schema used in 15.5. All 


cohomology groups are taken with real coefficients. 


roots of Gz: 


with respect to a convenient base x,,2.€ H*?(G./7T') for a maximal torus 7 
ot Gp. 


Following de Siebenthal [25a] we take ¢,— 7, and - 
simple roots of G.. The dominant root is then 36, + 26. = 2.r 
p. 218], we know that there is an imbedding of SO(4) in G, for 
and + (3, + 2.) are the roots of SO(4). 


Complementary roots: + a, +(2,- 


We put y, = 27, — 3a, and 2». 


Invariants of the Weyl group of G.: Since H*(Be,) is the polynomial 
ring over R in two indeterminates of degrees 4 and 12, we have only on 
invariant in dimension 4. Since the dimension of G./SO(4) equals 8, this 


is the only invariant we need. An invariant of dimension 4 is always given 


by the sum of the squares of all roots, which, up to a factor, is, in our case. 


4(2,° — 32,2, + 3227) = + 3y,’). 


) 
OL» as 
322. By [7, 
which 
— 222). + (2, — 322). 
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It is convenient to express the complementary roots as linear combinations 
of Y1,Y2. This gives 
+ 3y2), 
2=3(yi + 
(41 — 3y2). 


Kuler class W of G./SO(A4): 

+ 16W = (y,? — yz”) (ys? — 9y2”) = 12y,*, 
+ W = 3y,.', 
the computations being made modulo the invariants. Since the Euler number 
of G./SO(4) equals 3, we get 

y2*|G./SO(4) 


after choosing the orientation of G@./SO(4) conveniently. 


The Pontrjagin class p of G,/SO(4): 
1+ 4p, + 16p, 
= (1+ + (yi — + (yi — + Y2)*) 
= (1 + + Dy2”) + (ys? — ye”) + (yr? — 
= (1 + 12y2? + 144y.*)(1 — 4y2? + 16y2*). 
pa + = + 8y2? + 9y2*)(1 — + yz"). 
Pi = Po = 


(All calculations modulo the invariants. ) 


By (2), we get for the Pontrjagin numbers (with respect to the orientation 
g 


defined by (2) ) 


19. The Cayley plane. 
19.1. ‘The center of the simply connected representative of the local 
structure F, consists only of the unit element, as is well known. The structure 
F, has, therefore, one and only one representative which we also denote by F,. 


According to [7], the group F, contains exactly one class (relative to inner 


| 
1] 
p2[G./SO(4) | =7. 
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automorphisms) of subgroups with local structure B,. They are, in fact. 
globally isomorphic to Spin(9). The homogeneous space F,/Spin(9)_ has 
dimension 16 and may be identified with the Cayley plane W, the projective 
plane over the Cayley-numbers. The Cayley plane W, considered as the 
homogeneous space F,/Spin(9), was studied, for instance, in [1], see also 
2], $29 and Freudenthal, loc. cit.,2 §17. The integral cohomology of W 
is given by 


19.2. Let T be the standard maximal torus of SO(9) with the base 
Lo, %3,%,€ H*(T,Z) (see 16.5(b)). Then the roots of SO(9) are 


We have the projection 
7: Spin(9) > SO(9). 


x *(T) =T” is a maximal torus of Spin(9). The restriction of 7 to T’ 
induces an isomorphism of H'(T,R) onto H1(T’,R). Thus 2, 72, 73,7, mav 
be regarded as elements of H1(T’,R). They constitute a base of H'(T’,R). 
y [{%, Théoréme 4], we can choose an embedding of Spin(9) in Fy, such 
that the roots of F, with respect to T’ (considered as elements of /7*(T’.R) ) 
are those given in (1) together with the following (see, e.g., [25a]): 

which are the roots of F, complementary to Spin(9). We now regard 
as elements of H?(By,R). We introduce the elementary sym- 


metric functions a,,° in the 


4 
(3) 1+ a,+a,+a;+a,=J] (1427). 
i=1 


The polynomials 
(+) a}, — + 12a, + — 
are invariants of the Weyl group of F,. 


Proof. Since the a; are invariants of the Weyl group of Spin(9), it 
suffices to check that the polynomials (4) are invariant under the reflection 
to the plane 


+2,=—0, 


with respect to the usual Euclidean metric. 
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19.3. The calculation of the Pontrjagin class of W goes in the same 
way as for G,/SO(4) (see §18). We indicate briefly the various steps of 
the computation. We put 
(7, +2, + 2%), 


For the Pontrjagin class with real coefficients, we get, modulo the invariants 


(4), 
8 


II (1+ 7?) =1—a,— i.e., 
(6) = == — 


Let uw be a generator of the infinite cyclic group H*(W,Z). Then the Euler 
class of W equals + 3u?. On the other hand, we have, after reducing to real 


coeficients and modulo the invariants (4), 


8 
+ 3u? = 
i=1 


The preceding equation and (6) yield, since p, is a real multiple of u, 


(7) = + 36u?, + 6u, 


Since W is without torsion, we conclude that (7) and (8) are also true in 
integral cohomology. We choose the generator w such that ps = 6u. 

19.4. TueoremM. There exists a generator u of the infinite cyclic 
group H*(W,Z) such that the integral Pontrjagin classes of W are given by 
po(W) = bu, ps(W) = 39u?. 

Choosing that orientation of W which is defined by u*, the non-vanishing 
Pontrjagin numbers of W are 
(9) p.*[W] = 36, = 39. 

19.5. The manifold W, oriented as in 19.4, has the index 7(W) —1. 
By the index theorem ([19], Satz 8.2.2), we have 
(10) (381p,— 19p.2) [W] = 


We shall see later in this paper by some general arguments that the A-genus 
({19], 1.6) of W vanishes. This, together with (10), gives a system of two 
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linear equations for the Pontrjagin numbers from which (9) can also bx 


obtained. 

19.6. From Theorem 19.4, we can easily draw the following conse- 
quences. 

(a) Let P,' be the Steenrod reduced power 

H*(X,Z;) > H**(X,Z;). 

For the generator u of 19.4 we have, by [15] (coefficients reduced to Z,), 
(11) P stu = 4 pi?) u = — 2pou = — 2u?. 
(11) implies that, for each homeomorphism ¢ of W onto W, we have ¢*u = w. 


(b) The manifold W with its usual differentiable structure does not 


admit an almost complex structure. 


Proof. 
e= 6u+ 39u? 
would imply 
Cs = 15u?, 


but, for an almost complex structure, we would have 
+ 3u’. 
(c) The (total) Stiefel-Whitney class w of W is 
w==1-+u--u?* (coefficients reduced to 


Proof. We have (coefficients reduced to Z,), see 9.2, 9.3 and Appendix 


> 


We? = = 3u* (Euler class). 
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THE CRITERION FOR UNIT MULTIPLICITY AND A 
GENERALIZATION OF HENSEL’S LEMMA.* * 


By Wer-Liane CHow. 


To Artin on his 60th birthday 


The well-known criterion for unit multiplicity in algebraic geometry 
states that if two cycles X* and 9Y)* in a variety V" (n=—r-+s) are trans- 
versal to each other at a simple point a in V, then X and Y) intersect properly 
at a with the multiplicity 1. This is the version of the criterion as 
formulated in Weil’s Foundations of Algebraic Geometry,? whereby we have 
restricted ourselves for simplicity to the case r+-s—n. It is possible to give 
this criterion another formulation which is somewhat more elementary in 
the sense that it involves the multiplicity of a specialization rather than that 
of an intersection. It can be stated as follows: If two cycles X* and 9)* are 
specializations of two subvarieties X’ and 9’ respectively in a variety V” 
(un=r-+s) over a field of definition k for V, if X’AQ Y’ consists of a finite 
set of (distinct) points a, and if X and Y) are transversal to each other at 
a simple point a in V, then the point @ occurs exactly once in every 
specialization of the set a‘ over the specialization (X’,2)’) > (X,¥) over k. 
This version of the criterion for unit multiplicity appeared in the earlier 
intersection theory of van der Waerden,* and played an essential role there 
in the development of the concept of the intersection-multiplicity itself. 
However, if one examines very closely the treatment of van der Waerden, one 
observes that only a part of this criterion, namely the assertion that the 
specialization-multiplicity is at most one, was given a simple proof before 
the introduction of the concept of the intersection-multiplicity, while the 
other part, which asserts that this specialization-multiplicity is at least one, 
was proved only later after the concept of the intersection-multiplicity had 


* Received January 17, 1958. 
*This work was partially supported by a research grant of the National Science 
Foundation. 
*See Chapter VI, Theorem 6. 
5B. L. van der Waerden, “ Zur algebraischen Geometrie V. Ein Kriterium fuer die 
Einfachheit von Schnittpunkten,” Math. Annalen, 110, 128-133, 1934. 
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already been introduced.* In fact, this second part concerning the positivity 
of this particular specialization-multiplicity was proved by van der Waerdey 
in a rather complicated and indirect way, at first only for cycles in a pro- 
jective space and later carried over to the general case. As we have recently 
developed a new theory of intersection which preserves the basic ideas of the 
original theory of van der Waerden, although in an extensively generalized 
form, we become naturally interested in finding a proof of the criterion for 
unit multiplicity which is completely free from any use of the notion of the 
intersection-multiplicity. It turns out that we are able not only to find a 
simple proof of this nature, but also at the same time, by virtue of the 
abstract local form in which we have recast this criterion itself, to obtain a 
more precise result which contains as a special case a certain generalization 
of the Hensel’s Lemma conjectured by Weil some years ago. Although the 
subject forms an integral part of our intersection theory, which will be pub- 
lished elsewhere at a later date, we feel that this connection with the Hensel’: 
Lemma justifies its separate publication here as a short note. In keeping 
with the foundational nature of the subject, we shall make our treatment as 
elementary as posible, using only a few elementary properties in the theory 
of local rings. Finally, we shall show in the last section that this connection 
with Hensel’s Lemma can be extended to a more general result in the inter- 
section-theory, namely the invariance of intersection-multiplicity under 
specialization ; it turns out that this invariance can be easily deduced from the 
Associativity Formula, as generalized in a recent paper® of Nagata. Here we 
shall of course need the more sophisticated results in the theory of local rings. 


1. Let K be a field, and let v be a real discrete valuation of K; let 
K,, be the valuation ring of v in K, let z be a generator of its maximal prime 
ideal, and let K be the residue field of K, modulo the maximal prime ideal. 


We denote by S” and S” the projective spaces over the fields K and Kk 
respectively, and we shall be interested in the relation between the varieties 
and cycles contained in them. Let « be a rational point over K in 8". 
We choose an affine coordinate system in 8” so that in the corresponding 


affine coordinate system in S” the point @ is at the origin; we introduce 

‘The first part was proved in the paper cited above; the second part is contained 
implicitly in B. L. van der Waerden, “Zur algebraischen Geometrie, XIV. Schnitt- 
punktszahlen von algebraischen Mannigfaltigkeiten,” Math. Annalen, 115, 619-642, 1935, 
see § 4. 

5M. Nagata, “The Theory of Multiplicity in General Local Rings,” Proceedings of 
the International Symposium on Algebraic Number Theory, Tokyo-Nikko 1955, pp. 
191-226. 
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the indeterminates \,,- - -,Xm corresponding to the affine coordinates so 
that we have (0,: - -,0) and consider the ring K[X] K[X,- -,Xm] 
as well as the rings K,[X] K,[X.,- - -,; Xm] and K[X] —K[X,,- -, Xn]. 
The canonical homomorphism EF of K, onto K can be extended to a 
homomorphism of the polynomial ring K,[X] onto the polynomial 
ring K[X], and for any f(X) in K,[X] we shall denote its image 
under EF in K[X] by f(X). Let Q(S/a) be the set of all quotients 
{(X)/g(X) of two elements f(X) and g(X) in K,[X] such that g(«) 40; 
it is easily seen that 2(S/a) is a local ring and that its maximal prime 
ideal p(S/a) is generated by the m+ 1 elements z, Similarly, 
let 2(S/a) be the set of all quotients (1)/0(X) of two elements ¢(X) 
and 6(X) in K[X] such that 6(a@) 40; it is well known that 2(S/a) is 
a regular local ring of dimension m and that it maximal prime ideal p(S/a) 
is generated by the m elements X,,---,Xm. It is easily seen that the 
homomorphism / of K,{[X] onto K[X] can be extended to a homomorphism 
of 2(S/a) onto 2(S/a) and that the kernel of the so extended homo- 
morphism F’ is the ideal in 2(S/a) generated by the element +. This shows, 
in particular, that 2 (S/a) has a dimension at least m + 1, and since p(S/a) 
is generated by the m +1 elements z, X,,- - -,Xm, it follows that 2 (S/a) 
isa regular local ring of dimension m + 1. 

Let X” be a positive cycle in 8”, rational over K, and let F(U) 
=F(.U,,U,: --,,U) be the associated form of X, where each ;U is a system 
of m-+-1 indeterminates; by a proper choice of the proportionality factor, 
we can obtain that the coefficients in F(U) are all in K,, but not all in the 
maximal prime ideal, and we observe that in this way the coefficients in 
F(U) are uniquely determined up to a common factor which is a unit in Ky. 
If we denote by F(U) the form obtained from F(U) by replacing every 
coefficient by its image in K, then F(U) is the associated form of a positive 
r-eycle X in S"; since the form F(U) is uniquely determined up to a factor 
in K by the form F(U), the cycle X is uniquely determined by the cycle %. 
We shall call the cycle X the specialization of the cycle X over the valuation v. 
We shall now express this situation in terms of local ideals at a given point 
in ¥. Let a be a point in X (i.e., a point in the support of X), rational 
over K, and assume that an affine coordinate system in S” has been chosen 
as indicated above. Let $8 be the ideal in K[X] associated with the support 
of the positive cycle X, i.e., % consists of all polynomials in K[X] which 
vanish at every point in the support of X; we set B,—K,[X]N and 
%.=2(S/a)PB,. The fact that X has the dimension r can be expressed by 


the property that every minimal prime divisor of $8 has the rank m—r; 
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we recall that the rank of a prime ideal is defined as the maximum length 
of a descending chain of prime ideals starting with, but not including, the 
given ideal itself, and the rank of any ideal is defined as the minimum of 
the ranks of its minimal prime divisors. Since every element in $ can be 
made into an element in $8, by multiplying with a suitable power of r, 
it follows that every minimal prime divisor of %, must have the same rank 
m—r; since X contains the point a, the ideal p(S/a) contains $8,, and it 
follows then from well-known properties of quotient rings that every minimal 
prime divisor of $$, must have the same rank m—r as $,. Let R, be the 
image ideal of $8, under the homomorphism #; then £, is contained in the 
ideal associated with the support of ¥, and hence every minimal prime divisor 
of %, must have a rank at most m—r. If we denote by %, the image ideal 
of under the homomorphism /, then it is easily seen that = 9 (S/a)8,: 
hence %, must have a rank at most m—r. 

We shall say that the positive cycle X is simple at the point « if exactly 
one component variety %, in X, with the coefficient 1. contains the point 2, 


and if this component is simple at a. 


Lemma 1. If the cycle X is simple at the point a, then has 
a basis consisting of m-—r elements which can be extended to a minimal 
basis for p(S/a); and when such is the case, then B, is the prime ideal in 
9(5/a) associated with the variety 


Proof. We assume that Xa Xp. where Xa is the variety having 
a simple point at « and Xs is a positive cycle not containing @ at all. 
and let F(U) =%,(U)®.(U) be the corresponding factorization of the 
associated form; since X, and hence also Xs are rational over K, the 
forms ®,(U) and ®.(U) can also be taken to be rational over K. Since 
X, is simple at the origin a, we can choose the affine coordinate system 
so that the equations X,,,—=- - -= X,,—0 define the tangential space of X, 
at a. We set Xi, w;—0 (70,1), for - -,m, and con- 
sider the m—-r polynomials = ®,(,u, 
if we assume for the moment that K is infinite, then for a_ suitable 
choice of the atline coordinate system in S” we can obtain that the 
determinant | 0W,(X)/0X;|, j,4—r+1,- --,m, does not vanish at a We 
the second factor on the right does not vanish at all at a, it follows that 
the determinant | 0¢,(X)/0X;|, j,4=r-+1,---,m, also does not vanish 
at This shows that the elements bra(X),° *,¢m(X) form 
a minimal basis for p(S/a). If we now set f,(X) =F rt); 
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k=r+1 
vanish at every point of X and hence are contained in $8, (and hence also 
in Ba) 3 Since we have evidently ¢,(X) =f;,(X) for every &, this shows that 
the polynomials ¢;,(X) are all in §%,. Since the polynomials ¢,(X) generate 
in 2(S/a) a prime ideal which has the rank m—r and is contained in Ba. 
and since %, has a rank at most m—r, it follows that %q must coincide 
with this prime ideal and hence has the polynomials ¢,(X) as a basis. 
Finally, since the prime ideal in 2(S/z) associated with X, has the rank 


-,m, then it is easily seen that the polynomials f;,(X) all 


> 


m—r and contains $,, it must coincide with Bq. 

In case A is finite, we take the ring K,|w] obtained from Ky, by the 
adjunction of an auxiliary variable w over AK, and consider the quotient ring 
K,. of K,y[w] with respect to the set K,[w]—K,[w]z; if we denote by @ 
the Ky, »2-residue of w, then @ is a variable over K, and K(@) is the residue 
field of Ky,~. If we replace K, by K,,~ and apply our lemma, and if we 
denote by 2(S/a,K(@)) the local ring defined in a similar way as 2 (S/a) 
with K(#) replacing K, then we conclude that the ideal 2 (S/a, K(@)) Ba 
is the prime ideal in 2(S/a,K(@)) associated with Xa; since Ba is the 
contraction of 2 (S/a, K(@)) Bq in 2(S/a). it follows that the ideal R, is 
the prime ideal in 2(S/z) associated with Xa. 

In the next two section we shall be concerned only with those points in 
S” (and in 8”) which are finite with respect to the given affine coordinate 
system, so that we shall be really dealing with affine varieties and cycles. 
For the sake of convenience we shall keep the same notations as used before 
for the entities in the projective space; there will be no danger of confusion, 


as the context will make it clear what is meant in each case. 


2. Consider now a variety V" in S”, defined over A, and assume that 
the specialization V of V over v is simple at the point z. Let © be the prime 
ileal in K[X] associated with V, and set D, = K,[X] ND, Og = 2(S/a)D,. 
R==9(S8/z)/D., and m=p(S/a)/Dq; then FR is a local ring with m as 
the maximal prime ideal, and since Og does not contain any element in K,, 
we can embed K, canonically as a subring in R. Let OD, be the image ideal 
of under the homomorphism F, and set R= 2(S8/a)/Da; then R is a 
local ring, and since D, does not contain any element in K, we can embed 
K canonically as a subring in R. It is clear that HZ induces a homomorphism 
of R onto R, which we shall denote by He; and if we denote by G and G 
the canonical homomorphisms of 2(S8/a) onto R and of 2(S/a) onto R 
respectively, then we have the relation We set G(X;) and 
«j= G(X;) for t=1,- - -,m; then the point z= in is a 


generic point of V over K and the point = (#,,- - -,@mn) is a generic point 
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over K of the component V, of V containing 2, and it is clear that Z is the 
image of z under the homomorphism Er. According to Lemma 1 above, 
applied to V as a prime cycle in 8”, the ideal D, is the prime ideal in 2 (5/2) 
associated with V,; since V, is simple at a, this means that R is a regular 
local ring of dimension n. If now Yn are elements in such that 
their images ¥,,° - -,Y, under Hz form a minimal basis for the maximal 
prime ideal iit in R, then it is easily seen that the n + 1 elements z, y,,- - -, y, 
will form a basis for the maximal prime ideal m in R; since F# has the 
dimension at least n+ 1, this shows that this basis is minimal and that 2 
is a regular local ring of dimension n -+-1. 

We consider the (affine) coordinate ring K[a] of V, and the subring 
K,.[x] contained in it; it is clear that K]a2] is the quotient ring of K,|2| 
with respect to the multiplicatively closed set of all non-zero elements in K,,. 
Let t be an ideal in K,[a], and let p;, +=1,- - -,c, be the minimal prime 
divisors of i; then, for each p; which does not contain any element in K, 
(i.e. K[x|p;AK[x]), the ideal K[ax|p; is a minimal prime divisor of the 
ideal K[a2]i, and in this way we obtain all the minimal prime divisors of 
K[aji. It is well-known that if the ideal i is the contraction of an ideal 
in K[a], then none of the ideals p; can contain any element in K, and K{[x]i 
is the only ideal in K[x] which contracts to i in K,[z]. If we denote by 
W and W; the subsets in V (or rather in the part of V which is finite with 
respect to the given affine coordinate system) defined by the ideals i and p; 
respectively (or by K[a]i and K[2|p; respectively), then each Wj is an 
affine K-variety and we have the equation W == |) W,; it is clear that if i is 

i 


the contraction of an ideal in K[z], then none of the sets W; is empty. 
Consider now the coordinate ring K[Z| of the variety V,, and denote 
by E”’ the homomorphism of K,[{«2] onto K[Z] which is the restriction to 
K,[a] of Ep (FE is also an extension of the canonical homomorphism / 
of K, onto K); we observe that the kernel of HE” is the ideal K,[a]z. We 
denote by i and p; the image ideals of i and p respectively under HE’; we have 
evidently the relation 1 C p;. On the other hand, if f; are elements in ); 


r 


such that their images f; under LH’ all coincide with one element ¢ in 


then the element |[f; is in the radical of i; since the image of the radical 
i 


of i under E’ is contained in the radical of 7, this means that a power of 

the element ¢ is in the radical of 7, and hence ¢ is itself in the radical of 1: 

this shows that [) p; is contained in the radical of {. If we denote by Wi the 

subsets in V4 defined by the ideals p,;, then it follows from what we have 


just said that the union |) W; is precisely the subset in Vq defined by the 


i 
i 
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ideal 7. Now, for each p; which does not contain any element in K, (and 

hence W; is not empty), the set WW; is by definition the specialization of the 

set W; over EF (or over the valuation v); hence the set W—= lJ’ Wi, where 
i 


the symbol |)’ indicates that the union is taken over all 7 such that p; does 
not contain any non-zero element in K,, is the specialization of W over LF. 

Now, the point « in V, is the only zero of the ideal K[Z] Nin, and R 
is the quotient ring of K[#] with respect to K[@] — (K[#] N iit) ; it follows 
that # is contained in W if and only if for at least one 7 the ideal Rp; is not 
the unit ideal and the ideal p; does not contain any non-zero element in K,. 
Since Rp; is clearly the image of Rp; under Ep, it follows that a is contained 
in W if and only if for at least one 7 the ideal Rp; does not contain any non- 
zero element in K,, and it is easily seen that this is so if and only if the 
ideal Ri does not contain any non-zero element in K,. 

We shall say that the point z is an isolated zero of the ideal i if the 
ideal Ri is primary for the ideal im, and the isolated zero 2 of t is said to be 


a simple zero of i if Ri— im. 


THEOREM 1. Jf the point a is an isolated zero of i and if Ri has a 
rank at most n, then x is contained in W; furthermore, if K, ts complete 
and tf a is a simple zero of 1, then there is exactly one point a in W which 
specializes over E to a, and this point a is rational over K, and is a simple 


zero of i. 


Proof. To prove that x is contained in W, we have to show that the 
ileal Rit does not contain any non-zero element in K,; we assume that Ri is 
primary for im and the Ai contains a non-zero element in K,, and we shall 
show that Ri must then have the rank n+ 1. In fact, for every 2, the prime 
ideal Rp; K, in Ky, is in this case not the zero ideal and hence must 
coincide with the ideal A,7; it follows that every ideal Rp; contains the 
kernel Rx of Hx and hence must coincide with the inverse image under Fz 
of the ideal Rp; Since Rt is primary for in, every ideal Rp; is primary for 
it; it follows that every ideal Rp; is primary for m and hence has the rank 
n-+-1, and this implies that Ri has also the rank n+ 1. 

If Ri= in, then we have the relation R(i,7) =m. Consider now the 
residue ring 7’ = R/Ri, which is a local ring with the maximal prime ideal 
m/Ri; since Ri does not contain any non-zero element in K,, we can embed 
K, canonically in T as a subring. It is clear that JT and K, have the same 
residue field K, and the relation m/Ri = R(i,7)/Ri shows that the maximal 
prime ideal of the so embedded ring K, generates in 7 the maximal prime 
ideal of T. If K, is complete, then it follows from a well-known result that 
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T coincides with its subring K,. Since T= is an integral domain, js 
a prime ideal, and hence we have c= 1 and ki= F#p,; since the quotient ring 
of K,[z] with respect to the set K,[2]—p, coincides with the quotient ring 
of R with respect to the set R— Rp, = R— Ri, we can identify 7 with the 
residue ring K,[x]/p., so that K,[x]/p, also coincides with K,. There exist 
therefore a homomorphism H of K,[a2] onto K, which leaves every elemen: 
in K, invariant and whose kernel is the ideal p,; if we set a,—=H(.;), 
i==1,---,m, then the point a=(a,---,dm) in V is clearly the onl 
zero of p,, and since the point a has a unique image @ under £ and has the 
point « as a specialization over /, we must have the equality @= «. 
the rational point a is the only point in W which can specialize over F’ to th 
point «, and it can specialize over only to g. Finally, it is clear that 
K[{a|p, is the defining prime ideal of the point a in K[a], and that the 
quotient ring of K[x] with respect to the set K[x]— K[a]p, coincides with 
the quotient ring of K,[«] with respect to the set K,[a]—p,, which in turn 
coincides with the quotient ring of R with respect to the set R—Rp,; it 
follows then from the relation Ri = Rp, that the point a is a simple zero of | 
This concludes the proof of our theorem. 

As a corollary of the above theorem we obtain a result which can be 
considered as a generalization of the well-known Hensel’s Lemma: ° 


Corottary. Let W be a field which is complete with respect to a real 
discerte valuation v, let V be a variety in S” defined over K, and let V li 


its specialization over v; if a ts a point in V such that « ts rational over k 


and V is simple at a, then there exists a point a in V such that a is rational 
over K,, V ts simple at a, and d=<a. 

In fact, if y:,: -,y, are elements in # such that their images - 
under Hp form a basis for in, then we can take for t the ideal in A,|.”| 
generated by the elements y:,: ° °,Yn, which has a rank at most n; our 
corollary then follows immediately from Theorem 1. 


3. Let x= (x,- --,x7M) be a system of d points in W, which for 
the sake of convenience we shall assume to be distinct. A system of d (not 
necessarily distinct) points B=—(~™,---,B®) in Vq is said to be a 
specialization of the system x over FE if the mapping 2— B® defines an 
extension of # to a homomorphism F, of the ring K,[x] onto the ring K|§}. 
The number of times the point a appears in the system § is then called the 


® Such a generalization of Hensel’s Lemma was conjectured by A. Weil some years 
ago; a special case of it, namely, for the Jacobian variety of a curve, has been recently 
proved by A. P. Mattuck in an unpublished manuscript. 
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multiplicity of 2 in the specialization 8 of x over /. It is clear that in order 
that this multiplicity can be positive, it is necessary that « is not only a zero 
of the ideal i, but also contained in the set W; as we have seen above, this 
condition is equivalent to the condition that the ideal Ri does not contain 


any element in K,. 


THEOREM 2. If the point a is a simple isolated zero of 1, then the multi- 


plicity of a in any specialization over E of any system of points in W 1s at 


most equal to i. 


Proof. If K, is complete, then this theorem follows immediately from 
Theorem 1; for then the point @ is the only point in W which specializes over 
I} tv a, and hence & appears in $8 if and only if @ appears in x (observe that, 
since the points in x are assumed to be distinct, a can only appear once in x). 
In order to prove our theorem it is sufficient to show that the homomorphism 
can be extended to a homomorphism of K,*[«] onto K[®], where K,* 
denotes the completion of K,. Since K[$] is an integral domain, the kernel 
r, of Hy is a prime ideal, and EH, can be extended to a homomorphism £, of 
the quotient ring NV, of K,[x] with respect to the set K,[x]—r,) onto the 
lield A ({S) ; since the contraction of rp in K, is evidently the kernel K,7 of 
H, it follows that K,=N,QK. Let N, be embedded in a complete local 
domain NV, which dominates NV, (i.e. NV. contains NV, and its maximal prime 
ideal contract in NV, to the maximal prime ideal of V,) and whose residue 
lield coincides with the residue field K(§) of N,; for example, we can take 
V, to be the residue ring of the completion of V, modulo a minimal prime 
divisor of its zero ideal. The canonical homomorphism F, of N. onto its 
residue field AK ($8) is then an extension of #,. Since VV, contains K, and is 
complete, we can embed the completion K,* of K, in N., and EF, evidently 
induces a homomorphism of K,*[x] onto K[$] which is an extension of LP. 

We consider now the positive cycle X introduced in Section 1, and assume 
that the variety V contains X so that $8 contains © and hence also , 
contains Dg. Let p be the image ideal of $8, under the homomorphism G, 


and let $ be the image of 9, under the homomorphism G; then both 
ideals p and p will have ranks at most n—vr, and p is the image of p 
under the homomorphism Fx. Since V, contains .. the tangential space 
of V,_ at x contains the tangential space of X, at a; by a suitable choice of 
the affine coordinate system, we can assume that the equations Yy,. =: 
== 0 defines the tangential space of at Then, as in the proof 
of Lemma 1, the ideal has a basis wa..(X).: in K[X]. 
such that form a minimal basis for 
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p(S/a); using the determinant criterion for the minimal basis, one sees 
readily that the basis ¢,.:(Y),°- -,¢m(X) of 8% can be so chosen that 
oi(X) for i=n+1,---,m. Going over to the images in R, 
under the homomorphism G and observing that K remains invariant under 
G, this means that the ideal p has a basis ¢,.1(£),° - -,¢n(@) which can be 
extended to a minimal basis - °,¢n(Z) for it. Let 
f.(X), k—=r+1,---,m, be elements in such that f,(X) —¢,(X) for 
every and that fni:(X),° -,fm(X) are in Og; then *=fin(z) 
—= 0 and the elements +, fn(a) are in p, with 


as their respective images under Hr. Since the elements 7, 2,°° -,.”,. 
+. clearly generate the ideal m, they must form a minimal 
basis for m; this shows that the elements f,,..(7),° -+,fn(v) generate a 
prime ideal of rank n—vr in R, and since p has a rank at most n—r, this 
prime ideal must coincide with p. We observe also that since the elements 
fm(X) can be extended to a minimal basis for p(S/a), bv 
adding the elements z, Y,,- --,,, they generate a prime ideal of rank 


m-—vr and hence must form a basis for Bq. 

Now, let 9)* (s=n—r) be another positive cycle contained in the 
variety V, and assume that 9) is rational over K and that the specialization 
9) of 9) over v is also simple at «; we denote by OQ, O,, Qa, and q the ideals 
having the same meanings for the cycle 9) as the ideals %, %,, Ba, and p 
respectively for the cycle X. Then there exists a basis 0,.:(X),° + *.@n(4) in 
K[X] for Q, such that 6:(X) =o;(X) for i=n-+1,- and such that 
65.1(Z),° * *,0,(Z) form a basis for g which can be extended to a minimal 
basis for it. The condition that ¥ and 9) are transversal to each other at a 
in V is equivalent to the condition that the elements ¢,,,(Z),° °°, ¢n(%), 
6..1(£),- - *,0.(@) form a minimal basis for m. If this is the case, and 
if we take elements gs.:(X),° in q such that g;(X) —6;(X) 
for every j, then gs.1(Z),° * *,9n(z) form a basis for q, and the elements 7. 
form a minimal basis for m; this 
show that the ideal (p,q) has the rank n (and is in fact a prime ideal). 
If we now apply Theorems 1 and 2 by taking for i the restriction of the 
ideal (p,q) in K,[a], we obtain then the following theorem, which is the 
well-known criterion for unit multiplicity in a somewhat more precise version. 


THEOREM 3. Let V" be a variety in S”, defined over K, and let X' 
and Y* (r+s=n) be two positive cycles in V, rational over K; let v be a 
real discrete valuation of K, and let ¥, X, and 9) be the specializations of 
V. X. and Y) respectively over v. If « is a rational point over K in V such 
that V is simple at « and that ¥ and 9) are transversal to each other at 2, 
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then a has the multiplicity 1 in the specialization over v of every system of 
points in which includes all the isolated points in |¥|N|Q |. 
lf furthermore K is complete with respect to v, then there is exactly one 
point a in |X|A!Y | which specializes to a over v; and this point a is 
rational over K, (hence d==a). V is simple ai a, and X and Y) are transversal 


fo each other at a. 


4, In the above treatment of the criterion for unit multiplicity, we have 
kept our arguments on as elementary a level as possible, in consonant with 


the foundational nature of our purpose. In fact, the greater part of our 
argument consists of a precise local formulation of the various geometric 
concepts involved in this criterion; the actual proof of the criterion itself 
is very short and is contained essentially in the proof of Theorem 1. If we 
now take a more sophisticated point of view and assume a knowledge of the 
intersection-theory, then the criterion for unit multiplicity, in the present 
version as an assertion on the specialization-multiplicity, is really only a 
special case of a more general theorem on the invariance of intersection- 
multiplicity under specialization, and there naturally arises the question 
whether, corresponding to Theorem 3, we can also prove a more precise 
version of this invariance theorem. In the following we shall show that this 
can be done, by using the Chevalley-Samuel-Nagata theory of multiplicity 
in a local ring. We shall need some of the results in the paper of Nagata 
cited before.® 

As in Section 1, we consider the positive r-cycle X in S”, except that, 
we shall now no longer assume that X is simple at the point «; for the sake 
of simplicity, we shall assume that X is a prime rational cycle over K, (so 
that %8,, and hence $8, are prime ideals). Let be a prime rational r-cycle 
over K in 8” which contains the point « and whose support is contained in the 
support of X, and let ®,(U) be the associated form of 2); we set X—0, + 22, 
where Q, is a positive r-cycle with the same support as 2, and Q, is a positive 
cvcle relatively prime to Q), and let F(U) =®,(U)®.(U) be the corres- 
ponding factorization of F(U). Let d, and d, be the degrees of ®)(U) and 
®,(U) respectively ; the number d,/d, which will presently be shown to be an 
integer, is the coefficient of Q, as a component in X% and will be denoted by 
1(Q,¥). Let % be the prime ideal in 2(5/a) associated with Q, and let 
‘| = E-1(Q) be the corresponding prime ideal in 2 (S/a) ; then 9% is a minimal 
prime divisor of the ideal (7, ®,) in 2(S/a), and in this way all the minimal 
prime divisors of (2, a) can be obtained. 


LeMMA 2. =e((m, Ba) (S/o) (S/a) )- 
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Proof. Let jw;, t=1,---,r, and 7=0,1,---,m, be r(m+1) inde- 
pendent variables over K,; we set jw = (iWo,iWi,' and denote by 
the set of all r(m +1) variables jw; We set F(.U,w) =F -,,w). 
and similarly for other associated forms; we denote by Ky, the quotient 
ring of K,[w] with respect to the prime ideal generated in it by zx, so that 
Ky, is a real discrete valuation ring; and we observe that if we denote by 7 
the image of w in the residue field of K,,~, then @ is a set of independent 


m 
variable over K and K(#) is this residue field. We set L;=jwo + Sw X 


and denote by 2 (S/z, Ky,~) the local ring defined in the same way as 2 (S/z) 


but with K,~ replacing K,; we set 
M = 2(S/a),, W/Ba == 2(8/a, Ko w)/ (Pas L,). 
b= (S/a, Kyw)/ (Bas Ly," ',L,). 


and 


Then it is easily seen that Ng can be obtained from WV, by first adjoining the 


rm variables ;w;, 7 40, and then forming the quotient ring of the so obtained 


ring with respect to the ideal generated in it by g. It follows that e(N5) 
e(aM,) =e( (7, Pa) 2 (S/a) (S/x)y). Since is a finite modul 
over K,,,,*, it follows by a well-known argument‘ using the decomposition 


of the ideal hN»* that 


e(mNy) = = [Ng*: ]/[N5/b: (8) J. 


it is easily verified that [Np/h:A(@)| is equal to the degree of the form 
®)(oU,@) and hence is equal to dy). In order to complete the proof of our 
lemma, it remains to show that [Np*:K,.~*]—d,. This can be done hy 
generalizing the usual argument in the ramification theory, first observing 
that® there exists a factorization (,.U,w) = F,(o(U)F2(oU) in Kow*[oU] 
corresponding to the factorization (,U,@) = ®,(oU, @), and then 
showing that the number [N5*:K,,..*| is equal to the degree of the form 
F’.(,U), which is the same as the degree d, of ®,(,U,@). 

Let A; be the components in the positive cycle X which contain the 
point z, let %; be the prime ideals in 2(S/a) associated with A,, and let 
E> be the corresponding minimal prime divisor of the ideal 
(7, Ba) in 2(S/a). If we denote by a; the image ideals of YW; in R under 


the homomorphism G, then it is easily seen that the ideals a; are the 


7 See e.g. C. Chevalley, ““On the Theory of Local Rings,” Annals of Mathematics 
vol, 44 (1943), pp. 690-708, § IV, Lemma 2, 

* See Lemma |] in our recent paper “On the Principle of Degeneration in Algebraic 
Geometry,” Annals of Mathematics, vol. 66 (1957), pp. 70-79. 
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minimal prime divisors of the ideal (z,p)R, and we have the equality 

7, ))Ra,/pRa,) = e( (7, Ba) 2 (S/a) /Ba® (S/a)y,). It follows then 
from Lemma 2 that (Aj, X) =e((z7,p)Ra,/pRa,). For each 1, let aj; be the 
minimal prime divisors of a,#*; since a; is analytically unramified (for R/a; 


1 “geometrical” local ring), we have the equality 
e( (7, p) R*a,,/pR*a,,) = e( (7, Ra, /pha,). 
We consider now, as in Section 3, two positive cycles X” and Y)* in a 
variety V" (n==r-+s), and we shall use the same notation as developed 
there; while V is still assumed to be a variety which is simple at the point a 
we shall assume no longer that X or Y is simple at a, nor _that they are 
transversal to each other. Instead, we shall only assume that X and 9) inter- 
sect properly at a, which is equivalent to assuming that the ideal (},q) is 
primary for ii; this latter assertion follows from the fact that the radical 
of the ideal (or G) is the ideal associated with the support of X (or 9) 
and this fact can be easily proved by a method similar to that used in the 
proof of Lemma 1. Since (p,q) has the rank n, the ideal (p,q) must have 
at least the same rank n, and since # is an unramified regular local ring, 
the rank of (p,q) must be equal to n. Let e; be the minimal prime divisors 
of the ideal (p,q)R*. Consider the residue ring 7; R*/e;; it is clear that 
k,.* can be embedded canonically in 7; as a subring. In fact, 7; is a finite 
module over K,*, and we have the equality [7;: K,*| —e((z,e)R*/e). If 
we denote by H; the canonical homomorphism of R* onto R*/e; and set 
(0 == H;(av;), then it can be shown exactly as in Section 3 that the point 
U0 == (a,,- - -,a™,,) is an intersection point of X and Y); and if we denote 
v 3: the 0-cycle consisting of the complete set of conjugates of the point a 
over K,,*, then 8; is evidently rational over K,* and its specialization 2; is 
the eycle consisting of the point a with the coefficient e( (7, e,)R*/e:). We 
set 8 = 0 1(8:;X%-Y)- 3:3; then a point a in |X|M|Y| will specialize to 
i 

x over the specialization (X,%)— (%,9) if and only if the coefficient 

w(a.3) of a in 8 is positive. We shall now show that deg 8 = i(a;%-Q). 
Let FR’ be another copy of the local ring R, but with the same basic 
ring K,, and let a prime be used to denote generally the corresponding entities 
hk’; we consider the complete tensor product J of R and R’ (or of R* 
and R’*) over K,,* and denote by 5 the ideal in J generated by the n elements 
Tt is well-known that the prime ideals (bd, e;)J are pre- 
cisely the minimal pe divisors of the ideal (d, p,q’)J, and hence the ideals 
(0, e:)J/(p, q’)J are the minimal prime divisors of the ideal (9, p, q’)J/(p, a’)J 
in the local ring J/(p,q’)J. Applying the Associativity Formula, we obtain 


the equation 
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e((d, p, 0’) 7) 


= 21(8:; X-Y) - deg Bi— deg 8. 


Let B; be the components in } which contain the point a, and let b, and 
by, have the same meanings with respect to B;, as a; and aj; have with respect 
to A;; then it can be easily seen that the ideals ci; x: (aij, bxd)J are the 
minimal prime divisors of the ideal (7, p,q’)J, and we have the relation 


e( (x, p, (Ps e( (7, p)R*q,,/pR*a,, e( (z, q) R*5,,/qh*5,,) 
= e((7,p)Ra,/pRa,) (7, q) 
Applying again the Associativity Formula, with the ideal 5 and xJ inter- 
changed, we obtain the equation 
e((d, 7, p, J/ (p, 0’) 7) 


(2) 
= e( (x, p) Ra, /pRa,) (x, q) Ry, ) ( e( Ciz,nt) ) 


= 9) i(a; Ag: Bu) =i(a;%-9). 


Combining the equations (1) and (2), we obtain the equation deg 3 =1(a; X-9)), 
which proves our assertion. 
We can summarize our results in the following theorem: 


THEOREM 4. Let V” be a variety in 8”, defined over a field K which 1s 
complete with respect to a real discrete valuation v, and let X" and ¥ 
(r-+-s=n) be two positive cycles in V, rational over K; let V, X, and Y 
be the specializations of V, X, and Y) respectively over v. If a is a rational 
point over K in V such that V is simple at « and that X and Y) intersect 
properly at a, then there exists exactly one positive 0-cycle 3 wm V, with 
support in |X¥|M|9|, such that 8 is rational over K and its specialization 
3 over v consists of the point a with the coefficient i(a;%-9) ; furthermore, 
a point a in specializes to over the specialization (X, 9) (%,9) 
if and only if »(a%,3) >0, and when such is the case, we have i(a;X- 9) 


= p(a, 8). 


THE JoHNs HOPKINS UNIVERSITY. 


(1) ‘ 


nd 
he 
) 
), 
Is 
al 
of 
h 
n 
) 
) 


duc 
ins 
fo 
me 
nef 
B av 
fol 
me 
or 
( 
tit 
sy 
m 
su 
ca 
sy 
a 
al 
vis 
Li 
isi 
iB 
sl 
itl 
atl 
| 
4 
a 


ON THE PREPARATION OF MANUSCRIPTS. 


The following instructions are suggested or dictated by the necessities of the technical pro- 
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Bbetween “ell” and “one” (for the latter, use t and | respectively). 
: Avoid unnecessary footnotes. For instance, references can be incorporated into the text 
= (parenthetically, when necessary) by quoting the number in the bibliographic list, which 
#4ppear at the end of the paper. Thus: “ [3], pp. 261-266.” 
: Except when informality in referring to papers or books is called for by the context, the 
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de la Societé Philharmonique de Zanzibar, vol. 26 (1891), pp. 242-270. 
@ In any case, the references should be precise, unambiguous and intelligible. 
’ Usually sections numbers and section titles are printed in bold face, the titles “ Theorem,” 

“Lemma ” and “ Corollary ” are in caps and small caps, “ Proof,” “ Remark ” and “ Definition” 

#are in italics. This (or a corresponding preference) should be marked in the manuscript. 
Use a period, and not a colon, after the titles Theorem, Lemma, ete. 

German, script and bold face letters should be underlined in various colors and the meaning 
of the colors should be explained. The same device is needed for Greek letters if there is a 
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All instructions and explanations for the printer can conveniently be collected on a 
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